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Theoretical Analysis of a Functionally Graded Shape
Memory Alloy Beam under Pure Bending
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Abstract: The Functionally Graded Shape Memory Alloy (FG-SMA) is a new
kind of functional materials which possesses the excellent properties of both Shape
Memory Alloy (SMA) and Functionally Graded Material (FGM). A macro con-
stitutive model of FG-SMA is established by using the theory of the mechanics
of composites and the existing SMA model. With this macro constitutive model,
the mechanical behavior of a FG-SMA beam composed by elastic material A and
SMA subjected to pure bending is investigated. The loading processes including
elastic process and phase transformation process are discussed in detail and the
analytical solutions are obtained. What is more, a new layered method for estab-
lishing the finite element model of the FG-SMA beam is provided. The theoretical
results show a good agreement with the experiment data, which indicates that the
macro constitutive model and the finite element method provided here are valid. At
last, the stress distribution on the cross section, the position of the neutral axis and
the curvature-bending moment relation are discussed through numerical results,
respectively. The obtained results demonstrate several interesting features of this
new material, which may have potential applications in the future. This research
can provide a base for the design and in-depth investigation of FG-SMA material.

Keywords: Functionally graded material, Shape memory alloy, Pure bending,
Stress distribution.

1 Introduction

Functionally Graded Material (FGM) is a kind of inhomogeneous composites which
is usually made from two or more constituent phases with a continuously variable
composition. FGM holds a number of excellent features that make them attractive
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in potential applications, such as the stress singularities elimination, higher frac-
ture toughness, and enhanced thermal properties. A number of papers considering
various aspects of FGM have been published in recent years [Sanaka (2001); Tarn
(2001); Ding, Huang and Chen (2007)]. Shape Memory Alloy (SMA) is a kind of
intellectual materials developed in recent years. Due to its particular shape mem-
ory effect and pseudo-elasticity, SMA has been widely used in biomedical science,
aerospace, robotics and other areas. All these particular characteristics go together
with the formation of martensitic microstructures. SMA possesses the ability to
transform spontaneously between the austenitic and martensitic variants under a
variety of temperature or stress. In order to understand the transformation princi-
ple and make good use of the superior properties, many researches ranging over
various aspects of SMA have been carried out in the past several years [Tanaka
(1986); Liang and Rogers (1990); Brinson (1993); Sun and Hwang (1993); Boyd
and Lagoudas (1994); Liu, Dui and Zhu (2011); Chen, Peng, Chen, Wang, Wang
and Hu (2012)].

The Functionally Graded Shape Memory Alloy (FG-SMA) is a new kind of com-
posites which possesses the excellent properties of both SMA and FGM. Such as a
kind of FG-SMA medical guide wire, the tip portion of the guide wire must be suf-
ficiently flexible to pass through the meandering blood vessels, so that the medical
instruments can be introduced into a desired site: soft vessels in the brain, heart,
liver, etc. On the other hand, from the middle to the end of the guide wire, high
strength against bending is also required to overcome the high resistance to bend-
ing and rotation in a blood vessel and to smoothly transmit the torque from the end
to the tip of the guide wire [Sutou, Omori and Furukawa (2004)]. FG-SMA can
be divided into two categories according to the constituents and the structure of the
material: One is mixing SMA with other materials and the volume fraction of SMA
changing gradually, thus producing the FG-SMA [Burkes and Moore (2007); Cole,
Bruck and Roytburd (2008); Tian and Schryvers, (2009)]; The other is produced
by processing the SMA with special technics to change the inner microstructure
of SMA, so as to create the FG-SMA with gradually varying properties [Mahmud,
Liu and Nam (2008); Birnbaum, Satoh and Yao (2009)].

