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ACA-accelerated Time Domain BEM for Dynamic
Analysis of HTR-PM Nuclear Island Foundation

Haitao Wang1,2, Zhenhan Yao 3

Abstract: This paper presents the use of a three-dimensional time domain bound-
ary element method (BEM) in conjunction with adaptive cross approximation method
(ACA) for dynamic analyses of the HTR-PM nuclear island foundation. The ad-
vantage of this approach is that only foundation of the HTR-PM nuclear island and
limited surfaces of the supporting half-space soil medium are modeled and ana-
lyzed in a direct time stepping scheme. In addition, the ACA can compress the
BEM coefficient matrices at each time step efficiently, therefore allowing larger
models to be analyzed compared with conventional BEMs. In order to discretize
the boundary integral equation (BIE) we use collocation method and eight-node
discontinuous quadratic element. In order to preserve the causality condition an
element subdivision technique suggested by Marrero (Engineering Analysis with
Boundary Elements 2003; 27: 39–48) is adopted. In the numerical tests, sensitivity
analyses are carried out in order to study dynamic characteristics of the HTR-PM
nuclear island foundation and to establish fixed base criteria of the supporting soil
medium for the associated seismic design of the nuclear island.

Keywords: boundary element; time domain; adaptive cross approximation; HTR-
PM; foundation

1 Introduction

Earthquake is one of the most severe issues affecting safety of the nuclear power
plants (NPPs). In the seismic design of a NPP, it is required to evaluate the dynamic
effect of nuclear island foundation-supporting soil interactions. When the shear
wave velocity of the soil is high enough, it is acceptable to assume the soil as a
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fixed base for the foundation. During the licensing process of a NPP design, such
fixed base assumption commonly remains considerable discussions. Specifically,
the high-temperature-reactor pebble-bed module (HTR-PM) [Zhang, Wu, Sun and
Li (2006)], a Chinese design of the high temperature gas-cooled reactor (HTR),
has three nuclear-grade buildings sharing one common foundation. It is of strong
interest to study dynamic characteristics of such large, irregular foundation under
various soil profiles and to set up a fixed base criterion for the following seismic
design.

Much effort has been made with various numerical methods on the study of dy-
namic foundation-soil interactions. As a boundary-type numerical method, the
boundary element method (BEM) is particularly suitable for modeling such half-
space dynamic problem as only the foundation and limited surface of the soil need
to be meshed. In addition, the radiation condition is automatically satisfied. For the
boundary integral equation (BIE) formulations for elastodynamics, one can conduct
Cruse and Rizzo (1968) in Laplace domain, Domı’nguez (1993) in Fourier domain
and Mansur (1983) and Antes (1985) in direct time domain. Dynamic BEM analy-
sis of strain gradient elastic problems was also reviewed [Tsinopoulos, Polyzos and
Beskos (2012)]. Applications of the BEM for the foundation-soil interaction anal-
yses have been continuously reported. For comprehensive reviews in this field, one
can conduct Beskos (1987 and 1997). Compared with frequency domain BEMs,
the time domain BEM provides a direct assessment of dynamics behaviors versus
time. In order to improve its stability, various techniques have been introduced [Ri-
zos and Karabalis (1994); Peirce and Siebrits (1997); Mansur and Carrer (1998);
Yu, Mansur, Carrer and Gong (1998); Birgisson, Siebrits and Peirce (1999)]. In
addition, the Convolution Quadrature method (CQM) [Lubich (1988, 2004)] has
drawn more and more attentions due to its intrinsic stable feature and its ability
to treat fundamental solutions in Laplace domain. The time domain BEM in con-
junction with CQM has been employed for elastic, visco-elastic and poro-elastic
dynamic problems [Schanz and Antes (1997); Gaul and Schanz (1999); Schanz
(2001); Kielhorn and Schanz (2008)].

