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Thermal Expansion Behavior of Single Helical Clearance
Structure
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Abstract: The single helical structure is twisted by surrounding helical units with
clearance or not between two layers. In order to master the thermal expansion be-
havior, the theory has been developed for the analysis of these helical structures.
The previously deduced linear expressions of thermal expansion coefficients for
the gapless structure model (GM) is used and the analytical method is applied to
the clearance structure model (CM) and clearance-gapless structure model(CGM)
under two boundary conditions. For further evaluating the analytical expressions
of two models, the finite element models of the single helical structure surrounding
by helical units with lang lay and regular lay are established by using the ANSYS
software package. The analytical method is consistent with the numerical method
by comparison. Thus, the analytical method is applied to analysis CM, GM and
CGM. The results show that the thermal expansion coefficients of GM and CGM
are the nonlinear function for the parameters of helical angle, but the CM could be
approximately considered as linear functions; these coefficients also could be ap-
proximately treated as linear functions of the temperature variable coefficient under
two boundary conditions; the value of thermal expansion coefficients for CM is less
than GM, but values of CGM are related with the parameters of temperature vari-
able coefficient and helical angle. The method of the analysis for thermal expansion
behavior of single helical clearance structure is obtained, which is useful to inves-
tigate geometric and mechanical behavior of complicated helical structures.
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1 Introduction

Helical structures such as ropes or cables were widely used in the field of mine,
power transmission, transportation, aviation, bridge and architecture. The mechan-
ical behavior of helical structure had been widely studied by theoretical analysis,
finite element analysis and experiment[Huang (1978); Hobbs and Raoof (1983);
Velinsky (1985); Ramsey (1990); Costello et al (1997); Feyrer (1997); Jiang et al
(2000); Nawrocki and Labrosse (2000); Elata et al (2004); Jiang (2008); Usabiaga
and Pagalday (2008); Cao et al (2009)]. And the influence on the temperature effect
of the rope or cable is investigated in the field of mine and power transmission [Peng
et al (2012); Xia (2009)]. In order to master the thermal expansion mechanism of
different steel cables, the thermal expansion characteristics of different steel cables
were obtained [Sun et al (2011); Chen et al (2011)], and the linearly expressions of
thermal expansion coefficients for prestressed single helical structure are deduced
[Cao et al (2012)].

Actually, surrounding helical units of helical structure have clearance between the
ith and the (i-1)th layer. In this paper, based on above scholars’ research find-
ings, the thermal expansion behavior of single helical clearance structure is inves-
tigated under temperature effect, linearly analytical formulas of the axial and rota-
tional thermal expansion coefficients for the clearance model and gapless-clearance
model are obtained. In order to compare with the analytical models, the finite ele-
ment models of the clearance model and gapless-clearance model are established.
The analytical method and finite element method for single helical clearance struc-
ture are proposed, which are useful to investigate geometric and mechanical behav-
ior of complicated helical structures.

2 Geometric model and hypotheses

The single helical structure is twisted by surrounding helical units. In order to
investigate the thermal characteristics of single helical structure, the front three
hypotheses of the reference[Cao et al (2012)] are considered, and the other two
hypotheses are considered as follows:

(1) The each layer of the helical structure has clearance between the ith layer and
the (i+1)th layer, and the model is defined as the clearance model(CM). Other-
wise, the layers of the model have no clearance, which is defined as the gapless
model(GM).

(2) The each layer from the ith layer to the jth layer has no clearance and the other
layers have clearance, the model is defined as the clearance-gapless model(CGM).

The three models are depicted in Fig.1, in which r0 is the radius of the center unit;
ri is the radius for helical units of the ith layer; T is environment temperature, the
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Ti is the temperature for helical units of the ith layer; Riis the helical radius of the
ith layer for the GM, and the cRi is the helical radius of the CM or CGM.
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 Figure 1: The section of the single helical structure

3 Analytical CM under temperature effect

3.1 The contact force per unit length

The expressions of axial and rotational thermal expansion coefficients for helical
structure [Cao et al(2012)]can be formulated as

α =
1

∆T
[(1+ c

ξi)
sin γ̄i

sinγi
−1],

β =
1

∆T
[
cot γ̄i

cR̄i
(1+ξ0)−

cotγi
cRi

],

where "−" denotes the variable under temperature effect; ∆Ti,γi and cξi are the
temperature increment, helical angel and axial strain for helical unit of the ith layer
respectively.