A thorough understanding of the mechanical behavior of FG-SMA is needed for the
rapid increasing requirement in high and new technology applications, and several
articles which study the properties of this new material have been published re-
cently. Birnbaum, Satoh and Yao (2009) introduced a new process and mechanism
which can control the shape memory response spatially within monolithic NiTi thin
film structures. This technique is shown to effectively control the martensitic phase
transformation temperature and exhibits control over aspects of the mechanical and
shape memory responses as well. Mahmud, Liu and Nam (2008) reported a novel
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heat treatment method for the creation of functionally graded near-equiatomic NiTi
SMA. This method is an anneal within a temperature gradient after cold work, thus
creating a structural gradient within the matrix of the SMA. Tian and Schryvers
(2009) developed a new “hot” target approach to fabricate functionally layered
or graded material. Cole, Bruck and Roytburd (2008) gave out a method by de-
positing Ni47Ti53 films of varying thickness onto Ni56Ti44 substrates and annealing
the films to produce compositional gradients through diffusion modification. And
nanoindentation measurements were used to probe the mechanical properties at
various depths into the film. However, the existing researches all concentrate on
the fabrication and performance test of the FG-SMA, there is still not a reasonable
constitutive model or method to describe the mechanical properties of this kind of
material. So, in depth study is still necessary to reveal and predict the mechanical
behavior of FG-SMA.

In this paper, a macro constitutive model which can describe the mechanical charac-
teristic of FG-SMA is provided, and using this constitutive model, the mechanical
behavior of the FG-SMA beam which is composed by elastic material A and SMA
subjected to pure bending is investigated. With the purpose of getting the analyti-
cal solutions, a power-law function is proposed to describe the volume fraction of
SMA. Furthermore, according to the theory of the mechanics of composites, the av-
erage stress is obtained by considering the stress of each component of the material,
and the stress-strain relationship of SMA is described by an ideal phase transforma-
tion model. With the balance equations of the stress and bending moment and the
boundary conditions, the neutral axis y0, the curvature k and the critical layer h1 and
h2 can be got and then the stress distribution on the cross section can be derived.
In the end, the influence of the distribution function and the bending moment on
the stress distribution and the neutral axis is discussed through numerical results,
respectively. It can be studied that the stress field at the phase transformation area
of FG-SMA is quite different from the common FGM beam, and the maximum
stress decreases notably. It can be concluded that the destruction caused by over-
size stress may be prevented efficiently by displaying SMA at a suitable position of
the structural component. This paper can not only display the mechanical behavior
of the FG-SMA beam but also provide a base for the in-depth study of this kind of
material.

2 Theoretical analysis

The model is considered as a FG-SMA rectangular cross section beam which is
subjected to a pure bending M. The width and height of the cross section are b
and h, respectively, and the length from the neutral axis to the bottom of the cross
section is y0, as shown in Fig. 1. The FG-SMA beam consists of elastic material A
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and SMA, and the distribution function of the SMA is f (y)=(y/h)n (n >0). With the
increasing of M, the beam will undergo a process from elastic deformation to phase
transformation. In order to study the performance of the FG-SMA beam during the
whole process, it is assumed that the cross section of the beam keeps flat through
the whole bending process.
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Figure 1: The FG-SMA beam subjected to pure bending

2.1 Elastic analysis

According to the assumption of plane cross-section, the strain of the cross section
is

ε = k(y− y0) (1)

where k is the curvature.

Under a small bending moment M, the material is in elastic stage. The stress of
material A is obtained by

σ0 = E0ε (2)

and the stress of SMA is obtained by

σ1 = EAε (3)

where E0 and EA are the elastic moduli of the material A and the austenite of SMA,
respectively.

Several micromechanical models for heterogeneous materials have been developed
recently [Dong and Atluri (2011); (2012)]. However, when these models are used
for FG-SMA, the integral equations are too complicated to be solved. In order
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to simplify the calculation, the average stress of the FG-SMA beam is expressed
according to the theory of mechanics of composites as

σ = [1− f (y)]σ0 + f (y)σ1 (4)

The balance equation of the stress
∫ h

0 σbdy = 0 is:∫ h

0
[E0 + f (y)(EA−E0)]k(y− y0)bdy = 0 (5)

The balance equation of the bending moment
∫ h

0 σybdy = M is:∫ h

0
[E0 + f (y)(EA−E0)]k(y− y0)ybdy = M (6)

Through these two equations (5) and (6), the neutral axis y0 and the curvature k are
obtained:

y0 =
(n+1)(nE0 +2EA)

2(n+2)(nE0 +EA)
h (7)

k =
12(n+3)(n+2)2(nE0 +EA)

12E2
A +n2(n2 +4n+7)E2

0 +4n(n2 +4n+7)E0EA
· M

bh3 (8)

Then the stress distribution on the cross section is obtained:

σ = k[
EA−E0

hn yn+1− EA−E0

hn y0yn +E0y− y0E0] (9)

According to (7), it can be calculated that for the case of n=0, the neutral axis
y0 = h/2 and the beam is homogeneous and composed only by SMA. While for
the case of n→ ∞, the same value of the neutral axis can be got, and the beam is
composed only by material A.