Conventionally, the coefficient matrix of the BEM is dense with O
(
N2
)

storage,
where N is the number of unknowns. Solving such BEM equation requires O

(
N2
)
∼

O
(
N3
)

operations with direct or iterative algorithms. This becomes a bottleneck
of the BEM, especially for elastodynamics where a large number of BEM matri-
ces need to be stored. In order to achieve large-scale BEM solutions, several fast
algorithms have been implemented in this field. Of particular interest are the fast
multipole method (FMM) [Rokhlin (1985); Rokhlin and Greengard (1997)] and
the adaptive cross approximation method (ACA) [Bebendorf (2003)]. The FMM is
an O(N) algorithm in both computational time and storage which requires suitable
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expansion formulations of the associated kernel functions. The ACA however, is
a kernel-independent fast algorithm which requires only the knowledge of matrix
entries. Fast BEM applications for elastostatics by using FMM [Fu, Klimkowski,
Rodin and colleagues (1998); Helsing (1999); Popov and Power (2001); Yoshida,
Nishimura and Kobayashi (2001); Liu, Nishimura, Otani and colleagues (2005);
Wang and Yao (2005); Liu (2006, 2008)] and ACA [Kolk, Weber and Kuhn (2005);
Kolk and Kuhn (2006); Benedetti, Aliabadi and Davì (2008); Benedetti, Milazzo
and Aliabadi (2009); Weber, Kolk and Kuhn (2009)] have been well documented.
In the field of fast BEM in elastodynamics, one can conduct Chen, Chew and Ze-
roug (1997), Fujiwara (1998, 2000), Chaillat, Bonnet and Semblat (2008), Sanz,
Bonnet and Dominguez (2008), Takahashi (2012) with the FMM-BEM in fre-
quency domain, Takahashi, Nishimura and Kobayashi (2003) with the FMM-BEM
in time domain, Wei, Wang, Wang and Huang (2012) with FMM- dual reciprocity
BEM, Benedetti and Aliabadi (2010) with the ACA-BEM in frequency domain and
Messner and Schanz (2010) with the ACA-BEM in conjunction with CQM in time
domain.

One can notice that the kernel functions of the classic time domain BEM for three-
dimensional elastodynamics are monotonically decreasing with the distance r be-
tween source and field points. This feature is similar to that for elastostatics and
hence enables the ACA to be employed directly to compress the coefficient matri-
ces at each time step when a direct time stepping scheme is used. In this paper,
the use of ACA-accelerated time domain BEM based on direct time stepping is
presented for three-dimensional dynamic analyses of the HTR-PM nuclear island
foundation. At each time step, the BEM matrices based on integrations of the time
domain kernel functions are approximated by using the ACA with reasonably re-
duced memory requirements. The following BEM matrix-vector multiplications in
solving the equation system are then approximated by ACA matrix-vector multi-
plications with reduced operations. For discretization of the BIE, the collocation
method and the eight-node discontinuous quadratic element are employed. In or-
der to preserve the causality condition an element subdivision technique suggested
by Marrero (2003) is adopted and the corresponding element integration strategy
is introduced. In the numerical tests, a stability analysis is carried out in order to
determine suitable time step size firstly. Then the efficiency of the ACA in terms of
compression ratios of the BEM matrices at each time step is studied, followed by
a sensitivity analysis on the effective compliances of the HTR-PM nuclear island
foundation in terms of load frequency and soil properties by using ACA-accelerated
time domain BEM. Based on this, a fixed base criterion of the soil medium for the
HTR-PM nuclear island foundation is suggested for the following seismic design
of nuclear structures.
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2 Time domain BEM for 3-D elastodynamics using direct time stepping

In this section, basic formula of the time domain BEM for three-dimensional elas-
todynamics using direct time stepping is briefly reviewed. By assuming initial con-
ditions and body forces to be zero, the time domain BIE governing elastodynamics
in a three-dimensional homogenous domain is expressed as,

ci j (x)u j (x, t)+
∫ t

0

∫
S

T ∗i j (x, t;y,τ)u j (y,τ)dS (y)dτ

=
∫ t

0

∫
S

G∗i j (x, t;y,τ) t j (y,τ)dS (y)dτ

(1)

where x and y denote the source and field points at the boundary S, respectively;
ui and ti are the boundary displacement and traction respectively; c(x) is 0.5 for
smooth boundaries; G∗i j and T ∗i j are the displacement and traction kernel functions
for three-dimensional elastodynamics respectively [Manolis and Beskos (1988)],

G∗i j (x, t;y,τ)
t ′=t−τ
=

1
4πρ

[
ai j (r)δ

(
t ′− r

c1

)
+bi j (r)δ

(
t ′− r

c2

)
+ ci j (r)

