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Complex Modal Analysis for the Time-Variant Dynamical
Problem of Rotating Pipe Conveying Fluid

Lihua Wang" ™ and Zheng Zhong*

Abstract: A semi-analytical form of complex modal analysis is proposed for the
time-variant dynamical problem of rotating pipe conveying fluid system. The complex
mode superposition method is introduced for the dynamic analysis in the time and
frequency domains, in which appropriate orthogonality conditions are constructed to
decouple the time-variant equation of motion. Consequently, complex frequencies and
modes of vibration are analytically formulated and the variations of frequencies and
damping of the system are evaluated. Numerical time-variant example of rotating pipe
conveying fluid illustrates the effectiveness and accuracy of this method. Furthermore,
the proposed solution scheme is also applicable to other similar time-variant dynamical
problems.

Keywords: Semi-analytical form, complex modal analysis, time-variant dynamical
problem, rotating pipe conveying fluid.

1 Introduction

Time-variant dynamical systems are widely used in many aerospace and mechanical
engineering applications, such as deployable spacecraft antenna, belt-pulley drives, water
supply and sewerage, and petroleum transmission. Pipe conveying fluid system is a
typical time-variant system in which vibration characteristics and dynamic stability are of
critical importance. For conventional time-dependent problems, finite difference method
(FDM) is a typical method to deal with the time-domain discretization [Mitchell and
Griffiths (1980); Weiland (1996)]. However, FDM tends to be unstable if the critical time
step is not properly selected. Restrictions to regular problem domain and slow rate of
convergence also hinder the development of FDM. Finite element method (FEM) became
popular after 1940s because of its easy implementation in complex geometry and
desirable stability [Matagne, Leburton, Destine et al. (2000); Shi, Yang, He et al.
(2013); Shi and Lan (1999)]. Although FEM is first introduced to discretize the space
domain, it's also a good candidate for the discretization in the time domain, which is
called time-domain finite element method [Lee, Lee and Cangellaris (1997); Xu and
Prozzi (2015)]. For time-variant problems, although the solutions based on time-domain
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FEM are continuous in time domain, the continuity of their derivatives can not be
guaranteed. However, this is vital to the accuracy and convergence of time-variant
problems. Besides, the difficulty of unstructured 3-D mesh generation is also an obstacle
to its wide use.

Considering the study techniques on time-variant pipe conveying fluid model, Guran et al.
[Guran and Atanackovic (1998)] presented an analytical solution for the model with shear
and compressibility and Thomsen et al. [Thomsen and Dahl (2010)] gave an analytical
prediction for its primary resonant response. Some other researchers such as Sugiyama et
al. Sugiyama et al. [Sugiyama, Katayama and Kanki (1996)] and Paidoussis et al.
[Paidoussis and Semler (1998)] made many efforts on the experimental studies to validate
the theoretical investigations. Numerical simulations were proposed by using Galerkin
method [Thomsen and Dahl (2010); Huo and Wang (2016); Chellapilla and Simha (2007);
Yan, He, Zhang et al. (2009)], hybrid Galerkin-Fourier method [Paidoussis (2008)]
multiple scales method [Sorokin and Terentiev (2003)], power series method [Fung and
Yan (1999)], variational iteration method [Li and Yang (2017)], Newmark method
[Wang (1998)] etc. For the rotating flexible pipe conveying fluid model, the solution
techniques include Galerkin method [Panussis and Dimarogonas (2000)], Runge-Kutta
method [Yoon and Son (2007); Wang and Zhong (2014)] and some meshfree methods
such as radial basis collocation method [Wang and Zhong (2015)]. Although many
numerical methods can be used for solving such problems, very few analytical or
semi-analytical solutions can be found for reference of different models.

