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A 3-D Visco-Hyperelastic Constitutive Model for Rubber
with Damage for Finite Element Simulation

Ala Tabiei1 and Suraush Khambati2

Abstract: A constitutive model to describe the behavior of rubber from low to
high strain rates is presented. For loading, the primary hyperelastic behavior is
characterized by the six parameter Ogden’s strain-energy potential of the third or-
der. The rate-dependence is captured by the nonlinear second order BKZ model
using another five parameters, having two relaxation times. For unloading, a single
parameter model has been presented to define Hysteresis or continuous damage,
while Ogden’s two term model has been used to capture Mullin’s effect or discon-
tinuous damage. Lastly, the Feng-Hallquist failure surface dictates the ultimate fail-
ure for element deletion. The proposed model can accurately predict the response
of rubber using a limited set of experimental data. The model has been validated
here for the case of rubber but can be extended to a wide range of polymers.

Keywords: hyperelasticity, viscoelasticity, hysteresis, Mullin’s effect, rubber, con-
stitutive.

Nomenclature

λ1,λ2,λ3 Principal Stretches
W Strain-energy potential
µ1,µ2,µ3 Material Constants (Shear moduli) for Ogden’s Strain-energy potential
α1,α2,α3 Material Constants (Exponents) for Ogden’s Strain-energy potential
G Shear Modulus
σ Cauchy’s stress tensor
F Deformation gradient
dx Infinitesimal material element in deformed configuration
dX Infinitesimal material element in reference configuration
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J Jacobian
C Right Cauchy-Green deformation tensor
Ċ Rate of Change of Right Cauchy-Green deformation tensor
Ḟ Rate of Change of Deformation gradient
P 1st Piola-Kirchhoff stress
S 2nd Piola-Kirchhoff stress
p Hydrostatic pressure
c Constant for pure homogenous deformation
σh Hyperelastic component of Cauchy’s stress tensor
σ v Viscoelastic component of Cauchy’s stress tensor
pv Pressure in viscoelastic material
Ω Matrix function
t Time
τ Time integral
ϕ Function of invariants of Right Cauchy-Green deformation tensor
I1, I2, I3 Invariants of Right Cauchy-Green deformation tensor
M Relaxation function
Ė Strain rate
θ1,θ2 Relaxation times
λ̇ Strain rate
C1,C2,C3 Viscoelastic constants (in function of invariants)
C4,C5 Viscoelastic constants (relaxation times)
S Stretch Integral
φ (η) Function of Damage
η Damage variable
α Damage parameter
λm Maximum stretch at which unloading starts
Pu Unloading value of 1st Piola-Kirchhoff stress
WO Primary Strain-energy potential
r,m Material constants for Mullins’ effect
erf Error function
Wm Strain-energy potential at maximum stretch
ηm Minimum value of damage variable (at complete unloading)
φmullins Damage due to Mullins’ effect
φhysteresis Damage due to hysteresis
Ψ Failure criteria
β Constant for Feng-Hallquist failure surface
Γ1,Γ2,K Material failure constants
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1 Introduction

Rubber is commonly used in automotives as tires, transmission belts, hoses, gas-
kets, seals, vibration isolation mounts, interlayer in windshields, and in architec-
tural applications as transparent armor and ballistic protection. Thus, depending on
the intensity and frequency of the load, rubber exhibits deformation over a range
of strain-rates varying from low to high. Due to their hyperelastic nature, rubber-
like polymers can withstand large strains without undergoing permanent deforma-
tion, hence providing large energy absorption. Therefore, it is necessary to have a
constitutive model that can incorporate its’ various characteristics including rate-
sensitivity, creep, relaxation, hysteresis and Mullin’s effect.

Here, a phenomenological stretched-based constitutive model has been developed
for rubber, which is consistent within the laws of continuum mechanics and theories
of deformation. The mathematical formulation of new and existing models has
been presented toward developing one unified model. The various sections which
this study focuses on, can be summarized as follows:

1. Hyperelasticity – Ogden’s hyperelastic strain energy potential of the third
order was used to characterize the primary material response, i.e. hyperelas-
ticity [Ogden (1972)].

2. Viscoelasticity – the viscoelastic component of the Cauchy’s stress is given
by the BKZ model [Zapas (1966)] of order two – implying two relaxation
times – each corresponding to low strain rates of 10−4 mm/mm/s to 10−1mm/
mm/s and high strain rates of 102 mm/mm/s to 103 mm/mm/s.