By using Taylor Formula, the axial strain cξi and the increment of helical angle
∆γifor the ith layer could be linearly given as

c
ξi =

c
δ̃iα∆T +c

ζ̃iβ∆T + c
φ̃i ·∆cRi, (1)

∆γi =
c
δ̃∆γiα∆T + c

ζ̃∆γiβ∆T + c
φ̃∆γi ·∆cRi, (2)

where the coefficient ∆cRi is the increment of helical radius cRi, the other coeffi-
cients of cδ̃i,cζ̃i,cφ̃i,cδ̃∆γi ,

cζ̃∆γi and cφ̃∆γi are formulated as follows

c
δ̃i = tanγi/(tanγi + cotγi),

c
ζ̃i =

cRi/(tanγi + cotγi),
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c
φ̃i =−cotγi/(

cRi tanγi +
cRi cotγi);

c
δ̃∆γi = (1− c

δ̃i) tanγi,
c
ζ̃∆γi =−c

ζ̃i tanγi,
c
φ̃∆γi =−c

φ̃i tanγi.

The tension of each helical unit in the single helical structure can be written as
cFi = EAi(

cξi −α0ςi∆T ), and could be formulated as

cFi =
c
δ̃Fiα∆T + c

ζ̃Fiβ∆T + c
ψ̃Fiα0∆T + c

φ̃Fi∆
cRi, (3)

in which, ςk = ∆Tk/∆T,(k = 0,1, . . . , j) is the coefficient of temperature increment
for helical unit of the kth layer respectively; α0 is the thermal expansion coefficient
of helical unit; coefficients of cδFi ,

cζFi ,
cψFi and cφ̃Fiare written as

c
δ̃Fi = EAi

c
δ̃i,

c
ζ̃Fi = EAi

c
ζ̃i,

c
ψ̃Fi =−EAiςi,

c
φ̃Fi = EAi

c
φ̃i,

where E is the elastic modulus of helical unit; Ai = πr2
i is the section area of the

helical unit for the ith layer.

According to previously linear method of torsion and bending moment for helical
unit relating to the curvatures and the twist [Cao et al (2012)], the expression under
temperature effect could be linearly written as

cHi =
c
δ̃Hiα∆T + c

ζ̃Hiβ∆T + c
ψ̃Hiα0∆T + c

φ̃Hi∆
cRi, (4)

cG∗
i =

c
δ̃G∗

i
α∆T + c

ζ̃G∗
i
β∆T + c

ψ̃G∗
i
α0∆T + c

φ̃G∗
i
·∆cRi, (5)

where

c
δ̃Hi =Ciτai

c
δ̃∆γi ,

c
ζ̃Hi =Ciτai

c
ζ̃∆γi ,

c
ψ̃Hi =Ciτbi

cRiςi,
c
φ̃Hi =Ci(τai

c
φ̃∆γi + τbi),

c
δ̃G∗

i
= Biκai

c
δ̃∆γi ,

c
ζ̃G∗

i
= Biκai

c
ζ̃∆γi ,

c
ψ̃G∗

i
= Biκbi

cRiςi,
c
φ̃G∗

i
= Bi(κai

c
φ̃∆γi +κbi),

in which τai = (cos2 γi − sin2
γi)/

cRi, τbi = (sinγi cosγi)/
cR2

i ,

κai =−(2sinγi cosγi)/
cRi,κbi = cos2

γi/
cR2

i .

