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Convergence Properties of Local Defect Correction Algorithm for
the Boundary Element Method

Godwin Kakuba'-*, John M. Mango' and Martijn J. H. Anthonissen?

Abstract: Sometimes boundary value problems have isolated regions where the solution
changes rapidly. Therefore, when solving numerically, one needs a fine grid to capture the
high activity. The fine grid can be implemented as a composite coarse-fine grid or as a
global fine grid. One cheaper way of obtaining the composite grid solution is the use of
the local defect correction technique. The technique is an algorithm that combines a global
coarse grid solution and a local fine grid solution in an iterative way to estimate the solution
on the corresponding composite grid. The algorithm is relatively new and its convergence
properties have not been studied for the boundary element method. In this paper the
objective is to determine convergence properties of the algorithm for the boundary element
method. First, we formulate the algorithm as a fixed point iterative scheme, which has also
not been done before for the boundary element method, and then study the properties of
the iteration matrix. Results show that we can always expect convergence. Therefore, the
algorithm opens up a real alternative for application in the boundary element method for
problems with localised regions of high activity.

Keywords: Local defect, defect correction, composite grids, integral equation methods,
boundary elements.

1 Introduction

Often boundary value problems have small localised regions of high activity where the
solution varies rapidly compared to the rest of the domain. This behaviour may be due to
boundary conditions or due to an irregular boundary. One therefore has to use relatively
fine meshes to capture the high activity. Since the activity is localised, one may also choose
to solve on a uniform structured grid. The size of each grid is chosen in agreement with
the activity of the solution in that part of the domain. The solution is thus approximated
on a composite grid, which is the union of the various uniform local grids. One way of
approximating this composite grid solution that is simple and less complex than directly
solving on the composite grid is by Local Defect Correction (LDC). This approach is
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well developed and extensively studied in methods like the finite difference methods
(FDM) [Anthonissen, Bennett and Smooke (2005); Ferket and Reusken (1996); Hackbusch
(1984)]. In Kakuba et al. [Kakuba and Anthonissen (2014)], a local defect correction
algorithm for the boundary element method (BEM) is presented. It was shown therein that
the algorithm is cheaper than solving directly on the composite grid. The BEM, being
a method with full matrices, would benefit much from such an algorithm when solving
problems with localised regions of high activity that occur at the boundary.

The LDC technique employs a uniform global coarse grid that covers the whole boundary
and then a uniform local fine grid in a small part of the boundary that contains the high
activity. In Ferket et al. [Ferket and Reusken (1996); Hackbusch (1984)] LDC has been
shown to be a useful way of approximating the composite grid solution in which a global
coarse grid solution is improved by a local fine grid solution, through a process whereby
the right hand side of the global coarse grid problem system of equations is corrected
by the defect of a local fine grid approximation. The properties for this method in FDM
have been well studied, see for instance [Anthonissen (2001); Ferket and Reusken (1996);
Hackbusch (1984); Minero, Anthonissen and Mattheij (2006)]. Literature is still scanty on
the LDC technique for BEM, but error studies, especially for direct multigrid applications,
are increasing [Qu and Cui (2014)]. A good overview is also given in Feischl et al.
[Feischl, Fiihrer, Heuer et al. (2015)]. The LDC technique will be particularly useful
in applications for problems that exhibit multiscales in behaviour. An example is the
modelling of impressed current cathodic protection systems where the potential problem is
characterised by small regions of high activity, cathodes and anodes.

In this paper we study convergence properties of the LDC algorithm for BEM which, to
the best of our knowledge, has not been done. In Kakuba et al. [Kakuba and Anthonissen
(2014)], the algorithm is presented using integral formulations. In this paper we base on the
integral formulation to derive the corresponding fixed point iterative scheme in matrix form.
This formulation assumes the boundary and the discretisation are such that, on refinement,
the nodes of the global grid in the refinement area also belong to the fine grid. For the sake
of completeness, we first briefly outline the development of BEM in Section 2. To build
the discussion for the convergence properties, the important steps of the LDC technique
for BEM, as published in Kakuba et al. [Kakuba and Anthonissen (2014)] are presented in
Section 3, with an example. In Section 4, the LDC algorithm is formulated as a fixed point
iterative scheme on the basis of which convergence properties are tested using examples.
We conclude the study with a summary of the findings, in Section 5.