2.2 Phase transformation analysis

With the increasing of M, the stress of SMA (σ1) will reach the start stress of
martensitic transformation σ s, and the corresponding bending moment can be fig-
ured out. Since SMA is asymmetric of tension and compression, the critical stresses
of the start and finish of martensitic transformation are different. Here we denote
the start and finish stresses of martensitic transformation in tension area by σ st and
σ ft (σ st, σ ft >0), and the start and finish stresses of martensitic transformation in
compression region by σ sc and σ fc (σ sc, σ fc >0), respectively.

If the stress σ1 at the top of the cross section first reaches the start stress of marten-
sitic transformation σ st and the σ1 at the bottom of the cross section is less than
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σ sc, the condition of this case and the elastic limit bending moment Ms can be got
by |σ1(0)|< σ sc and σ1(h)= σ st:

(n+1)(nE0 +2EA)

n(n+3)E0 +2EA
<

σsc

σst
(10)

Ms =
σstbh3

EA(h− y0)
·

12E2
A +n2(n2 +4n+7)E2

0 +4n(n2 +4n+7)E0EA

12(n+3)(n+2)2(nE0 +EA)
(11)

If the stress σ1 at the bottom of the cross section first reaches the start stress of
martensitic transformation σ sc and the stress σ1 at the top of the cross section is
less than σ st, the condition for this case and the elastic limit bending moment Ms
can be got by σ1(h)< σ st and σ1(0)= -σ sc.

(n+1)(nE0 +2EA)

n(n+3)E0 +2EA
>

σsc

σst
(12)

Ms =
σscbh3

EAy0
·

12E2
A +n2(n2 +4n+7)E2

0 +4n(n2 +4n+7)E0EA

12(n+3)(n+2)2(nE0 +EA)
(13)

When M>Ms, the austenite of SMA will transform into martensite. In the transfor-
mation range, the relation between the stress and strain of SMA is displayed in Fig.
2, and the average stress can be expressed as

σ1 =


EAε,(ε ≤ σs

EA
)

σs +
σf−σs

εp+
σf

EM
− σs

EA

(ε− σs
EA
),( σs

EA
< ε ≤ εp + σf

EM
)

EM(ε− εp),(ε > εp + σf
EM

)

 (14)

where εP is the total phase transformation strain.

Here we assume that the austenite of SMA at the top of the cross section transforms
into martensite first while the austenite at the bottom of the cross section does not
and the transformation range starts from h1 (h1 > y0) to the top, as shown in Fig.
1(b). Now the average stress σ of the beam can be expressed as

σ =

{
[E0 + f (y)(EA−E0)]k(y− y0),(y≤ h1)
f (y){σst +

σft−σst
εp+

σft
EM
− σst

EA

[k(y− y0)− σst
EA
]}+[1− f (y)]E0k(y− y0),(y > h1)

(15)

Thus, the balance equation of the stress
∫ h

0 σbdy = 0 is:

(nE0 +2A)h2

2(n+2)
+
(nE0 +EA)σsth
(n+1)EAk

− (nE0 +A)h
n+1

h1−
EA−A

(n+1)(n+2)hn hn+2
1 = 0 (16)
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Figure 2: The relation between the stress and strain of SMA

where A = σft−σst
εp+

σft
EM
− σst

EA

.

The balance equation of the bending moment
∫ h

0 σybdy = M is:

(nE0 +3A)h3

3(n+3)
+
(nE0 +2EA)σsth2

2(n+2)EAk
− (nE0 +2A)h2

2(n+2)
h1−

EA−A
(n+2)(n+3)hn hn+3

1 =
M
bk

(17)

The stress of the SMA at h1 reaches σ st: σ1(h1)= σ st

EAk(h1− y0) = σst (18)

Through the equations (16), (17) and (18), the k, h1 and y0 corresponding to M can
be obtained, and then the stress distribution on the whole cross section can be got.