And coefficients of torsional stiffness Ci and bending stiffness Bi are expressed as

Ci = Gπr4
i /2, Bi = Eπr4

i /4,

in which G is the shear modulus.
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Based on theory of curve [Love (1944)] and theory of wire rope [Costello (1997)],
the shearing force and contact force per unit length was written as cN∗

i = cHiκ̄i −
cG∗

i τ̄i, cF∗
i = cN∗

i τ̄i − cTiκ̄i. And the linear formulates could be written as

cN∗
i = c

δ̃N∗
i
α∆T + c

ζ̃N∗
i
β∆T + c

ψ̃N∗
i
α0∆T + c

φ̃N∗
i
∆

cRi, (6)

cF∗
i = c

δ̃F∗
i
α∆T + c

ζ̃F∗
i
β∆T + c

ψ̃F∗
i
α0∆T + c

φ̃F∗
i
∆

cRi, (7)

where

c
δ̃N∗

i
= κi

c
δ̃Hi − τi

c
δ̃G∗

i
, c

ζ̃N∗
i
= κi

c
ζ̃Hi − τi

c
ζ̃G∗

i
,

c
ψ̃N∗

i
= κi

c
ψ̃Hi − τi

c
ψ̃G∗

i
, c

φ̃N∗
i
= κi

c
φ̃Hi − τi

c
φ̃G∗

i
;

c
δ̃F∗

i
= τi

c
δ̃N∗

i
−κi

c
δ̃Fi ,

c
ζ̃F∗

i
= τi

c
ζ̃N∗

i
−κi

c
ζ̃Fi ,

c
ψ̃F∗

i
= τi

c
ψ̃N∗

i
−κi

c
ψ̃Fi ,

c
φ̃F∗

i
= τi

c
φ̃N∗

i
−κi

c
φ̃Fi ,

in which κi = cos2 γi/
cRi, τi = (sinγi cosγi)/

cRi.

3.2 Linear expressions for axial load and torsion

Because all layers have separated and all helical units could be treated as individual
spring, the contact force per unit length cF∗

i of Eq.7 turns out to be zero, namely,
cF∗

i = 0. The increment of helical radius ∆cRi could be deduced as

∆
cRi =

c
δ∆Riα∆T + c

ζ∆Riβ∆T + c
ψ∆Riα0∆T, (8)

where cδ∆Ri =−cδ̃F∗
i
/cφ̃F∗

i
, cζ∆Ri =−cζ̃F∗

i
/cφ̃F∗

i
, cψ∆Ri =−cψ̃F∗

i
/cφ̃F∗

i
.

According to the Eq.8, the cξi, ∆cγi, cFi, cHi, cG∗
i and cN∗

i could be defined by
parameters α∆T,β∆T and α0∆T , which are expressed by Eq.A-2∼ Eq.A-7 in Ap-
pendix.

Based on the total axial force and torsion expressions listed by Eq.A-8, and Eq.A-
2∼Eq.A-7, the total axial force and torsion under temperature effect could be lin-
early formulated by Eq.A-9 in Appendix.

3.3 Axial and rotational thermal expansion coefficients

In order to obtain linear expressions of axial and rotational thermal expansion co-
efficients, the two boundary conditions are adopted as follows:

(1) Boundary condition 1(BC1): The axial and rotational movements are restricted
at one end of the single helical structure, and movements at the other end are free.

(2) Boundary condition 2(BC2): The axial and rotational movements are also re-
stricted at one end of the single helical structure, but the rotational movement is
restricted and the axial movement is free at the other end.



124 Copyright © 2013 Tech Science Press CMES, vol.94, no.2, pp.119-138, 2013

According to BC1, the α and β could be deduced [Cao et al (2012)] and linearly
defined as α = χ(n)α0 and β = o(n)α0 by ratios of axial and rotational thermal
expansion coefficients χ(n) and o(n) respectively, which are expressed by Eq.A-12
and Eq.A-13 in Appendix.

Based on the BC2, the only axial thermal expansion coefficient α could be ob-
tained, which is depicted by Eq.A-14, and the axial thermal expansion coefficient
χ(n) is listed by Eq.A-15 in Appendix.