For time-variant problems, the damping is time-variant and usually non-classical
[Veletsos and Ventura (1986)], and the natural frequencies and modes of vibration are
complex. Therefore, the standard mode superposition method is no longer applicable to
the time-variant dynamic analysis, and the equations of motion have to be decoupled in
the complex domain in which the technique of complex modal analysis was developed
[Lee (1991); Kraver, Fan and Shah (1996)]. Kessler [Kessler (1999)] introduced complex
modal analysis for the rotating systems and presented the two sub-modes of forward
mode and backward mode. The complex mode superposition method was performed by
Oliveto et al. [Oliveto, Santini and Tripodi (1997)] for the dynamical analysis of a simply
supported beam with two rotational viscous dampers attached at its end. Agostini et al.
[Agostini and Souza (2010)] presented a complex modal analysis in conjunction with
finite element method for the vibration analysis of vertical rotors with gravitational and
gyroscopic effects. Complex modal analysis method has been frequently used for solving
time-invariant linear equations of motion. However, time-variant complex modal analysis
is still lack of investigation.

In this paper, we present a complex modal analysis for the time-variant rotating pipe
conveying fluid system. A semi-analytical procedure for the investigation of complex
frequencies and modes of vibration is proposed and the orthogonality conditions which
allow the decoupling of the equation of motion are derived. Exact responses of damped
linear vibrating systems to arbitrary excitations are obtained. Numerical examples are
studied to validate the proposed method.



Complex Modal Analysis for the Time-Variant Dynamical Problem 3

2 Discretization for the dynamical problem of rotating pipe conveying fluid

y

a)&o

Figure 1: Schematic model of a rotating flexible pipe conveying fluid

Consider a rotating flexible pipe conveying fluid and its schematic model is shown in Fig.
1. Atx =0, the end is fixed and the system is subjected to fixed-axis rotation. At x=1L
where L is the length of the pipe, the end is free. The governing equation of motion for
this system which has been derived in Wang et al. [Wang and Zhong 2014)] is given as
(M, +M,)i+2M i’ = (M, + M, ) @fu+(M,V+ M, o} x)u’
1 1)
+|:M2v2 _Eleoz (L2 - xz)}u”+ Elu"" =—(M, +M,) a,x
where u is the transverse displacement, M, is the mass per unit length of the pipe,

M, is the mass per unit length of the fluid, @, is the angular velocity of the pipe

rotation, v=v(t) is the velocity of the fluid and t is the time, El is the bending
stiffness of the pipe.

By utilizing the classical separation of variables technique [Wang, Hu, Zhong et al.
(2009)], the solution of Eq. (1) can be expressed as

a(x8)* 26,09, (x) @

where n is the number of discretized terms, and dj(t) are the non-dimensional
temporal functions in generalized coordinates. For the cantilever boundary conditions
considered in this system, ¢, (x) can be expressed as

sing,L +sinho, L
cosd,L +coshd, L

@, (x) =sind x —sinhd x + (coshd,x —cos6,x) (3)

whered, can be obtained from the equation c0s6,Lcoshé,L =-1. Substituting (2) into
the governing equation of motion (1), multiplying it by goi(x), and integrating the
equation from x=0 to L, subsequently, the discretized equation of motion for the
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system can be formulated as

M (t)d(t)+C(t)d(t)+K(t)d(t)=F(t) @)
with
M, =(M,+M,)s J'Lgojz(x)dx 5)
C,=2M v_[ 9, (X) @) (x)dx (6)
K, =M[ 0, (x) ¢! (x)dx+ MV [, (x) 0 (x) x
-(M, +M,) & J o’ (X)dx+ElS, J'OL[go;’(x)Jz dx (7)
+EM1a)§L x(pi(x)go;(x)dx—ZMla)OzjoL(L2 = x")p, (x) @] (x)dx
E:—(M1+M2)ILa')ox¢i(x)dx (8)

in which i,j=1,2,---,n and 5” is the Kronecker delta function. The initial conditions
for Eq. (4) are given as

J,ux 0@ 0dx . [Cu(x0)p (x)dx

—i 40 ==—— 9)
[ o () [, o (0

and u(x,0) =u,e (x), u(x,0)=u,p,(x).

di(o) =

3 Complex modal analysis

Consider a general dynamical problem with time-variant coefficients of the following
form