∫ 1/c2

1/c1

δ
(
t ′−λ r

)
λdλ

]
(2)

T ∗i j (x, t;y,τ)
t ′=t−τ
=

=
1

4π

[
di j (r)δ

(
t ′− r

c1

)
+ ei j (r)δ

(
t ′− r

c2

)
+ fi j (r)

∫ 1/c2

1/c1

δ
(
t ′−λ r

)
λdλ

+ gi j (r) δ̇

(
t ′− r

c1

)
+hi j (r) δ̇

(
t ′− r

c2

)]
(3)

with r being the distance between x and y. ρ is density. c1 and c2 are velocities of
compression and shear waves (P and S waves) defined as,

c1 =

√
2−2v
1−2v

G
ρ
, c2 =

√
G
ρ

(4)

with G and v being the shear modulus and Poisson’s ratio, respectively. The coeffi-
cients ai j, bi j, ci j, di j, ei j, fi j, gi j and hi j in Eqs. (2) and (3) are functions of r given
by Manolis and Beskos (1988).
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In order to discretize the time domain of Eq. (1), a direct time stepping scheme
is used with the time axis divided into N equal steps inside which the boundary
variables ui are assumed to vary piecewise linearly and ti are assumed piecewise
constant,

ui (x, t) =
N

∑
n=1

[
tn− t

∆t
un−1

i (x)+
t− tn−1

∆t
un

i (x)
]

φn (t)

ti (x, t) =
N

∑
n=1

tn
i (x)φn (t)

(5)

where un
i and tn

i are the displacement and traction at the n-th time step denoted by
tn, ∆t is the time step size, φn (t) is the time interpolation function. By using Eq.
(5) one can obtain time domain integrals analytically and hence Eq. (1) is rewritten
as,

ci j (x)uN
j (x)+

∫
S

T 1,0
i j (x,y)uN

j (y)dS−
∫

S
G0

i j (x,y) tN
j (y)dS=

N−1

∑
n=1

∫
S

Gn
i j (x,y) tN−n

j (y)dS−
N−1

∑
n=1

∫
S

[
T 1,n

i j (x,y)+T 2,n
i j (x,y)

]
uN−n

j (y)dS
(6)

where Gn
i j (x,y) is temporal integral of G∗i j at the n-th time step, T 1,n

i j (x,y) and

T 2,n
i j (x,y) are temporal integrals of T ∗i j at the n-th time step due to linear variation

of ui. Detailed expressions of Gn
i j (x,y), T 1,n

i j (x,y) and T 2,n
i j (x,y) are referred to

Manolis and Beskos (1988).

In order to discretize the space domain, we use collocation method and eight-node
quadratic element. To treat the strongly-singular integrals arising from T 1,n

i j (x,y)

and T 2,n
i j (x,y), the concept of finite part integral is used. In order to satisfy con-

tinuity requirements of the finite part integral and to treat the corner problem in a
generalized manner, we adopt discontinuous elements from Mi and Aliabadi (1992)
as shown in Fig. 1, where the positioning parameter 0 < λ < 1 of collocation nodes
stands for the degree of continuity.

In the case of the wave front traveling across a boundary element, the causality
condition needs to be preserved in order that part of this boundary element keeps
“quiet” before the wave front arrives. To achieve this we adopt an element subdi-
vision technique suggested by Marrero (2003). As shown in Fig. 2, an element is
divided into m×m uniform sub-elements at the local coordinate space. If a sub-
element partially or entirely falls into the range of nc2∆t < r < (n+1)c1∆t, the
integrations within this sub-element are calculated; otherwise the integrations are
zero.
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Figure 1: Eight-node discontinuous element

Figure 2: Element subdivision technique

Based on this approach, an element integration strategy on space domain is intro-
duced. For each element we find a smallest sphere with radius RE enclosing the
entire element. The distance between center of the sphere and the source point is
denoted by R0. At each time step:
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1. If Eq. (7) is satisfied, the integrations on this element are zero.