With the increasing of M, the austenite of SMA at the bottom of the cross section
will transform into martensite too. Now σ1(0)= -σ sc:

EAk(0− y0) =−σsc (19)

Through the equations (16), (17), (18) and (19), the k, h1, y0 and the critical bending
moment M can be derived, as well as the stress distribution.
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With the keeping increase of M, there are some areas both at the top and the bottom
of the cross section in which the austenite transforms into martensite. Now we
assume that the transformation range starts from 0 to h2 (h2 < y0) and h1 to h, as
shown in Fig. 1(b). Then the average stress σ can be expressed as

σ =


[1− f (y)]E0k(y− y0)− f (y){σsc +

σfc−σsc

εp+
σfc
EM
− σsc

EA

[k(y0− y)− σsc
EA

]},(y≤ h2)

[E0 + f (y)(EA−E0)]k(y− y0),(h2 < y≤ h1)
[1− f (y)]E0k(y− y0)+ f (y){σst +

σft−σst

εp+
σft
EM
− σst

EA

[k(y− y0)− σst
EA
]},(y > h1)

(20)

The balance equation of the stress
∫ h

0 σbdy = 0 is:

(nE0 +2A)h2

2(n+2)
+

(nE0 +EA)σsth
(n+1)EAk

− (nE0 +A)h
n+1

h1

−
(EA−A)hn+2

1 − (EA−B)hn+2
2

(n+1)(n+2)hn = 0
(21)

where B = σfc−σsc
εp+

σfc
EM
− σsc

EA

.

The balance equation of the bending moment
∫ h

0 σybdy = M is:

(nE0 +3A)h3

3(n+3)
+

(nE0 +2EA)σsth2

2(n+2)EAk
− (nE0 +2A)h2

2(n+2)
h1

−
(EA−A)hn+3

1 − (EA−B)hn+3
2

(n+2)(n+3)hn =
M
bk

(22)

The stresses of SMA at h2 and h1 reach the start stress of martensitic transforma-
tion: σ1(h2)= -σ sc and σ1(h1)= σ st

EAk(h2− y0) =−σsc (23)

EAk(h1− y0) = σst (24)

Through the equations (21), (22), (23) and (24), the k, h1, h2 and y0 corresponding
to M can be obtained, and then the stress distribution on the whole cross section
can be got.

Continuing to increase the bending moment M, the SMA in both top and bottom of
the cross section will finish the phase transformation. Thus, the cross section can be
divided into five regions: two total transformation regions in the tension and com-
pression area, two partially transformation regions in the tension and compression
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area and an elastic region where no austenite of SMA transforms into martensite.
The analysis of this condition is similar to the stages studied above and the cor-
responding curvature, neutral axis and the critical layers between each region can
be derived using the same approach, as well as the stress distribution on the cross
section.

3 Finite element analysis

Compared to common FGM, the mechanical property of FG-SMA varies not only
with the position of the material but also with the temperature and the load. In order
to get the accurate results and avoid complex calculation as well, a layered method
is used here to establish the finite element model of the FG-SMA beam. First,
divide the cross section of the beam into m layers with uniform thickness along the
gradient direction, and the volume fraction of SMA of each layer is determined by
the distribution function of SMA f (y). Then divide each layer into two sublayers,
representing SMA and material A respectively, and the thickness of each sublayer
is determined by the volume fraction of SMA of this layer. With the increasing of
m, the obtained result will be more and more accurate. The finite element model
of this FG-SMA beam as displayed in Fig. 3 is established and calculated with the
finite element software ANSYS 14.0.

Figure 3: The finite element model of the FG-SMA beam

4 Numerical examples and discussion

In order to check the validity of this macro model, the present model is used to
calculate the stress-strain relation of common SMA composite first due to lack of
experiment data of FG-SMA, and the obtained theoretical results are compared with
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the experiment data [Hamada, Lee, Mizuuchi, Taya and Inoue (1998)], as shown
in Fig. 4. It is not difficult to see that the difference between the theoretical results
and the experiment data is very little, which shows that the present macro model
is valid to predict the mechanical behavior of SMA composite. Since the curve
of the theoretical results consists of two straight lines, the present model can be
used to predict the mechanical behavior of FG-SMA efficiently for this simplicity,
eliminating the calculating iteration of other complex models.