3. Hysteresis – intended for modeling large-strain rate-dependent behavior of
elastomers. Here the corresponding primary foam behavior is scaled by the
damage variable to provide the unloading response. It is a continuous type
of damage.

4. Mullins’ effect – is used for modeling the stress softening of filled elastomers
(like rubber) under quasi-static loading. The material requires less stress on
reloading than initial loading for stretches up to maximum stretch during
initial loading. This stress softening behavior is called as Mullins effect and it
reflects the damage incurred during previous loading cycles [Mullins (1969)].
The energy required to cause damage is not recoverable. Damage occurs
at microscopic level by severing bonds between filler particles and rubber
molecular chains. It is a discontinuous type of damage.

5. Failure Surface – The Feng-Hallquist failure surface has been studied and
suggested as a suitable model wherein data from stretch-to-failure experi-
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mental tests is required to completely characterize the model and obtain ma-
terial parameters [Feng (2007)].

In what follows, each of the above mentioned topics is presented and discussed in
detail.

2 Constitutive Model

2.1 Hyperelasticity

A hyperelastic material is a type of constitutive model for ideal elastic materials for
which the stress-strain relationship is derived from a strain-energy density function.
In this particular section, we assume the hyperelastic response as non-linear elastic,
isotropic, incompressible and independent of strain-rate.

Ogden developed a sophisticated way for simulating incompressible (rubber-like)
materials like biological soft tissues and solid polymers which undergo finite strains
relative to an equilibrium state in the phenomenological context [Ogden (1972)].
The postulated strain energy is a function of the principal stretches λa, a = 1, 2, 3.
The Ogden hyperelastic strain energy potential is given by

W =
3

∑
n=1

µn

αn
[λ αn

1 +λ
αn
2 +λ

αn
3 −3] (1)

where
3
∑

n=1
µn,αn are the material coefficients.

The conventional Shear Modulus G (in the undeformed, stress-free or natural con-
figuration) is given by

G =
3

∑
n=1

µnαn (2)

For incompressible materials,

λ1λ2λ3 = 1 (3)

Now, in order to obtain stress in terms of the strain-energy potential, let’s state
a few important relationships. Internal forces are represented by Cauchy’s stress
tensor σ and F is the deformation gradient. The deformation gradient F is given by
[Holzapfel (2000) and Hutter (1993)]:

F =
δx
δX

(4)
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with the Jacobian, J= det(F), which is the ratio of volumes in current and deformed
configurations.

The right Cauchy-Green deformation tensor is defined in terms of F as

C = FT F (5)

The rate of change of the right Cauchy-Green deformation tensor is given as [Hutter
(1993) and Bower (2009)]

Ċ = ḞTF+FTḞ (6)

In terms of the 1st Piola-Kirchhoff stress:

P = σJF−1 (7)

In terms of the 2nd Piola-Kirchhoff stress:

S = JF−1
σF−T (8)

Now, we can write the Cauchy’s stress in terms of the strain-energy potential as

σi =
1

λ jλk

δW
δλ i
−p (9)

where p is the hydrostatic pressure.

The first Piola-Kirchoff Stress (1st PK) is

Pi =
σi

λi
(10)

The following cases of principal stretch values λa, a = 1, 2, 3, in terms of stretch in
the primary direction λ , are particularly useful while using experimental data:

For Simple Tension, λ1 = λ , λ2 = λ3 = λ
− 1

2 (11)

For Pure Shear, λ1 = λ , λ2 = 1, λ3 = λ
−1 (12)

For Equibiaxial Tension, λ1 = λ2 = λ , λ3 = λ
−2 (13)

The material constants
3
∑

n=1
µn,αn and the stress-deformation function is given as

[Ogden (2004)]:

P =
3

∑
n=1

µn[λ
−1+αn−λ

−1+cαn ] (14)
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where P = Force per unit undeformed area or 1st PK stress,

c = Pure homogeneous deformation.

For simple tension c =−1/2,

For pure shear c =−1, and,

For equi-biaxial tension c =−2.

2.2 Viscoelasticity

A real system exhibits behavior which is a combination of solid and liquid like char-
acteristics. Some of the energy input is stored and recovered in each cycle while
some is dissipated as heat. Such materials are called viscoelastic. If both strain and
stress are infinitesimal, then the body exhibits linear viscoelasticity [Ferry (1961)].
The overall response of the material can thus be written as: σ = σh +σ v.