2 The boundary element method

Consider a closed domain 2 C R?, with boundary I'. Denote by m the outward unit normal
at I'. We consider on {2 the two dimensional potential problem

Vu(r) =0, r € Q, (1)

for which Dirichlet, Neumann or mixed boundary conditions may be defined as illustrated
in Fig. 1.
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Figure 1: Illustration of the domain €2, with boundary I' = 'y U I's, I'y N 'y = (), where on
I'y we have Neumann boundary conditions, and on I's we have Dirichlet conditions
[Kakuba and Anthonissen (2014)]

If 'y = T, we have a Neumann problem, and if I'y = I, we have a Dirichlet problem
otherwise we have a Mixed problem. In the solution of problem (1) using BEM, the problem
is formulated as an integral equation

ou ov

c(s)uls) = [ |olas 00 G (0) = alr(0) 5 (si70) | @
Tr

where the coefficient ¢(s) is given by,

1, s €1,
e(s):={ 28 e 3)
2
0, s € Q°,

where 7 is the variable field point, s is a fixed point, x a coordinate along the boundary,
Q¢ is the complement of € in R? and «(s) is the internal angle at s. The derivation of
this boundary integral equation (BIE) is readily available [Katsikadelis (2002); Paris and
Canas (1997); Pozrikidis (2002)]. The function v is the fundamental solution of the Laplace
equation in R? given by:

1 1
'r) = —log ——.
v(s;T) 5 OgHT—SH

4

According to Eq. (2), the solution u can be computed at any point in the domain if we know
u and its normal derivative everywhere at the boundary. The goal in BEM therefore is to
look for the missing data at the boundary, which is the function u at the Neumann boundary
or the normal derivative Ou/0n at the Dirichlet boundary. At the boundary, the discretised
BIE leads to the linear system of equations

Hu = Gq, ®)
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where

Hij = Ciéij + I:I,L'j, ((51] the Kronecker 5), (6)

N v

Hij ;:/ o, rer0))dx, Gy :=/ v(ri;r(x)) dx (7)
r; on r;

,7=1,2,...,N,I';,j =1,2,..., N is a discretisation of I" and N is the number of grid
elements I'; used in the discretisation. We have also introduced the vectors

u = (ula u27"'7uN)T7 q:= (Qb q27"'7qN)T7 (8)
where ¢ is defined as

ou
alr) i= 5(r),

Using boundary conditions in Eq. (5) leads to the square system
Ax =bh. 9

The vector x contains the unknown values of either « or ¢ in the grid elements nodes at the
boundary. The solution of the system (9) gives a BEM approximation of the unknowns in x
in the grid nodes at the boundary. We denote by x’ a BEM approximation on a grid of size
L. Thus, uJL (or qJL) is a BEM approximation of u; (or ¢;), using a grid of size L. Solving
Eq. (9) gives the unknown boundary quantities of u and g. Therefore, all the boundary
quantities are available and the solution u; at any point 7; € {2 can then be computed using
the identity

N N
U; = ZGZ']'(]J‘ - ZI‘L‘]"UJ]’. (10)
j=1 7=1

3 local defect correction

In this section we briefly present the local defect correction algorithm that was introduced
in Kakuba et al. [Kakuba and Anthonissen (2014)]. The presentation focusses on the
important steps of the algorithm that are necessary in the development of the same, as a
fixed point iterative scheme that is discussed in this paper. Consider the potential problem:

V2u(r) =0, r€Q:=10, 1] x [0, 1],

(1)
q(r)=nh(r), rerl,
where
By = T =T ™M) 05 0.02)T. (12)

[l —7sl|?