2. If Eq. (8) is satisfied, the integrations on this element are calculated in the
conventional manner.

3. Otherwise, the subdivision technique applied to this element.

R0−RE

c1
> (n+1)∆t, or

R0 +RE

c2
< n∆t (7)

[
R0−RE

c1
> n∆t, R0−RE

c2
> (n+1)∆t, R0+RE

c1
< (n+1)∆t

]
, or

[
R0−RE

c1
> n∆t, R0+RE

c2
< (n+1)∆t

]
, or

[
R0+RE

c1
< n∆t, R0−RE

c2
> (n+1)∆t

]
, or

[
R0+RE

c1
< n∆t, R0−RE

c2
> n∆t, R0+RE

c2
< (n+1)∆t

]
(8)

After discretization on both time and space domains, one obtains a compact matrix
form,

[c]
{

uN}+
[
T 1,0]{uN}− [G0]{tN}=

N−1

∑
n=1

[Gn]
{

tN−n}−N−1

∑
n=1

[
T 1,n +T 2,n]{uN−n}

(9)

3 ACA-accelerated Time domain BEM

In this section, basic idea of the ACA and procedures of ACA-accelerated time
domain BEM are summarized. The ACA is an algebraic approximation algo-
rithm which is based only on the knowledge of the matrix entries. This kernel-
independent feature makes it easy to apply the ACA directly for the solution of
various BEM problems. The basic idea of ACA is that a low-rank matrix denoted
by [A]m×n can be approximated by a sum of vector-vector multiplications,

[A]m×n ≈
k

∑
i=1

{
U i}{V i}T

= [U ]m×k [V ]k×n (10)

As k� m,n, both the memory requirement of [A]m×n and the following operations
of the maitrx-vector multiplication is reduced from O(m×n) to O(k× (m+n)).
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Basically there are two types of ACA, namely the fully-pivoted and partially-pivoted
ACA [Bebendorf (2003)]. The former algorithm requires the knowledge of all ma-
trix entries with O(m×n) operations before preforming ACA approximation; the
latter one requires the knowledge of only a small amount of matrix entries, there-
fore regarded as a truly fast version. However for vector problems like the three-
dimensional elastodynamics, it is more convenient to calculate a set of entries re-
lated to one element rather than obtaining a single entry. Therefore in this paper the
fully-pivoted ACA is employed, which is described as the following scheme: First
find a largest absolute value of [A]m×n in the row i1 and column j1. The first pair of
vectors

{
U1
}

and
{

V 1
}

are defined as,

U1
i = Ai, j1 , i = 1..m

V 1
j =

Ai1, j

Ai1, j1
, j = 1..n

(11)

The first residual matrix is calculated as,[
R1]

m×n = [A]m×n−
{

U1}{V 1}T
(12)

Then the operation is restarted for
[
R1
]

m×n and new vectors
{

U2
}
,
{

V 2
}

and resid-
ual matrix

[
R2
]

m×n are obtained. By recursively performing this operation, one
obtaines,[
Rk
]

m×n
=
[
Rk−1

]
m×n
−
{

Uk
}{

V k
}T

(13)

The operation stops when
∥∥∥[Rk

]
m×n

∥∥∥
F

is smaller than a prescribed residual error

and then
[
Rk
]

m×n can be neglected. Based on the ACA approximation of one low-
rank matrix, procedures of the ACA-accelerated time domain BEM is described as
follows,

Step 1:

An adaptive tree is constructed according to the geometry information of the bound-
ary elements. First, A cubic root is established enclosing the entire boundary ele-
ment model; the root is then divided into sub-cubes of equal size, so called “tree
nodes”, each containing a set of boundary elements; this division is performed re-
cursively until the number of boundary elements contained in a tree node is less
than a prescribed number of m. Within this paper we use m = 1 as one element
contains 24 number of freedoms.
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Step 2:

At each time step of the time domain BEM, the coefficient matrices [Gn] and[
T 1,n

]
,
[
T 2,n

]
of Eq. (9) are partitioned into sub-matrices respectively at various

levels. Each sub-matrix arises from the interaction of two sets of boundary ele-
ments belonging to specific tree nodes.

Step 3:

Identify the low-rank sub-matrices according to the size and distance information of
the associated tree nodes. After identification, the full-rank matrices are calculated
directly in a conventional manner; the low-rank matrices are calculated firstly and
then approximated with a sum of vector-vector multiplications by using the ACA.

Step 4:

The coefficient matrix-vector multiplications in Eq. (9) are approximated by a sum
of direct sub-matrix-vector multiplications and ACA sub-matrix-vector multiplica-
tions.