The viscoelastic component as given by the BKZ Model [Bernstein (1963), Bern-
stein (1965) and Yang (2004)] is:

σ
v =−pv +F(t)Ω

t
τ=−∞ {C(τ)}Ft (t) (15)

where pv is the pressure in the viscoelastic material.

The matrix function is:

Ω
t
τ=−∞ {C(τ)}=

t
∫
−∞

φ (I1, I2)M(t− τ) Ė(τ)dτ (16)

The strain rate is given by the following equation:

Ė =
1
2
(
ḞTF+FTḞ

)
(17)

And the relaxation function is:

M =
N

∑
i=1

exp(− t− τ

θi
) (18)

where θi is the relaxation time. We consider N = 2, following the BKZ model:

θ1 corresponds to low strain rates of 10−4 to 10−1 mm/mm/s

θ2 corresponds to high strain rates of 102 to 103 mm/mm/s

Once we obtain the hyperelastic constants, we can find the viscoelastic constants
next. Here, taking the strain rate 0.01 mm/mm/s assuming it to be quasi-static, we
use the six hyperelastic constants to characterize the quasi-static response. For the
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case of uniaxial extension, we have the deformation gradient as [Yang (2004) and
Yang (2000)]:

F =

 λ 0 0
0 λ−

1
2 0

0 0 λ−
1
2

 (19)

Since Ft
11 = F11 = λ , Ft

22 = F22 = λ
− 1

2 , Ft
33 = F33 = λ

− 1
2

Ḟ11 = λ̇ , Ḟ22 =−
1
2

λ
− 3

2 λ̇ , Ḟ33 =−
1
2

λ
− 3

2 λ̇

(20)

Also, the invariants of the right Cauchy-Green deformation tensor are given by:

I1 = λ
2
1 +λ

2
2 +λ

2
3 = λ

2 +2λ
−1

I2 = λ
2
2 λ

2
3 +λ

2
3 λ

2
1 +λ

2
1 λ

2
2 = λ

−2 +2λλ̇
(21)

In equation (16) and (18), t− τ is the amount of time that has elapsed between τ

and t, so we consider contributions from all τ < t [Silva (2008)]. Thus, effect of
deformation history on stress for τ < 0 at time t > 0 is ignored.

Redefining the integration limits in terms of stretch:

λ̇ =
dλ

dt
→

t
∫
0

dt =
λ

∫
1

1
λ̇

dλ → t =
λ −1

λ̇
(22)

In equation (15) for σ v, we assume the following form for φ ,

φ = φ1 = φ2 = C1I1 +C2I2 +C3 (23)

Since the relaxation times θ1 and θ2 are constants, they will be referred to as C4 and
C5 respectively. Thus, we can write the viscoelastic component of stress at time t,
by substituting (16) (17) (18) and (23) in equation (15), as

σ
v =−pv+F

{
t
∫
0

φ1 exp
(
− t− τ

C4

)
Ė(τ)dτ +

t
∫
0

φ2exp
(
− t− τ

C5

)
Ė(τ)dτ

}
FT (24)

Where the strain-rate from (17) and (19) is

Ė11 =
1
2

(
λ̇λ +λλ̇

)
= λλ̇

Ė22 = Ė33 =
1
2

[(
λ
− 1

2

)(
−1

2
λ
− 3

2

)(
λ̇

)
−
(

1
2

λ
− 3

2

)(
λ̇

)(
λ
− 1

2

)]
=−1

2
λ
−2

λ̇

(25)
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Since t is a constant for integration and τ is a time variable, we can rewrite (21) in
terms of its’ principal components as

σ11
v =−pv +λ

2
{

t
∫
0

φ1 exp
(
− t− τ

C4

)
λλ̇dτ +

t
∫
0

φ2exp
(
− t− τ

C5

)
λλ̇dτ

}

σ22
v = σ33

v = 0 =−pv +λ
−1


t
∫
0

φ1 exp
(
− t−τ

C4

)(
−1

2 λ−2λ̇

)
dτ+

t
∫
0

φ2exp
(
− t−τ

C5

)(
−1

2 λ−2λ̇

)
dτ


(26)

Substituting the value for pv in the above equations in (26), we get equation (27) as
follows, which we curve fit to experimental data:

σ11
v =

1
2

λ
−1
{ t
∫
0
(C1I1 +C2I2 +C3)exp

(
− t− τ

C4

)(
λ
−2

λ̇

)
dτ

+
t
∫
0
(C1I1 +C2I2 +C3)exp

(
− t− τ

C5

)(
λ
−2

λ̇

)
dτ

}
+λ

2
{ t
∫
0
(C1I1 +C2I2 +C3)exp

(
− t− τ

C4

)(
λλ̇

)
dτ

+
t
∫
0
(C1I1 +C2I2 +C3)exp

(
− t− τ

C5

)(
λλ̇

)
dτ

}
(27)

While τ ranges from (0, t), the stretch integral S ranges from (1,λ ), thus we can
write:

τ = 0, S = 1

τ = t, S = λ
(28)

where t corresponds to final stretch λ , while τ corresponds to current stretch S.
Thus, in the curve fitting equation (27) for σ v

11, we substitute all values of λ by S
in the curly parentheses {}, because it is a variable to be integrated between (0, t)
or (1,λ ).

Since in our case we have data at three different strain rates, we can determine the
σ v

1 , σ v
2 , σ v

3 , or the viscoelastic stress components for the three test curves. Thus, for
each of the curves, we can get the hyperelastic component of stress by subtracting
each viscoelastic stress component from the test curve as σh

i = σi−σ v
i . The three

new curves σh
i should almost superimpose into a single curve, in order to validate

the correctness of the model.
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2.3 Hysteresis

Filled elastomers exhibit dissipative properties leading to hysteresis in cyclic load-
strain curves due to chain-breakage, micro-structural damage and micro-void for-
mation. In other words, since some energy is lost or dissipated as heat, they require
more energy during loading than upon unloading. A stretch-based framework is
proposed for modeling the continuum damage behavior of rubber and to simulate
fatigue behavior.

Hysteresis is intended for modeling large-strain rate-dependent behavior of elas-
tomers. Energy dissipation through hysteresis is represented by the area between
the loading and unloading curves in a load-deformation cycle, and occurs in all
types of rubber. The complementary property of hysteresis is resilience, which is a
measure of the energy returned during each cycle.

The augmented energy potential is given [Dorfmann (2003)] as:

W(λ ,η) = (1−η)W(λ )+φ (η) (29)

where W(λ ) is the strain-energy potential during loading and η is the damage
variable.

At η = 0, no damage occurs and W(λ ,0)=W(λ ) or the primary curve is followed.

The Cauchy’s stress is given by

σ (η ,λ ) = (1−η)σ (λ ) (30)

where σ (λ ) corresponds to primary foam behavior, scaled by the damage variable
(1−η).

Next, to define the damage variable η [Calvo (2009)], we employ a stretch-based
form as given below:

η =
λ −λm

α−λm
(31)

where λm is the maximum value of λ during the deformation history and α is a
dimensionless material parameter.

The energy dissipated due to damage in the material is given by φ (ηm), and the
recoverable part of energy is given by:

(1−η)W(λ )+φ (η)−φ (ηm) (32)

Now, for computing the damage parameter α for unloading during an experiment,
say uniaxial hyperelastic extension, we first find the hyperelastic constants as de-
scribed earlier. Next we separate the data into the tensile and compressive zones
for the unloading curve.
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Now, starting off with the tensile curve, we find the maximum stretch on the loading
curve, call it max. Then for every data point on the unloading curve, say, current
stretch we compute the 1st PK stress as:

P =
3

∑
n=1

µn

[
λ
−1+αn−λ

−1− 1
2 αn
]

(33)

As in (30), we compute the unloading stress value by scaling it by (1−η) as fol-
lows:

Pu = (1−η)P (34)

2.4 Mullins’ effect

Mullins effect is used for modeling the stress softening of filled rubber-like elas-
tomers under quasi-static loading [Mullins (1969) and Dorfmann (2003)]. Elas-
tomers soften significantly when exercised and this strain softening is most pro-
nounced between the first and second cycles, then usually disappearing between
the third and fourth cycles. Thus, Mullins’ effect is a discontinuous type of damage
evolution.
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Figure 1: Mullins’ effect schematic representation.

Figure 1 represents Mullins’ effect schematically. In the figure one can observe the
following:
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1. Curve 1-2-3 is the primary loading path

2. Curve 3-4-1 is the unloading path from point 3

3. Curve 1-4-3 is the reloading path upto point 3

4. Curve 3-5-6 is the reloading path beyond point 3

5. Curve 6-7-1 is the unloading path from point 6

The augmented energy potential is given by the following equation:

W(λ1,λ2,η) = ηW O +φ (η) (35)

where η is the damage variable and φ (η) is a function of damage.