The exact solution of this problem, shown in Fig. 2, has a small area close to the boundary
where it changes rapidly. As a result, the solution u(r) at the boundary has a region of
high activity in a small part of the boundary. The LDC algorithm distinguishes a small
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(a) Solution in €2 with a small region (b) The solution u(;) in part of 92
of high activity that borders the high activity

Figure 2: Solution in the domain, in 2(a), and solution at the boundary
0<z<1,y=0,in 2(b), for problem (11) [Kakuba and Anthonissen (2014)]

region of high activity in {2 and defines a local problem on it. We denote this region by
Qiocal. Part of the boundary of {2144 intersects with the global boundary I, Fig. 3. We call
this intersecting part of the boundaries of € and Qj,ca, the local active boundary, T yive,
because it captures the high activity of the problem at the boundary.
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Figure 3: An example of a multiscaled solution with localised high activity, in 3(a) and,
in 3(b), an illustration of a local problem domain. The boundary of Qjocar 1S Tiocal =
Tactive U I'inside [Kakuba and Anthonissen (2014)]

In the application of BEM to solve this Neumann problem, a Dirichlet condition is
prescribed in one node, for uniqueness of results, which also enables us to compare the
numerical results with the exact solution. In the LDC algorithm, a local problem on Qjoca
is solved on a fine mesh whose size is chosen in agreement with the local activity. The
solution on the local fine grid is combined with the solution on the global coarse grid,
through defect correction, to obtain a composite grid solution on I'. The global problem
is solved on a uniform global coarse grid I'" of N elements each of size L, covering the
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whole of I, that is,
It = {ry,1s,... . Tk}, (13)

where \FJL\ = Lforall j = 1,2,..., N. The number of elements of the local problem is

denoted Njoe1, and the individual elements of the local grid are denoted T ;. Thus, the
local problem is solved on o1, using a uniform local fine grid Ffocal, of Njgeal €lements
each of size [ covering I'jocy. That is,

l o l l l
Ploca] T {Flocal,h I‘local,27 ce 7Flocal,Nloca|}7 (14)

l

where |Flocal,i

| =lforalli =1,2,..., Njca. This discretisation is illustrated in Fig. (4). In
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Figure 4: Global coarse and local fine grids. The dots are the nodes rllocal of the local fine
grid Fllocal and the big open circles are the nodes 7" of the global coarse grid I'". Node 2
belongs to rlnt Kakuba and Anthonissen (2014)]

active [

constant elements that we use here, the collocation nodes are the midpoints of the elements.
Let

rlo={rk L Pk} (15)

denote the set of coarse grid nodes. Let

A o ! !

Tlocal ‘= {rlocal,la rlocal,?’ s 7rlocal,N]m]} (16)
be the set of the local fine grid nodes. Then we denote the nodes of the local problem that
belong to the active part of the boundary as ! . .. We assume that all the grid nodes of
rlnrl .. belongtor! . ., Fig. 4. The composite grid nodes 7> are the union v U

active
of the global coarse grid nodes 7 and the active local fine grid nodes 7! . .. First, we have
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the following discretised integral equation on I'"

1
L+Z v an (ri;r () dx = Z/F v(rsr(x)) dx; (17)

which leads to the initial global coarse grid system of equations

Alul = br. (18)
Note that on the right hand side of Eq. (17), the function ¢(7) is given and, therefore, to
make sure we are only measuring the errors due to the discretisation of u, we minimise the
interpolation error [Kita and Kamiya (2001)] by evaluating that integral without discretising
g, but by using an appropriate integration rule to evaluate that integral of the product of ¢
and v. Once Eq. (18) is solved, the solution is used to complete the formulation of the local
problem by computing u on ['jygge to be used as the Dirichlet boundary condition. The local
problem on 2j,c, satisfies the same operator as in the global problem. Since I'yeive C T,
the boundary conditions on I',ye are the same as those in the global problem. The local
problem is solved on a finer grid and the solution is used to estimate the defect as by the
following explanation.