M(t)d(t)+C(t)d(t)+K(t)d(t)=F(t), inQ (10)
where M (t) is the mass matrix, C(t) is the damping matrix and K (t) is the stiffness

matrix. F(t) is the arbitrary excitation matrix, and Q is the problem domain. In the
proposed problem, Eq. (4) can be taken as a special case of Eq. (10) and herein M isa
constant matrix. When M (t) is a non-singular matrix, Eq. (10) can be reformulated as

d=-M'Cd-M"'Kd+M'F (11)
After that, we define an unknown vector as

= d (12)
Y7l g

Combining (11) and (12) we can obtain
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y =Sy +f (13)
where

-M7'C -M'K M™F
S= , = (14)

| 0 0

and | isan identity matrix. The initial conditions are given as
d(0)=d, , d(0)=d, (15)
Combining (12) and (15) we can gain the combined initial conditions as

b=y | o

Invoking the initial conditions in Eq. (16), the general solution of Eqg. (13) can be
expressed as

y(t)=e"y, +e° -J'Ote‘Pf (t)dt (17)
where

P=| st (18)
Defining & as the roots of the following eigenfunction, we have

P-¢l|=0 (19)
in which the eigenvectors corresponding to eigenvalues & are y,, i.e.

(P=&1)y, =0 (20)
and y, satisfy the following condition

y -y, =1 (21)
Next, define a generalized mode matrix as

Y=[YiYer Yol (22)
Combining Eq. (20) and Eq. (22) we have

PY =Ydiag(&,,&,,++&,,) (23)

Since the eigenvalues are diverse, the eigenvectors are linear independent. Therefore, we
can multiply Y™ (the inverse matrix of Y') on both sides of Eq. (23) which renders

Y'PY = dlag (éi!éz""fzn) (24)
Eqg. (24) can be rewritten as
v iePY = ey’IPY _ ediag(glgz Em) _ diag (esi ,eg’z ,m'efzn ) (25)

Subsequently we can obtain
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ef = Ydiag(e51 €% .o. @ )Y’l (26)
Finally, substituting (26) into (17) gives the general solution of Eq. (10) as
. ! N e C o [ f(t)
t)=Ydiag(e®,e%,---,e® )Yy + Ydiag(e®, e, -, )Y — dt
y( ) g( ) Yo g( ) 0 Ydiag(e's1,e§2 ’m,eézn)y—l
(27)

4 Comparison of finite difference method and complex modal analysis

In finite difference method, we take Runge-Kutta method as an example. In Runge-Kutta
method, Eq. (10) can also be reformulated as in Eq. (13). Evaluate one arbitrary row in
Eqg. (13), which can be expressed as

y=Sy+ f (28)
Fourth-order Runge-Kutta method is employed as follows

You=Y, +%(kl +2k, + 2k, +Kk,) (29)
where
k, =Sy, +f
k, = S(yn +%j+ f
" (30)
k,=S|y +-2|+f
3 (yn 2 J
ke =S(y,+k;)+ f
The requirement of stability gives the amplification factor as
VE Yna| g (31)
Y
and we can obtain the stability condition as follow
sh)* (sh)y’ (sh)’
1+f+Sh+( ) +( ) +( )|£1 (32)
2! 3! 41

This describes that Runge-Kutta method is conditionally stable. The convergence of
Runge-Kutta method has the fourth-order accuracy as

”u_uh”MQ) :O(h5) (33)

Follow the same procedure, we can also find the stability condition and accuracy for any
other finite difference methods.

In complex modal analysis, since no discretization is implemented in the time domain,
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this method is always unconditionally stable. The convergence of complex modal
analysis only depends on the method utilized for numerical integration. For example,
when using n-th order Gauss integration, this proposed scheme has the accuracy as

Ju-u’]_ ., =0(h"?) (34)

5 Numerical examples
The material coefficients of the rotating pipe conveying fluid model are: elastic modulus
of the pipe E=7.8x10° Pa, cross-sectional area of the pipe A=1.57x10"°m’,