The Cauchy’s stress is given by:

σ (η ,λ ) = ησ (λ ) (36)

where σ (λ ) corresponds to primary foam behavior, scaled by the damage variable
η .

Let λm be the point where unloading has most recently initiated, the unloading
stress at a particular stretch is given by multiplying the stress at loading by the
damage variable η . Upon reloading, if λ >> λm then η = 1, or in other words the
primary load path is active after stretching beyond the maximum stretch attained in
the previous loading cycles.

We assume the following form of the damage variable as proposed by Ogden-
Roxburgh [Ogden (1988)]:

η = 1− 1
r

erf
{

1
m
[Wm−W(λ1,λ2)]

}
(37)

where r, m are positive parameters or material constants, and erf is the error func-
tion which is suitable to capture the nature of the unloading curve and is given by
the following:

erf(x) =
2√
π

x
∫
0

e−t2
dt (38)

At λ1 = λ2 = 1, when the material is fully unloaded, η attains it’s minimum value
ηm and φ (ηm) is the residual (or non-recoverable energy) which gives the measure
of the energy required to cause damage in the material. In a uniaxial experiment,
φ (ηm) equals to the area between primary loading curve and relevant unloading
curve.

The recoverable part of the energy is given by:

Wm−φ (ηm) (39)
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At the microscopic level, stress softening is associated with the damage caused by
loading by severing the bonds between the filler particles and the rubber molecular
chains.

The total damage is thus given by [Miehe (1995)]:

φ = φmullins+φhysteresis (40)

2.5 Failure surface

In most structural applications, the finite element method is used to predict failure.
This is done by comparing the calculated solution to some failure criteria. The
failure description for rubber used here is the general failure criterion for polymers
as given by Feng and Hallquist [Feng (2005) and Feng (2007)]. The failure surface
is based on the energy principle – when the strain energy reaches a maximum, the
material fails. Although, rubber may fail when subjected to repeated applied stress
cycles even when they are well below the single cycle breaking stress.

In terms of the deformation gradient F, the failure surface is given by the following:

F(I1, I2, I3) = 0 (41)

For incompressible materials, I3 = 1 and the failure surface in (38) simplifies to

F(I1, I2) = 0 (42)

Further expanding (42), we get the failure criterion for hyperelastic solids as

Ψ = F1 (I1−3)+F11 (I1−3)2 +F2 (I2−3)+β (43)

Any strain rate satisfying Ψ < 0 is below the failure state and represents a stress-
free state, thus β < 0 is required. Thus, failure surface is described by state in
which β = 0

→ (I1−3)+Γ1 (I1−3)2 +Γ2 (I2−3)−K = 0 (44)

where Γ1, Γ2 and K are the 3 material failure constants and can be obtained from
test data (a minimum of three tests are required).

3 Results and Discussion

3.1 Hyperelasticity

Ogden’s three-term model

For our validation, we first find the parameters for the three-term Ogden model in
the following modes of deformation simultaneously: in simple tension, pure shear
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and equibiaxial tension. The data [Ogden (2004)] we use is given in Figure 2.
Using the first set of values to iteratively converge at a solution such that the value
of the sum of squares remains nearly constant so as to represent a stable set of
values: as seen in Table 1. The curve fit is given by Figure 2 which captures all three
modes of deformation very accurately with the same set of material parameters, as
given by Table 2 [Twizell (1983)]. The order of stiffness is given by

Equibiaxial Tension >> Pure Shear >> Simple Tension

Table 1: Minimizing function.

µ1 4.2370 kg
cm2 0.0563 kg

cm2 0.001 kg
cm2 1.8976E-5 kg

cm2

α1 0.5066 4.3733 8.1036 8.1472

µ2 3.2263 kg
cm2 -0.0174 kg

cm2 -0.2928 kg
cm2 -0.1197 kg

cm2

α2 2.5065 -2.5641 -1.6527 -1.9574

µ3 -4.1551 kg
cm2 79.6349 kg

cm2 3.0879 kg
cm2 3.3553 kg

cm2

α3 1.7730 0.1038 2.0014 1.9575

S 611.7291 81.01 13.5405 12.9052(const)

Table 2: Material parameters obtained for Ogden model.