Consider the coarse grid discretisation Eq. (17). If we knew the exact solution u; := u(7r;)
in the nodes, then using it in Eq. (17) would give:

N
1 8’0 I
5'&1' + Jz:;u] FJL ain('f'z, dX Z /FL 'I"Z, (X)) dX + dl 5 (19)

where dz-L is the local defect for the i-th equation. We also have the exact BIE obtained by
using the undiscretised exact function u on the elements, as

N
L Z [ OG0 = 3 [ atretrsr() 20

Subtractlng Eq. (20) from Eq. (19) gives

N

S, [ a3 [ a0y rarto) = ds e

Jj=1 j=1v1i

where dF is the defect of the i—th equation. If we had this defect, we would add it to the
system Eq. (18) and solve to obtain the exact solution at the nodes. The contribution to the
defect diL , from element j, is given by:

= [ gm0 d [ atrto) g0 @

J

so that the defect for the ¢—th equation is given by:
Zdw, i=1,2,...,N. (23)
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The contributions to this defect are significant in the active region, and are assumed
negligible elsewhere. However, the exact function w is not known and we cannot therefore
use Eq. (21) to compute the defect diL. What we can instead do is to formulate and solve a
local problem using a fine grid in the active region. The solution to this problem is better
than the coarse grid solution because of the fine grid used. At this point, the best solution
available is

uk, It cr.,
L

ubest,j = (24)
uéctive,j? F]L - Factivey

and the best approximations to the integrals in Eq. (22) are

ov ov

[, gm0 dx =l [ Grimsrt)ax 250)
ov ov

[ ur g0 d =Y ik, [ grero)ax (25b)

! 1—‘dcli\e Ik

In Eq. (25), we assume that in the local fine grid I‘awve, a global coarse grid element FJL is

divided into K fine elements I’ k=1,2,..., K, suchthat FL = U Flactlve - F1g.(5)

active,j ’

gives an illustration for K = 3.

rt
l J . I
[ L I
T
(a) A coarse element F]L

[ 1 [
Factiveﬁjl Fa(tlve Jo Fd(th@ J3 |
' ° ! ° ! °
I [ . I ,I .I
T actives J1 T activer J2 Tactiver J3

(b) A refinement of the coarse element Ff in (a)
above

Figure 5: A coarse element that is refined into three elements in the local fine grid, such
that I} = u I [Kakuba and Anthonissen (2014)]

active, jg

Therefore, using the initial fine grid solution, the initial best approximation of the defect
per element is

ov
dgij ~ uéactive,j /F 8771 (Tu dX Z anmve,j;C / a r’Lv ) dX7 (26)

IL[]VE N k
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for elements in the active region of the boundary, whereas it is assumed zero for elements
outside the active region. We can then compute the defect

déz ~ ngijv F]L C Factivea forall i = 1,2, .. -,N. (27)
J

The formulation described above can be summarised in matrix form as follows. On the
local domain 0.5 We have the local fine grid problem

l l _wl
Alocalx()local - bOlocal (28)
where
l
%! _ | Yoactive
Olocal l
A0inside

l
and the vectors on I}

l l
l W, l Qacti
Wocal = [ u?ctlve ] » Qlocal = |: ?ctlve ] . (29)

inside Qinside

have been partitioned as

The solution uéacdve, on the fine grid, which is expected to be more accurate than the coarse

grid solution, is then used to approximate the defect for the global coarse grid problem

dff = (df,, dby, ... d5 )7 (30)
So we solve the updated system
Aluf =bl +df. (31)

Solving the system in Eq. (31) gives the updated coarse grid solution u¥. At this stage we
use the fine grid solution on I‘gcﬁve and the global coarse grid solution to form a composite
grid solution u"* as

L uéactive(r)7 LS Factive’
ik (r) = (32)
ul(r), rel..
The composite grid solution in Eq. (32) can now be used to compute better boundary
conditions b}, on Tiyide, and then form and solve the updated fine grid problem

l l Wl
Alocalxllocal - bllocal' (33)

Then we obtain the updated composite grid solution given by:

I.L ullactive(r)7 LS Factive,
uy(r) = (34)
uf(r), r el..