4 Analytical CGM under temperature effect

Because the kth layer is just touching the (k−1)th and (k+1)th from ith to jth layers,
the sum of the contact force per unit length cF∗

i of Eq.7 turns out to be zero, namely

j

∑
k=i

mk
cF∗

k sk = 0, (9)

where mk is the total units amount in the kth layer, and the length of the kth layer
for helical units sk, is defined as

sk =
√

p2
i +(θkRk)2 = pi/sin(γk),

where pi denotes the pitch of the ith layer for helical units;θkis the rotation angle
of helical units for the kth layer.

And the increment radius of different layers from the (i+1)th to the jth layer could
be defined as

∆cRi+1 = ∆cRi −
i+1
∑

k=i
(1+ν)rkςkα0∆T +

i+1
∑

k=i
νrk

cξk,

∆cRi+2 = ∆cRi+1 −
i+2
∑

k=i+1
(1+ν)rkςkα0∆T +

i+2
∑

k=i+1
νrk

cξk,

...

∆cR j = ∆cR j−1 −
j

∑
k= j−1

(1+ν)rkςkα0∆T +
j

∑
k= j−1

νrk
cξk,

(10)

in which, ν is the Poisson’s ratio for all helical units.

According to Eq.9 and Eq.10, the increment of helical radius ∆cRk could be de-
duced as ∆cRk = (Φ−1

a ·Φb ·Φc)k, and linearly expressed as Eq.8, in which

c
δ∆Rk = (Φ−1

a ·Φb)k,1,
c
ζ∆Rk = (Φ−1

a ·Φb)k,2,
c
ψ∆Rk = (Φ−1

a ·Φb)k,3,
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where

Φa =



miφ̃F∗
i

si mi+1φ̃F∗
i+1

si+1 mi+2φ̃F∗
i+2

si+2 mi+3φ̃F∗
i+3

si+3 · · · m jφ̃F∗
j
s j

νri
cφ̃i +1 νri+1

cφ̃i+1 −1 0 0 · · · 0
0 νri+1

cφ̃i+1 +1 νri+2
cφ̃i+2 −1 0 · · · 0

0 0 νri+2
cφ̃i+2 +1 νri+3

cφ̃i+3 −1 · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · νr j

cφ̃ j −1


( j−i+1)×
( j−i+1)

Φb =



−
j

∑
k=i

mk
cδ̃F∗

k
−

j
∑

k=i
mk

cζ̃F∗
k

−
j

∑
k=i

mk
cψ̃F∗

k

−
i+1
∑

k=i
νrk

cδ̃k −
i+1
∑

k=i
νrk

cζ̃k
i+1
∑

k=i
(1+ν)rkςk

...
...

...

−
j

∑
k= j−1

νrk
cδ̃k −

j
∑

k= j−1
νrk

cζ̃k

j
∑

k= j−1
(1+ν)rkςk


( j−i+1)×3

Φc = [ α∆T β∆T α0∆T ]T

According to expressions Eq.1∼ Eq.6, the cξi, ∆cγi, cFi, cHi,
cG∗

i and cN∗
i could

be formulated, and the axial and rotational thermal expansion coefficients of CGM
could be deduced by Eq.A-2∼ Eq.A-7 in Appendix.

5 The finite element model of single helical structure

In order to evaluate the analytical expressions of two models, the finite element
method by the software package ANSYS is adopted. The detailed modeling process
is presented as follows:

First, the helical lines are generated in a global cylindrical coordinate system ac-
cording to the mathematical equation, which is showed by Eq.A-1 in Appendix.

Second, the source areas are meshed using the 2-D MESH200 element contributing
nothing to the solution, then dragged along above defined paths forming the whole
helical unit by assigning the 3-D SOLID186 element. In addition, the mesh in
contact regions of the CGM model is refined to simulate deformation precisely.
There are 107785, 294409 and 387721 elements in the 1+6 form of CM, 1+6+12
form of CM and CGM, respectively.