4 Numerical results

A C++-based BEM code has been developed for the ACA-accelerated time do-
main BEM for three-dimensional elastodynamic analysis. In the code, each entry
is calculated and stored as an eight-byte value. In order to assess validity of the
presented method, a number of numerical tests have been carried out, including
a stability analysis on the time step size and a sensitivity study on the dynamic
responses of the HTR-PM nuclear island foundation in terms of both the load fre-
quency and supporting soil properties. The code runs on a desktop computer with
a processor of Intel Xeon CPU E31245 and physical memory of 8GB.

In the following, the relative error of convergence in GMRES is taken to be 10−5;
the error for stop in the fully-pivoted ACA is taken to be 10−5

4.1 Stability analysis on the time step size

This test involves dynamic analysis of a 2× 2× 4 elastic rod fixed at one end and
subjected to a constant unit pressure at the opposite free end at t = 0. The rest
boundaries are free. The Young’s modulus and Poisson’s ratio is 2000.0 and 0.0
respectively; the density is 1000.0; the element degree of continuity λ is taken to
be 2/3. In order to study the effect of the time step size ∆t on stability of the time
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domain BEM, we adopt a widely used dimensionless parameter to represent ∆t,

β =
c1∆t
Le

(14)

where Le is the representative element edge size. The rod surface is discretized into
40 discontinuous elements with element edge size taken to be 1.0. The total number
of degree of freedoms (DOF) is 960. We select β to be 0.2, 0.4, 0.6 and 0.8 for the
stability analysis, and the number of total time steps in the calculation is taken to be
300. The longitudinal displacement at the loaded end of the rod is outputted versus
time. Significant instability of the displacement is observed for β = 0.2,0.6,0.8.
Only the case of β = 0.4 results in good displacement stabilities along all time
steps as shown in Fig. 3 in comparison with analytical results. Therefore, β = 0.4
is determined for the following analyses.

Figure 3: Longitudinal displacement at loaded end of the rod (β = 0.4)

4.2 Dynamic analyses of HTR-PM nuclear island foundation

This test involves a study on compression efficiency of the ACA when treating
coefficient matrices of the time domain BEM, followed by a sensitivity analysis on
dynamic characteristics of the HTR-PM nuclear island foundation in terms of load
frequency and soil properties.
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The investigated domain is a HTR-PM nuclear island foundation located on the sur-
face of a homogenous half-space soil medium. This irregular foundation supports
three nuclear grade buildings, namely the reactor building, the spent fuel storage
building and the auxiliary building. Fig. 4 shows geometrical information of the
foundation with surrounding finite soil surface to be studied. For convenience the
foundation is assumed to be rigid. It is subjected to a translational harmonic dis-
placement load with amplitude of Ū = 0.1m at horizontal-X (HOR-X) or vertical
direction as defined in Fig. 4. It is fixed on the other orthogonal directions. A mod-
ified compliance of the foundation is defined herein in order to represent dynamic
characteristics of the foundation and to help establish a fixed base criterion,

Cm =
Ū
Tf

(15)

where Tf is the amplitude of the total reaction force on the foundation.

As variables to be used in the sensitivity analysis, values of the load frequency
(denoted by f ) and soil properties listed in Tables 1 and 2 are considered. The
frequency ranges from 1.0 to 25.0 Hz, covering most interested frequencies of the
design basis earthquake in the seismic design of of a NPP. The shear wave velocities
of the soil medium ranges from 700 to 2000 m/s, covering typical values of the soil
profiles at most Chinese NPP sites.

Figure 4: Sizes of the investigated domain containing HTR-PM nuclear island
foundation and surrounding soil surface (unit: m)
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Table 1: Values of the load frequency

No. 1 2 3 4 5 6 7
f (Hz) 1.0 3.0 5.0 8.0 12.0 18.0 25.0

Table 2: Values of soil properties

No. c2 (m/s) ρ (kg/m3) v
1 700 2150 0.34
2 1100 2500 0.32
3 1500 2500 0.32
4 2000 2750 0.26

First, compressions of the coefficient matrices [Gn] and
[
T 1,n

]
in Eq. (9) by using

ACA are tested. The domain is discretized with 72, 306 and 576 boundary elements
respectively, with DOFs to be 1728, 7344 and 13824 respectively. Fig. 5 shows
306 boundary elements (each element is plotted as four corner collocation nodes
connected with solid lines in order only to show the effect of discontinuity). The
No. 1 of soil properties listed in Table. 2 is used. The accumulative memory
requirements of compressed [Gn] and

[
T 1,n

]
by using ACA along time steps are

plotted in Figs. 6 and 7 respectively in comparison with that of full-rank matrices.
Herein the memory is normalized with storage of one full-rank matrix as unit.