This step marks the end of one complete cycle of the LDC algorithm. The iteration process
is summarised in Algorithm 1, whose more detailed presentation is discussed in Kakuba et
al. [Kakuba and Anthonissen (2014)], and results on an example are shown in Fig. 6 and
Fig. 7, where functions are plotted only for the side of the square boundary with the active
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region. The authors in Kita et al. [Kita and Kamiya (2001)] present a broader review of
adaptive error refinement techniques. In this paper, we compare the numerical solution with
the exact solution to make conclusions on the error, a kind of error measurement similar to
the one attributed to Mullen et al. [Mullen and Rencis (1985)].

Algorithm 3.1.
(1) Initialisation

— Solve the global coarse grid system
Aful =i
— Solve the initial fine grid system
Alxélocal = bf)
— Compute the initial defect
dg
(i) Fort=1,2,...

L

— Solve for the updated coarse grid solution u;’ in
Alul =bl +aF .
— Solve for the updated fine grid solution xé active

l l l
‘Alo&:alX b

ilocal — Pilocal®

— Form the updated composite grid solution uif and compute the new defect
dr.

4 Properties of the LDC for BEM algorithm as a fixed point iterative scheme
We consider the following Neumann problem

Viu(r) =0, rcQ,
(35)
q(r) =h(r), re .

To formulate the LDC algorithm as a fixed point iteration, we need a vector formulation for
the steps in Algorithm 3.1. The first step of the algorithm is to solve a global coarse grid
problem

Alxt = bt (36)

for an initial solution x%. The solution x} is a vector of u’s except in one node, the

last node, where a Diriclet boundary condition is prescribed to ensure uniqueness of the
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(a) Initial coarse grid solution ué (b) Initial fine grid solution uéactive

Figure 6: Results of a typical LDC process for a Neumann problem in
one iteration (The solid line is the exact solution [Kakuba and Anthonissen
2014)])

0 02 04 06 08 1 0 02 04 06 o08 1
X X

(a) Updated coarse grid solution u¥ (b) Updated fine grid solution u} active

Figure 7: Results of a typical LDC process for a Neumann problem in
one iteration (The solid line is the exact solution [Kakuba and Anthonissen
2014)])
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solution. Using ué, the boundary conditions and the boundary integral relation Eq. (2) for
interior points, we compute the potential u(7) on I'jpsige. That is,

L v !
Uinsiae () = [ v(riz(X))a(r(x))dx — Y _ ufy, 5, T T, 70 € Tiaggee BT
J

r r;

. . =L
Introducing a vector g and a matrix H ~ such that

g = /F a(r())o(r57(0) dxs i € Tinsige (38)

. ov
Hz? = / F(ri;r(x))dx, 7; € Dinside, (39)
rr on

then we can write Eq. (37) as

.1,
Upinsice = & — H ug. (40)

Using Eq. (40), we obtain Dirichlet boundary conditions on I'jg¢e. The boundary
conditions on I',.e are the same as the given boundary conditions in the global problem
since, I'ycive C I'. Using (5), we can then write the equations on Ffocal in vector form as

l .
Hl |: E?active :| — Gfocal |: qlactlve :| ’ 41

local
Oinside Oinside

where H! ., and G, are the BEM H and G matrices on the fine grid of the local problem
boundary T} ., ul_ .. and q’ ;. are vectors on the active part I ;. of the local problem
boundary, and ug; 4. and qg;, 4. are vectors on I e the part of the local problem
boundary that is inside the global domain. The vector uéinsi e 18 known through Eq. (40)
and the vector q,;,. 1S known through the boundary conditions. So, we rearrange Eq. (41)

as

l
l l W, _ l 1 Qactive
[Hactive - Ginside] |: ldc e :| - [Gactive - Hinside] |: ul : (42)
Oinside Oinside