µ1 µ2 µ3

1.89E-5 kg
cm2 -0.12 kg

cm2 3.36 kg
cm2

α1 α2 α3

8.15 -1.96 1.96

3.2 Viscoelasticity

Quasi-static Response

In the previous section, we see that the hyperelastic model can capture deformation
in various different modes. Next, we go on to evaluate the viscoelastic model for
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Figure 2 

 

 

Figure 2: Experimental data [19] for 8% S rubber in uniaxial tension, pure shear
and equibiaxial tension fitted to the three-term Ogden model.
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Figure 3 

 

 

 Figure 3: Experimental data [6] plotted against the proposed model for the quasi-
static response of rubber at a strain-rate of 0.01 mm/mm/s.
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uniaxial case. In order to do this, we first need to obtain the hyperelastic parameters
for the case of quasistatic loading as seen in Figure 3. The parameters are given
in Table 3, which we use to obtain the viscoelastic parameters in the next section
[Bois (2003), Benson (2006) and Bois (2006)].

Table 3: Hyperelastic constants.

µ1 µ2 µ3

-0.0105 MPa -2.6469E6 MPa 2.8087E5 MPa
α1 α2 α3

-5.1522 0.0005 0.0048

Table 4: Viscoelastic constants.
A B C θ1 θ2

2.2655 -0.0253 0.5719 0.1791sec 0.0009sec

4 
 

Figure 4 

 

 

Figure 4: Experimental data [6] plotted against the proposed model for the dynamic
response of rubber at a strain-rate of 0.01, 1.0 and 100.0 mm/mm/s.
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Dynamic Response

After obtaining the hyperelastic parameters for the three-terms Ogden model, we
find the parameters for the non-linear BKZ model while curve fitting our equation
to both strain rates simultaneously, as given in Figure 4. The viscoelastic parame-
ters, including the two different relaxation times, are given in Table 4.

3.3 Hysteresis

Quasi-static Response

Using the same set of data for the case of loading, as given by Figure 3, we find
the unloading parameter for the case of hysteresis, for the tension and compression
regions simultaneously. The experimental data and the model validation can be
seen in Figure 5. The hysteresis material constant is given in Table 5 and is given
in relation to the damage variable η as:

η =
current stretch−maximum stretch

α− maximum stretch

Table 5: Hysteresis constant.

α

1.0037

Table 6: Hyperelastic constants for primary loading.

µ1 µ2 µ3

1331.8 MPa -1164.0 MPa 3.5757 MPa
α1 α2 α3

-0.9159 -1.0676 2.9688

3.4 Mullins’ effect

Primary Loading Response

Now for the case of Mullins effect, we consider another set of data, as shown in
Figure 6. First, we have to characterize the primary hyperelastic response, thus
obtaining the hyperelastic parameters as given in Table 6.
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5 
 

Figure 5 

 

 

Figure 5: Experimental data [6] plotted against the proposed model for the unload-
ing response of rubber using damage function at a strain-rate of 0.01 mm/mm/s.
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Figure 6 

 

 

Figure 6: Experimental loading data [17] plotted against the hyperelastic three-term
Ogden model for primary response of rubber compound.
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Figure 7 

 

 

 Figure 7: Experimental unloading data [17] plotted against the proposed model for
Mullins’ effect up to second maximum stretch.
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Figure 8: Experimental unloading data [17] plotted against the proposed model for
Mullins’ effect with third maximum stretch.
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Unloading Response

Next, for unloading due to Mullins’ effect, we have to find the parameters r and
m, using data from all the points where unloading begins. We regard the first two
points as our maximum stretch. The experimental data and the model can be seen
in Figure 7. The parameters for the Mullins’ effect are given in Table 7. We see
that for the case of unloading using two points, we get a good fit but the model can
also capture unloading from three points reasonably well. Therefore, for unloading
including three maximum stretches, we again find the parameters r and m, using
data from all three points where unloading begins. We regard these three points
as our maximum stretch. The experimental data against the model can be seen in
Figure 8. The parameters for the Mullins’ effect now are given in Table 8.

Table 7: Mullins effect constants for unloading with second maximum stretch.

r m
2.1000 71.5250

Table 8: Mullins effect constants for unloading with third maximum stretch.

r m
1.7400 66.7640

4 Conclusion

A constitutive model is proposed to predict the response of rubber which is charac-
terized by its’ hyperelasticity, viscoelasticity, hysteresis and Mullins’ effect. Based
on experimental data, material parameters have been found and the constitutive
models have been validated in a limited set of deformation modes. As seen in the
results, one unified model can be used to capture the dynamic response of rubber-
like polymers under different loading conditions with great accuracy. Since mate-
rial is an intensive property, a constitutive model with a given set of parameters can
be extended to a wide range of industrial applications.
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