Third, surface to surface contact is defined between center unit and helical units of
1th layer, and between helical units of 1th layer and helical units of 2th layer in
GM; surface to surface contact is also defined between 1th layer and 2th layer in
CGM. The contact elements TARGE170 and CONTA174 were employed in these
models without considering friction coefficients.
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Finally, two boundary conditions are utilized to analysis. Note that the source ar-
eas are defined as a rigid region. Because the SOLID186 element is lack of rota-
tional degrees of freedom, a point element MASS21 with six degrees of freedom
is adopted to couple with all the nodes in rigid regions for measuring the rotational
movement.

The model for 1+6 of CM is depicted in Fig.2a, the 1+6+12 of CM and CGM with
lang lay and regular lay are showed in Fig.2b and Fig.2c.

 
 (a)  The 1+6 form of CM  

  
                                  Lang lay                                   Regular lay  

(b) The 1+6+12 form of CM  with lang lay and regular lay  

  

                            
Lang lay                                  Regular lay  

( c ) The 1+6+12 form of CGM with lang lay and regular lay  

Figure 2: The finite element model of single helical structure

6 Result and analysis

6.1 Parameters

In order to compare characteristics of the thermal expansion coefficient among CM,
GM and CGM, the parameters of the single helical structures are the same and listed
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in Table 1. The young’s modulus, Poisson ratio and thermal expansion coefficient
of helical units are 2.06×1011Pa, 0.3 and 1.2×10−5/oC respectively. The length of
the single helical structure is 60mm, and the coefficients of temperature increment
are defined in Table 2.

Table 1: Geometry parameters of single helical structure

Geometry parameters

Forms
Diameter r0 r1 r2 γ1 γ2(

◦)
(mm) (mm) (mm) (mm) (◦) Lang lay Regular lay

1+6 5.588 0.990 0.902 / 70 / /
1+6+12 9.200 0.990 0.902 0.903 70 70 110

Table 2: Coefficients of temperature increment

Temperature parameters
Forms Coefficients Valves

1+6
ς0 0.5
ς1 1

1+6+12
ς0 0.5
ς1 0.8
ς2 1

6.2 Comparison between the analytical and numerical solution

The comparison on the thermal expansion coefficients was analyzed by analytical
and FEM methods, and showed in Table 3.

According to Table 3, the comparison with the analytical model and numerical
model shows the considerable consistency for two proposed methods of the single
helical structure. The relative errors of the axial and rotational thermal expansion
coefficient between the analytical solution and the numerical solution are less than
6%, expect the relative errors for the rotational thermal expansion coefficients of
CM under BC1(13%), the axial and rotational thermal expansion coefficients of
CGM under BC1(11.8% and 13.1% respectively),which is mainly caused by the
effect of boundary constraints and contact deformation in the finite element model.
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Table 3: Comparison of thermal expansion coefficients
Thermal expansion coefficients

Models Forms BC Methods Axial
(10−5/◦C)

Rotation
(10−5rad/◦C)

Analytical solution 0.718 -21.55
1 Numerical solution 0.731 -18.75

1+6 Difference 1.8% 13%
Analytical solution 0.718 /

2 Numerical solution 0.731 /
Difference 1.8% /

Analytical solution 0.722 -11.78
CM 1 Numerical solution 0.726 -11.15

1+6+12 Difference 0.6% 5.3%
(Lang Analytical solution 0.723 /
Lay) 2 Numerical solution 0.726 /

Difference 0.4% /
Analytical solution 0.723 3.615

1 Numerical solution 0.726 3.483
1+6+12 Difference 0.4% 3.7%
(Regular Analytical solution 0.723 /

Lay) 2 Numerical solution 0.726 /
Difference 0.4% /

Analytical solution 0.896 194.56
1 Numerical solution 0.950 184.88

1+6+12 Difference 6.0% 5.0%
(Lang Analytical solution 1.064 /
Lay) 2 Numerical solution 1.100 /

Difference 3.4% /
CGM Analytical solution 0.800 -171.75

1 Numerical solution 0.907 -149.29
1+6+12 Difference 11.8% 13.1%
(Regular Analytical solution 1.064 /

Lay) 2 Numerical solution 1.098 /
Difference 3.2% /

Therefore, the presented methods of analytical model and numerical model are rea-
sonable, and the two models could be adopted independently to study the behavior
of the helical structure.
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6.3 Comparison with the GM, CGM and CM

The comparison on the axial and rotational thermal expansion coefficients is ana-
lyzed by taking the GM, CGM and CM. The comparison on the ratios of thermal
expansion coefficients is showed in Table 4 by taking the geometry parameters of
Table 1. The thermal expansion coefficients influenced by ratio of temperature
increment and helical angle are shown in Fig.3∼Fig.6 respectively.