The matrix H. . is a block of H' for which the column index corresponds to nodes in
Fl

L e Similarly HY . is a block of H! for which the column index corresponds to nodes

inside
inT! ... The blocks Gl .. and G/ . are defined analogously. The quantities on the right

active inside

hand side of Eq. (42) are all known. Let

Bl = [Glege — Hi

local * active mside} )

(43)
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l . l l
A]ocal T [Hactive - Ginside]? (44)
l N -1 Qactive
b()local T Blocal |: ul :| ’ (45)
Oinside
l s
X0local -— lactlve . (46)
Y0inside
Then we have
l l il
Alocalx()local - bOlocal' (47)

The solution of the system in Eq. (47) gives us another solution uf) active 1 'active, Which
should be a better approximation of u(r) than ué in 'yehive, because of the fine grid used.
We, then, use this solution to compute the defect and update the global coarse grid solution.
The defect on an element F]L when the collocation node is 7 is given by:

ov ov
~ l . l .
dOij ~ Xk: U0active, ji | %(ri, T(X)) dX — U0active, j re %(ria T(X)) dXv (48)
éclive,jk
where Lkgl“fwﬁve’ G = P]L as illustrated in Fig. (5). The integration in Eq. (48) is computed at

all the global elements that lie in I',¢4ve, SO that the total defect for the i-th collocation node
is

doi= Y doi (49)
j’ Ffl C Faclive

Since each node communicates with the local active region through integration, the defect

dp; is computed for all the nodes. Let us introduce a matrix H, defined as

_ ov
Hj, = / %(Ti;r(X)) an T € ,',,L’ 'y € FilCtiVC'
T

! .
active’

L

active 111 1—\'clctive- Then

Let P%! be a restriction from the fine grid T
we can write the defect dg as:

Tl Sy Ry o\ Tt pLiyad
dO - Hanctive -HP Upactive = (H -HP )u0active7 (50)

where the matrix H is as in Eq. (7) with the superscript L indicating a coarse grid of size
L. Now we have the defect for all the coarse grid nodes. We update the coarse grid system
in Eq. (36) to obtain the updated coarse grid solution xf, that is,

Abxl =bb — (H APl . i

At this stage we can assemble a composite grid solution on I'>X that consists of the initial
fine grid solution and the updated coarse grid solution. So,

l

l7L O uo ti

u0’1 = |: ufac ive , (52)
C

to the coarse grid I"
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where uIL . 1s the updated coarse grid solution on I'; outside the active region I'yeqive. To

complete the updated composite grid solution, we need to solve a new local problem. To
this end, we use the solution in Eq. (52) to compute another approximation of u(r) on
Tinsidge. Thus, we have

~LL [
Uiinsice = 8 —H " ug7y, (53)

where the matrix fIl’L is as defined in Eq. (40) but on the composite grid, that is,

ov
a_ 7,’ d ) FC’
) F&%Wruﬁxrwé
H = (54)
ov
- %(Ti; T(X)) dX’ T(X) € Factive’

active, j

and r; € T'jysige- Then we formulate an updated system for the local problem

I ! l
Alocalxllocal = bllocalv (55&)
where

! D[ A
mm=ﬂw[ﬁW]. (55b)

linside
Solving the system in Eq. (55) gives an updated solution ul1£lctive of u(r) on Iygive. At this
stage we have a completely updated composite grid solution given by:
I
ull7,[£ — |: uiactive :| . (56)
uy’,

This completes the first iteration that gives us the first updated composite grid solution. The
process can be repeated until there is no more change in the solution. In what follows, we
formulate the above process as a fixed point iterative process.