=17

moment of inertia of the pipe 1 =1.21x10™" m*, length of the pipe L =0.025m, mass

per unit length of the pipe M, =1.884x10™ kg/m, mass per unit length of the fluid
M, =16485x10" kg/m . The coefficients of initial conditions are u, =0.001m ,

U, =0m/s. Denote a as a positive integer in the numerical simulations. v >0 defines
the fluid flows from the fixed end to the free tip and v <0 defines the fluid flows from
the free tip to the fixed end. Since damping is involved in Eqg. (10), the eigenvalues
corresponding to the system are complex. We define the eigenvalue asé =o + wi, in
which the real part of the eigenvalue o describes the damping of the system and the
imaginary part @ signifies the frequencies of the system.
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Table 1: Comparisons of CPU time cost in Runge-Kutta method and complex modal
analysis whenv >0, @, =100 rad/s

Unit: m/s v=0.1 v=0.2 v=0.3 v=04
CPU time (s)
Runge-Kutta 1810.99 1732.38 1888.47 2201.11
CMA 16.01 16.22 16.02 16.07
v=0.1 v=0.2t v=0.3t v =0.4t
Runge-Kutta 2286.85 2455.13 2674.70 2601.24
CMA 16.04 14.15 13.93 13.87
v=0.1t° v =0.2t7 v =0.3t? v =0.4t7




Complex Modal Analysis for the Time-Variant Dynamical Problem 11

Runge-Kutta 2753.98 2828.39 2903.04 2975.84
CMA 13.84 13.88 13.87 13.88
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Figure 11: Numerical solution for the tip displacement of the pipe whenv=-a,
w, =100 rad/s
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Table 2: Comparisons of CPU time cost in Runge-Kutta method and complex modal

analysis whenv <0, , =100 rad/s

Time(s)

Figure 17: Numerical solution for the tip
displacement of the pipe under different
angular velocities whenv = 0.2m/s
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Figure 19: Fundamental Frequency of the
system under different angular velocities

whenv =0.2m/s

Unit: m/s v=-0.1 v=-0.2 v=-0.3 v=-04
CPU time
Runge-Kutta 911.33 857.83 1119.01 1020.20
CMA 1.42 1.41 1.43 1.40
v=-0.1t v=-0.2t v=-0.3t v=-0.4t
Runge-Kutta 513.23 455.16 569.72 630.10
CMA 3.48 3.50 3.76 3.55
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Figure 20: Numerical solution for the
tip displacement of the pipe under

different angular velocities when
v=0.2tm/s



14 Copyright © 2018 Tech Science Press CMES, vol.114, no.1, pp.1-18, 2018

v=0.2t v=0.2t

291

=50 —-=-- 0=75 —--- %:100‘

290r

5 ] 289f
288

2871

— 04750 286

285¢

1% 05 1 15 2 284 05 1 15 2

t t

Figure 21: Damping of the system under Figure 22: Fundamental Frequency of
different  angular  velocities when the system under different angular

v=0.2tm/s velocities when v =0.2tm/s
v=-0.2 v=-0.2
0.015 7.466 - - .
’ 9550 =+ =75 ---- =100 —— 050 - 0,=75 ----wO:100‘
0.01 j 7.465}
£
% 0.005 7.464}
§
E O b 7463 ____________________________________________ -
Q.
(%]
S -0.005 7.462}
e
£
-0.01 7.461}
-0.01 . . . 74 . . .
0.0 50 0.05 0.1 0.15 0.2 60 0.05 0.1 0.15 0.2
Time(s) t

Figure 23: Numerical solution for the tip  Figure 24: Damping of the system
displacement of the pipe under different under different angular velocities when

angular velocities whenv = —0.2m/s v=-0.2m/s
v=-0.2 3 v=-0.2t
201 5X10
l_”’o:5° ..... =75 ———rmO:lOO‘ l—m0=50 ..... 0g=75 ---- 0,=100

290} ]

289F £
c
[

288 £

3 Q

Y T - g
@

286} 2
2

285/

24 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2

t Time(s)

Figure 25: Fundamental Frequency of  Figure 26: Numerical solution for the tip
the system under different angular  displacement of the pipe under different
velocities when v =-0.2m/s angular velocities when v =-0.2tm/s