For the purpose of explaining this theory clearly, some numerical examples of the
FG-SMA beam are given here. The width and height of the cross section are
b=50 mm and h=100 mm. The elastic moduli of the austenite, martensite and
material A are EA=70GPa, EM=30GPa and E0=210GPa [Bo, Lagoudas and Miller
(1999)], respectively. The total phase transformation strain εP=0.069, and the crit-
ical stresses are σ st=290Mpa, σ ft=380MPa, σ sc=350MPa and σ fc=600MPa [Zhu
and Dui (2010)], respectively.
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Figure 4: The stress-strain curves of common SMA composite (experiment data
and theoretical results)

4.1 The distribution of the stress on the cross section

In order to reveal the property of the stress distribution on the cross section of
the FG-SMA beam, three figures are given out here. In Fig. 5, the solid curve
represents the stress distribution of the FG-SMA beam considering the phase trans-
formation behavior of SMA while the dash curve represents the stress distribution
of the same beam in which the transformation behavior of SMA is ignored. And
the dot line represents the stress distribution obtained by the finite element method.
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It can be learned from Fig. 5 that the maximum tension stress of the FG-SMA
beam is reduced compared to the beam in which the transformation property of
SMA is omitted subjected to the same bending moment, while the maximum of
the compression stress is increased a little. It can also be seen that the theoretical
results have a good agreement with the finite element results, which reveals that the
method provided in section 3 to establish the finite element model is valid. It is easy
to get the conclusion that the FG-SMA beam can have a small tension stress under
pure bending moment. Although the compression stress is increased, it is known to
us that there are some materials such as ceramic which have a better anti-pressure
ability than tensile capacity, so we can take full advantage of this property in this
kind of material.
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Figure 5: The stress distribution on the cross section of the FG-SMA beam (con-
sidering and not considering the phase transformation of SMA)

Fig. 6 reveals the distribution characteristic of the stress on the cross section of the
FG-SMA beam with the same n but different M. It can be studied that the capability
to reduce the maximum stress of FG-SMA beam increased with the increasing
bending moment M, as well as the material advantage of FG-SMA. Fig. 7 displays
the distribution characteristic of the stress with the same M but different n. It is easy
to find that the stress distribution on the cross section is effected remarkably by the
SMA distribution function (different n). The most suitable FG-SMA material can
be designed by selecting the reasonable SMA distribution function according to the
practical application, making full use of the material.
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Figure 6: The stress distribution on the cross section of the FG-SMA beam (the
same n with different M)

0.0 0.2 0.4 0.6 0.8 1.0
-4

-3

-2

-1

0

1

2

 

sserts egareva evitaler eht
 σ
/ σ

st

the relative position on the cross section y/h

 n=0.5; M=50KN*m
 n=1;M=50KN*m
 n=2;M=50KN*m

Figure 7: The stress distribution on the cross section of the FG-SMA beam (the
same M with different n)

4.2 The position of the neutral axis

With different n and M, the position of the neutral axis of the cross section is differ-
ent. The regular pattern is displayed in Fig. 8. It can be learned that the position of
the neutral axis is unchangeable when M<Ms, while it descends when M>Ms and
it approaches to a limit position when M → ∞. It can also be found that the de-
scending speed becomes slow with an increasing n, and the descending amplitude
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is decreased too. According to this characteristic, the most reasonable FG-SMA
structural element can be designed, improving the using efficiency of this kind of
material.
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Figure 8: The position of the neutral axis of the FG-SMA beam
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Figure 9: The relation between the curvature and the bending moment

4.3 The relation between M and curvature k

Fig. 9 gives out the variation of the curvature k with the bending moment M. It is
easy to conclude that the slope of the curve is one when M/Ms<=1, and it approaches
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to the slope at which all the austenite in SMA of the beam transformed with the
increase of M. What’s more, the slope increases with the increase of n.

5 Conclusions

FG-SMA material which possesses the properties of both SMA and FGM is in-
vestigated in this paper, and a macro constitutive model which can describe the
mechanical behavior of this material is established. With this model, the mechan-
ical behavior of a FG-SMA beam subjected to pure bending is studied in detail.
The stress distribution on the cross section and the position of the neutral axis are
analyzed through numerical examples, as well as the curvature-bending moment
relation. It can be learned that the FG-SMA beam can have a smaller tension stress
compared to a common FGM beam due to the transformation of SMA. The po-
sition of the neutral axis descends with the increase of bending moment during
the transformation process. The stress distribution is effected remarkably by the
SMA distribution function. The most rational FG-SMA material can be designed
by choosing the appropriate distribution function of SMA to content different de-
mands of actual applications.
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