Let Iéotive be an identity of size Nycve, the number of local elements in I'yciive. Then, the

part of the local solution in I"yve 1S given by,
ul - [Iactive O] L

tactive Xilocals

(7

for the ¢-th iteration. Consider the updated composite grid solution in Eq. (56) for iteration
1+ 1. Using Eq. (55) and Eq. (57), we have

l
! l 151 Qactive
IL u’iJrlactive [Iactive O] (Alocal) Blocal |: ul 1
) —_ —_ 1+ 1insi
ui+1,i+1 = . — inside (58)
ut
itle O 1] uiLJr1

From the second block row of Eq. (58) we have
u,iL+1C = [O Ic] uiL_H.

This is the global coarse grid solution outside the active region. For a Neumann problem,
we prescribe Dirichlet boundary conditions in the last node, in order to obtain a unique
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solution. Thus, the last value of the solution vector will be a ¢ value. So, in general, we
write

X1, = [0 Ix7. (59)
Using Eq. (51), we have
xbi, =0 L)(A) " (b - (H - H'PH)ul . ) |

= xf.— [0 LI(A") " (H-H"PM] vl (60)
where
xb = (A")'br.

Let us consider again Eq. (58). If we introduce a matrix M, defined as

—1
M = [Iactive O] (Afocal> Bfocal?

then, from the first block row of Eq. (58), we have

l

l _ Qactive

W, Lactive — M |: ul'Jrl a : (61)
1+ linside

Note that the matrix M is rectangular in size. Let us break it into two blocks, a square

block M,ive that operates on I'L . . and a block My that operates on T ... Then we
can write Eq. (61) as

l

q .

ui‘—i—lacﬂve = [Mactive Minside} |: ?cuve :| = Mactivquctive + Minsideu§+1inside' (62)

i+Linside
From Eq. (53), we see that

bl 1L

Wiitiee = 8~ H 0 (63)

l

ctive and another

To break down the operator 7" in Eq. (63) into a part that operates on I"
that operates on I'”, we can write Eq. (63) as

~ L 1 ~IL.L |
ui—l—linsjde =g Hactiveuiactive - Hc ui—l—lc' (64)

Using Eq. (64) in Eq. (62), we have

l — l 0L 1 ~[.L L
Wit 1active — MaCtiVanctive + Minside [g - Hactiveuiactive — . Ui

l ind l,L l ind l,L L
= Mactiveqactive + Minside& — MinsideHactiveuiacﬁve - MinsideHc U1, (65)

After introducing the following operators

L

L
R := _MinsideHactivea

T := _MinsideHc )
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we can then write Eq. (65) as

L - -l o ! L
Wit 10ive = MactiveQacive T Minside8 + Rt e + Ty (66)

In Eq. (66) the updated solution on the active grid T . . is expressed in terms of the

previous solution and the updated solution outside the active grid. To have an expression

for the iteration that takes place on the active region alone, we use Eq. (60) to replace
L. .Th

ui+17c. LlS,

uly,. = Dix/y,_ + Dobe, (67)

where b, is the vector of boundary conditions outside the active region. Since the last
entry of Xz‘L+1c is a g-value and that of b, is a u-value, then matrices D; and D5 are the
projections

D= gr o] D= gr 7). (68)
and we have

ub, =Dy (xk, - [0 1)(AY) [ﬁ . ﬂLPL’l] ul, . )+ Dsby. (69)
Introducing the notation

W = [0 L](AY) ' (H - H'PLY), (70)
we can write Eq. (69) as

ufy ;. = Dix§, — D1Wul,,. + Dob.. (71)

Using Eq. (71) in Eq. (66), we obtain
uéJrlactive = MaCtiVeqéCtive + Minside& + Ruéactive + T(Dlxgc - Dlwul' + DQbC)