It is shown that the compression ratio decreases slowly with increasing boundary
element scales. At DOF = 13824, the final compression ratio is less than 32%. It
should be pointed out that this compression ratio attributes not only to the ACA, but
also to the nature of sparse matrices at beginning and end of time steps. However,
this sparse feature is easily identified and utilized by the ACA as zero sub-matrices
are automatically neglected. It is also observed that the compression ratio is almost
the same for [Gn] and

[
T 1,n

]
Next, modified compliance Cm of the HTR-PM nuclear island foundation at HOR-
X and vertical directions are calculated in terms of the load frequency and soil
properties listed in Tables 1 and 2. Discretization of the domain with quadratic
boundary elements is determined with an element size criterion given by,

Le ≤
1
2

c2

f
(16)

Fig. 8 shows calculated reaction force of the foundation at HOR-X direction with
f = 5.0 and 12.0 Hz and soil properties of No. 2 in Table. 2. It is shown that for
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Figure 5: Boundary elements of the foundation and surrounding soil surface

Figure 6: Storage of ACA-Compressed [Gn]
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Figure 7: Storage of ACA-Compressed
[
T 1,n

]

Figure 8: Horizontal reaction force of the foundation at f = 5.0 and 12.0 Hz
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Figure 9: Cm at HOR-X direction

Figure 10: Cm at vertical direction
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this problem the time domain BEM has good stabilities. Figs. 9 and 10 show the
calculated Cm in terms of load frequency and soil properties. It is clearly shown that
Cm decreases with increasing shear wave velocities. In the case of c2 = 700 m/s, Cm

varies with load frequency significantly at nearly one order of magnitude; when c2
= 2000 m/s, Cm remains nearly unchanged compared with that of lower values of
c2 Fig. 11 shows the vertical displacement at the 26-th time step with DOF = 7344,
f = 25.0 Hz and soil properties of No. 2 in Table. 2. Clear wave propagations are
observed.

The above observations indicate that the soil medium with c2 = 2000 m/s is rigid
enough at all interested frequencies that it can be assumed as a fixed base for the
HTR-PM nuclear island foundation. Therefore, it is recommended that shear wave
velocity of 2000 m/s at foundation level be a fixed base criterion for site selection
and seismic design of the HTR-PM nuclear power plants.

Figure 11: Vertical displacement at the 26-th time step (DOF = 7344, f = 25.0 Hz,
No.2 soil properties)
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5 Conclusions

The use of ACA-accelerated time domain BEM based on direct time stepping
scheme has been presented for three-dimensional dynamic analyses of the HTR-
PM nuclear island foundation. At each time step, the BEM matrices were com-
pressed by using the ACA with memory requirements reasonably decreased. The
BEM matrix-vector multiplications were then replaced with ACA matrix-vector op-
erations. In order to discretize the BIE on the space domain the collocation method
and the eight-node discontinuous quadratic element were employed. The causality
condition was guaranteed by employing an element subdivision technique. Based
on this, an element integration strategy is introduced.

In the numerical examples, the proposed method was firstly tested in a stability
analysis in order to determine suitable time step size. The value of β = 0.4 was
observed to result in good stabilities. Then the efficiency of the ACA in terms of
accumulative storage of BEM matrices along the time steps was studied. It was
observed that larger BEM scales result in better compression ratio of the BEM
matrices by using the ACA. Finally, a sensitivity analysis on dynamic characteris-
tics of the HTR-PM nuclear island foundation in terms of load frequency and soil
properties by using ACA-accelerated time domain BEM was carried out. It was
observed that higher shear wave velocities result in lower and more stable compli-
ances. Based on this, a fixed base criterion of the soil medium for the HTR-PM
nuclear island foundation was recommended.
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