Table 4: Comparison of the GM, CGM and CM

Forms BC Models
Ratios of thermal expan-
sion coefficients

Axial Rotation

1+6
1

GM 0.826 197.247
CM 0.599 -17.960

2
GM 0.936 /
CM 0.599 /

1+6+12 (Lang Lay)

1
GM 0.767 155.628

CGM 0.746 162.129
CM 0.602 -9.812

2
GM 0.932 /

CGM 0.886 /
CM 0.602 /

1+6+12 (Regular Lay)

1
GM 0.868 -98.895

CGM 0.667 -143.122
CM 0.602 3.013

2
GM 0.932 /

CGM 0.886 /
CM 0.602 /

According to Table 4, the axial thermal expansion coefficients of CM are nearly
the same, and have no relation to the two boundary conditions. The rotational
thermal expansion coefficients of CM are less than GM and CGM, and could be
treated as zero approximately. Based on Fig.3, with the increase of the ratio for
temperature increment ς1, the thermal expansion characteristics of three models
show that: the axial thermal expansion coefficient χ(n) of GM increases gradually
under BC1, while the rotational thermal expansion coefficient o(n) decreases; the
average growth rate of χ(n) for GM under BC2 is lower than that under BC1; both
χ(n) and o(n) of CGM decrease with the raise of ς1 under BC1, and χ(n) also de-
creases under BC2; the χ(n) of CM increases slowly with the increase of ς1 under
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Figure 3: Ratios of thermal expansion coefficients for lang lay influenced by ratio
of temperature increment

two boundary conditions, while o(n) is almost unchanged under BC1. Notice that
the χ(n) of CGM is more than GM at the initial stage of ς1; then the χ(n) of CGM
is decreasing with the increase of ς1, and the χ(n) of CGM is less than GM while
ς1 >0.76.

The phenomenon of CM, GM and CGM with the increase of the ratio for tempera-
ture increment ς1 can be described as:

(1)The deformation of helical structure is interacted by different tensions of differ-
ent spiral twisting units under temperature effect. Because the inner spiral layers
have different clearance, the CM, GM and CGM have different contributions on the
axial and torsional deformations.

(2) As for CM, each helical unit is independent of each other, which just likes a
spring. Since there is no contact force among helical units, the axial stiffness of
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Figure 4: Ratios of thermal expansion coefficients for lang lay influenced by helical
angle

each helical unit is relatively small. Therefore, the axial load and torque is smaller
than the GM and CGM under temperature effect. Namely, the o(n) of CM model is
near to zero, and the χ(n) of CM is smaller than GM and CGM.

(3)As for CGM and GM:

(a)while 0.5< ς1 <0.76, there is a large difference in temperature between inner
and outer helical layers. If the temperature drops, outer units’ shrinkage is larger
in CGM. The outer unit applies a contact pressure to the inner, which makes the
inner helical unit develop a bending deformation. Consequently, the axial force
of contraction for inner helical units increases. Furthermore, the outer layer suf-
fers counterforce, which also makes the deformation of inward shrinkage decrease,
namely, the axial force of contraction for outer helical unit increases. Therefore,
axial radios of thermal expansion coefficients of CGM are larger than GM while
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Figure 5: Ratios of thermal expansion coefficients for regular lay influenced by
ratio of temperature increment

0.5< ς1 <0.76.