1active

which can be written as
w1 e = (R = TDyW)Ul i + TD1xf, + Macive@hcive + Minsiae + TDabe. (72)

tactive
With a vector v defined as
v = TD1x{, + Maciveacive + Minsige& + TDab,
Eq. (72) can be written as
uly e = R=TDW)ul .+ V. (73)

tactive
The vector v remains fixed throughout the iteration, since q’ .., g, bc, remain fixed, and

xgc = [0 L] (AL)_lbL remains the same throughout the iteration. Eq. (73) expresses

L e as a fixed point iteration with iteration

the iteration that takes place on the fine grid I"
matrix Q defined as

Q:=R-TD,W. (74)
Thus, we have

! l .
Witlactive — Qu +v,1=0,1,2,.... (75)

Tactive
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Table 1: Spectral radius of the iteration matrix Q for a Neumann problem for different
combinations of fine and coarse grid sizes [ and L respectively when local problem domain
is the rectangle [0.2, 0.8] x [0, 0.4] and Q = [0, 1] x [0, 1]

l
L 0.2/3 0.2/9 0.2/27 0.2/81
0.2 2.308E-01 2.402E-01 2.457E-01 2.492E-01
0.2/3 2.342E-01 2.399E-01 2.436E-01
0.2/9 2.367E-01 2.401E-01
0.2/27 2.388E-01

Table 2: Spectral radius of the iteration matrix Q for a Neumann problem for different
combinations of grid sizes L and [, and a smaller local problem on [0.4, 0.6] x [0, 0.2] with
still @ = [0, 1] x [0, 1]

L 0.2/3 0.2/9 0.2/27 0.2/81

0.2 2.165E-01 2.338E-01 2.426E-01 2.476E-01
0.2/3 2.255E-01 2.349E-01 2.405E-01
0.2/9 2.306E-01 2.361E-01

This iteration will converge if the spectral radius of the iteration matrix Q is less than unity.
In Tab. 1 and Tab. 2, we have the spectral radii of Q for different combinations of L and .
All the values are less than unity implying convergence of the fixed point algorithm.

Consider the problem in Eq. (11). We identify Qoca @8 Quocal := [0.2, 0.8] x [0, 0.4], as
illustrated in Fig. 2. The LDC is then used with various sizes of coarse grid size L and fine
grid size [. We expect the ratios

1 1 1 1
Vi = [l — wgll2/[[w; — uiy|[2 (76)
to be less than unity as well. In Tab. 3, we have computed these ratios for five iterations and

different combinations of grid sizes. The results fit our expectations, to further illustrate
guaranteed convergence of the algorithm.

5 Conclusions

The boundary element method is a relatively new method, whose development started in
the late 1970’s although the underlying theory of integral equations could be traced to
earlier decades. Its biggest computational disadvantage is that the resulting matrices are full
matrices, making the method expensive. In the present study, we have successfully opened
a new direction in the implementation of the method, by formulating a fixed point iterative
scheme for the LDC technique and showing numerically that the algorithm converges.
This approach will be very useful in the implementation of the method in problems with
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Table 3: The ratios y; defined in Eq. (76) when we use LDC to solve the problem in Eq. (11)

L l 1 Vi L l i Vi
02 0273 1 0.1574 02 02/9 1 0.2024
2 0.1848 2 0.2228
3 0.1883 3 0.2295
4 0.1886 4 0.2312
5 0.1886 5 0.2316
L l 1 Yi L 1 7 Yi
0.2 0227 1 02177 0.2 02/81 1 0.2226
2 0.2334 2 0.2372
3 0.2393 3 0.2428
4 0.2416 4 0.2452
5 0.2425 5 0.2463

localised regions of high activity in the boundary that demand localised regions of high
resolution grids. We have shown, by numerical experiments, that the resulting algorithm
converges and thus provides a real alternative to composite grid solutions. There is still
need to theoretically establish the convergence results, but given the complexity of the
matrices involved, this paper presents a good opening to that line of research work.
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