Complex Modal Analysis for the Time-Variant Dynamical Problem 15
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We fist compare the numerical solutions obtained from Runge-Kutta method and
complex modal analysis. As shown in Fig. 2, Fig. 5, Fig. 8, Fig. 11 and Fig. 14, the
solutions obtained from the two methods are in good agreement with each other.
Complex modal analysis is much more efficient than Runge-Kutta method when
comparing the computation time in the solutions as schematized in Tab. 1 and Tab. 2,
which describe that the CPU time cost in complex modal analysis is two orders of
magnitude lower than time cost in Runge-Kutta method. Furthermore, solution of
complex modal analysis is always stable and its accuracy only depends on the accuracy
of numerical integration. Solution of Runge-Kutta method is conditionally stable and the
solution becomes unstable if the critical time step cannot satisfy the stability conditions in
(32). Generally, in order to guarantee the stability condition, very small time step is
required which leads to a lot of computation costs.

We then investigate the influences from the velocity of the fluidv. The angular velocity
of the pipe rotation is set to be a constant @, =100 rad/s. When Vv is a constant and

positive, Fig. 2 illustrates that tip displacement of the pipe is gradually decreasing. Higher
vV makes the tip displacement decreases faster. Similar phenomenon can be observed in
Fig. 5 when Vv is a linear function and in Fig. 8 when v is a quadratic function.
Damping of the system is presented in Fig. 3, Fig. 6 and Fig. 9 which demonstrate that
the damping of the system is a constant when Vv is a constant, the damping is growing
linearly when v is a linear function and it's growing quadratically when Vv is a
guadratic function. The fundamental frequencies are displayed in Fig. 4, Fig. 7 and Fig.
10. The frequencies are constants when V is a constant. Higher Vv introduces lower
frequency of the system. The frequencies of the system are decreasing when V is
increasing with time. The faster Vv increases, the faster the frequency decreases.

As shown in Fig. 11 and Fig. 14, when the velocity of the fluid v<0, the resulting
amplitude of the pipe is growing with time. The higher the velocity is, the faster the
amplitude increases. When V is a constant and negative, the negative damping [Wang,
Hu, Zhong et al. (2009, 2010)] of the system is a constant as shown in Fig. 12, and when
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Vv is a linear function and negative, the negative damping of the system increases
linearly as exhibited in Fig. 15. The variations of frequency displayed in Fig. 13 and Fig.
16 are the same as in the cases of v>0.

To compare the influences of pipe angular velocity on the response of the system
vibration, we set the velocity of fluid v as a constant as shown in Fig. 17 and Fig. 23.
Different angular velocities lead to little change of the system frequency since the angular
velocity does not affect the stiffness term in (7) very much. Angular velocity hardly
affects the pipe amplitude. Higher angular velocity brings in lower frequency of the
system regardless of whether Vv is positive or negative, which can be checked in Fig. 19
and Fig. 25. As depicted in Fig. 18 and Fig. 24, higher angular velocity of the pipe
rotation results in lower damping or negative damping of the system. When the velocity
of fluid v is a linear function of time, similar conclusions can be observed in Fig. 20
and Fig. 26, Fig. 21 and Fig. 27 as well as Fig. 22 and Fig. 28. The damping or negative
damping is a linear function of time and the frequency of the system is decreasing with
time increase. These numerical simulations provide the preparations for the system
control.

6 Conclusions

A new scheme of complex modal analysis is proposed for the time-variant dynamical
problem of rotating pipe conveying fluid. The explicit semi-analytical solutions are
validated by the results obtained from numerical Runge-Kutta method which
demonstrates that the proposed method can be applicable for solving time-variant
problems. This method outperforms finite difference method by less computation costs
and good stability. Moreover, complex eigenvalues obtained in the complex modal
analysis can clearly describe the variation tendency of damping (or negative damping)
and the frequencies of the system. The proposed method provides a general
semi-analytical solution scheme for the similar time-variant dynamical problems.
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