(b)While ς1 >0.76, there is a small difference in temperature between inner and
outer helical layers. The ability of contact force and bending deformation declines,
and the influence of inner and outer helical layer’s axial contraction force becomes
weaker. As for GM, the outer helical units’ deformation of inward shrinkage is
restricted, so the influence of axial force of contraction for the outer helical units
becomes relatively stronger. Therefore, axial radios of thermal expansion coeffi-
cients of GM are larger than CGM while ς1 >0.76.

(c)In conclusion, radios of thermal expansion coefficients of CGM model are not
always between the GM and CM.

According to Fig.4, the thermal expansion coefficients of GM and CGM are non-
linear functions of helical angle γ2 under two boundary conditions, but thermal
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Figure 6: Ratios of thermal expansion coefficients for regular lay influenced by
helical angle

expansion coefficients of CM are almost unchanged under two boundary condi-
tions. For the similar reasons, when the helical angle is different, the center unit
and outer helical units have different contributions to axial deformation. There is a
difference that the CGM’s axial radios of thermal expansion coefficients fluctuate
when helical angle changes. The length of helical unit sk decreases when helical
angle increases, but contact force is the product of contact force per unit length cF∗

k
and axial length of helical unit sk. Therefore, the contribution to axial deformation
changes with the variation of helical angle.

Additionally, the relationship with the regular lay can be clearly found from Fig.5
and Fig.6.
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7 Conclusions

The thermal expansion behavior of single helical clearance structure is systemat-
ically investigated under temperature effect. Some conclusions are obtained and
summarized as follows:

1. The previously deduced linear expressions of thermal expansion coefficients for
GM is used and the analytical method is applied to CM and CGM with lang lay and
regular lay under two boundary conditions.

2. Linearly explicit expressions of the increment of helical radius for CM and
CGM are developed, and the linearly explicit expressions of thermal expansion
coefficients for CM and CGM are deduced finally under temperature effect.

3. The finite element models of CM and CGM with 1+6 form and 1+6+12 form
surrounding by helical units with lang lay and regular lay are established under
two boundary conditions by using the ANSYS software package. The analytical
method is consistent with the numerical method by comparison.

4. The analytical method is applied to analysis CM, GM and CGM with lang
lay and regular lay, and the thermal expansion characteristics with relation to the
parameters of temperature variable coefficient and helical angle are obtained under
two boundary conditions.

5. Linearly thermal expansion coefficients of single helical clearance structure is
obtained, which is useful to investigate the critical load from CM to GM or geom-
etry change of the spiral wire section in future.
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Appendix:

The mathematical equation of helical units could be expressed as
xi(k) = cRi cos[θi +2(k−1)π/mi]
yi(k) = cRi sin[θi +2(k−1)π/mi]
zi(k) = cRiθi tanγi

(A1)

where k is the position number denoting phase angle for rotational angle θ i of the
helical unit.

The axial strain cξi, increment of helical angle ∆γi, tension cFi torsion, cHi, bend-
ing moment cG∗

i and shearing force cN∗
i for helical units of the ith layer could be

defined by parameters α∆T,β∆T and α0∆T ,which are showed as

c
ξi =

c
δiα∆T + c

ζiβ∆T + c
ψiα0∆T, (A2)

∆
c
γi =

c
δ∆γiα∆T + c

ζ∆γiβ∆T + c
ψ∆γiα0∆T, (A3)

cFi =
c
δFiα∆T + c

ζFiβ∆T + c
ψFiα0∆T, (A4)

cHi =
c
δHiα∆T + c

ζHiβ∆T + c
ψHiα0∆T , (A5)

cG∗
i =

c
δG∗

i
α∆T + c

ζG∗
i
β∆T + c

ψG∗
i
α0∆T , (A6)

cN∗
i = c

δN∗
i
α∆T + c

ζN∗
i
β∆T + c

ψN∗
i
α0∆T , (A7)

where

c
δi =

c
δ̃i +

c
φ̃i

c
δ∆Ri ,

c
ζi =

c
ζ̃i +

c
φ̃i

c
ζ∆Ri ,

c
ψi =

c
φ̃i

c
ψ∆Ri ,

c
δ∆γi =

c
δ̃∆γi +

c
φ̃∆γi

c
δ∆Ri ,

c
ζ∆γi =

c
ζ̃∆γi +

c
φ̃∆γi

c
ζ∆Ri ,

c
ψ∆γi =

c
φ̃∆γi

c
ψ∆Ri ,

c
δFi =

c
δ̃Fi +

c
φ̃Fi

c
δ∆Ri ,

c
ζFi =

c
ζ̃Fi +

c
φ̃Fi

c
ζ∆Ri ,

c
ψFi =

c
ψ̃Fi +

c
φ̃Fi

c
ψ∆Ri ,

c
δHi =

c
δ̃Hi +

c
φ̃Hi

c
δ∆Ri ,

c
ζHi =

c
ζ̃Hi +

c
φ̃Hi

c
ζ∆Ri ,

c
ψHi =

c
ψ̃Hi +

c
φ̃Hi

c
ψ∆Ri ,

c
δG∗

i
= c

δ̃G∗
i
+ c

φ̃G∗
i

c
δ∆Ri ,

c
ζG∗

i
= c

ζ̃G∗
i
+ c

φ̃G∗
i
c
ζ∆Ri ,

c
ψG∗

i
= c

ψ̃G∗
i
+ c

φ̃G∗
i
c
ψ∆Ri ,

c
δN∗

i
= c

δ̃N∗
i
+ c

φ̃N∗
i

c
δ∆Ri ,

c
ζN∗

i
= c

ζ̃N∗
i
+ c

φ̃N∗
i

c
ζ∆Ri ,

c
ψN∗

i
= c

ψ̃N∗
i
+ c

φ̃N∗
i

c
ψ∆Ri .
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The total axial force and torsion of the single helical structure under temperature
effect could be expressed [Cao et al(2012)] as

T ∗
(n) = EA0(α −α0ς0)∆T +

n
∑

i=1
mi(Fi sinγi +N∗

i cosγi)

M∗
(n) = GJ∗0 β∆T +

n
∑

i=1
mi[(Hi −N∗

i Ri)sinγi +(G∗
i +FiRi)cosγi]

. (A8)

According to Eq.A-2∼ Eq.A-8, the linear formulations are written as{
T ∗
(n) = A(n)α∆T +B(n)β∆T +C(n)α0∆T

M∗
(n) = D(n)α∆T +E(n)β∆T +F(n)α0∆T

, (A9)

where

A(n) = EA0 +
n

∑
i=1

mi(δFi sinγi +δN∗
i

cosγi),

B(n) =
n

∑
i=1

mi(ζFi sinγi +ζN∗
i

cosγi),

C(n) =−Eς0A0 +
n

∑
i=1

mi(ψFi sinγi +ψN∗
i

cosγi),

D(n) =
n

∑
i=1

mi[(δHi −δN∗
i
Ri)sinγi +(δG∗

i
+δFiRi)cosγi],

E(n) = GJ∗0 +
n

∑
i=1

mi[(ζHi −ζN∗
i
Ri)sinγi +(ζG∗

i
+ζFiRi)cosγi],

F(n) =
n

∑
i=1

mi[(ψHi −ψN∗
i
Ri)sinγi +(ψG∗

i
+ψFiRi)cosγi].

According to BC1, the axial and rotational thermal expansion coefficients of single
helical structure could be simply expressed by

α = χ(n)α0, (A10)

β = o(n)α0, (A11)

where ratios of axial and rotational thermal expansion coefficients χ(n) and o(n)
under BC1 are respectively expressed as

χ(n) =−
C(n)E(n)−F(n)B(n)

A(n)E(n)−D(n)B(n)
, (A12)
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o(n) =−
C(n)D(n)−F(n)A(n)

B(n)D(n)−E(n)A(n)
, (A13)

According to BC2, the only axial thermal expansion coefficient of single helical
structure could be simply expressed by

α = χ(n)α0, (A14)

where the ratio of axial thermal expansion coefficients under BC2 is formulated as

χ(n) =−C(n)/A(n) (A15)


