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A Stochastic Multi-scale Model for Predicting the Thermal
Expansion Coefficient of Early-age Concrete

S. Liu1, X. Liu2, X. F. Guan3, P.F. He1, Y. Yuan2

Abstract: Early performance of mass concrete structures is very sensitive to the
thermal expansion characteristics of concrete. As a kind of multi-phase compos-
ite, concrete has different material composition and microscopic configuration in
different scales. Its thermal expansion coefficient (CTE) depends not only on the
physical and mechanical properties of the constituents, but also on their distribu-
tion. What’s more, CTE is also time-dependent with the procedure of hydration.
This research proposes a stochastic multi-scale model for analyzing CTE of con-
crete. In the developed model, concrete macro-scale is divided into three different
levels: cement paste scale, mortar scale and concrete meso-scale; a specific repre-
sentative element volume (REV) is described by introducing stochastic parameters;
and the asymptotic expansion theory is employed to realize the connection between
different scales. Then, by a comparison study with experimental results and Rosen-
Hashin bounds at mortar scale, the effectiveness of this model has been validated.
And, the influence of aggregate’s type and volume fraction on CTE of concrete is
further investigated. The analysis results show that the proposed model can effec-
tively estimate the CTE of concrete at early-age through taking the influence of
material composition and configuration into consideration.

Keywords: Early-age concrete; CTE; Multi-scale; Asymptotic expansion; Stochas-
tic

1 Instruction

In the construction of mass concrete structures, such as dam, immersed tunnel,
basement, and wharf, crack control at early-age has been one of the very impor-
tant aspects [Wang (1997); Zhu (1999)]. The increase of the temperature due to
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the exothermic nature of hydration, followed by non-uniform cooling to ambient
temperature, will lead to formation of temperature gradients in concrete. These
temperature gradients and resulting non-uniform thermal deformations within the
element are responsible for the buildup of considerable thermal stresses, which are
recognized as one of the main reasons for cracks at early-age [Ballim and Gra-
ham (2004); Abdulrazeg and Noorzaei (2010)]. In response to this mechanism,
a temperature-stress coupling model has been established on macro-scale, based
on heat conduction theory and continuum mechanics; besides, to solve this prob-
lem, related numerical analysis has been conducted using finite element method
[Ilc and Turk (2009); Noorzaei and Bayagoob (2009)]. This macroscopic model
depends on related experimental means, assuming that the CTE of concrete is a
constant. However, some researchers suggest that CTE of concrete changes dra-
matically at early-age along with the hydration, which is not a constant [Bazant
(1970); Sellevold and Bjøntegaard (2006); Grasley and Lange (2007)]. In addition,
it shows that the early-age effects of mass concrete structure are very sensitive to
the thermal expansion characteristics of concrete [Amin and Kim (2009); Azenha
and Faria (2009); Briffaut and Benboudjema (2011)]. Therefore, it is necessary to
establish a more accurate model, which can completely reflect the development of
CTE at early-age and take composition and microscopic constitution of concrete
into consideration.

The existing research on thermal expansion characteristics of concrete is mainly
focus on test. Due to the autogenous shrinkage phenomenon, a rapid heating or
cooling method is used in many tests for CTE of early-age cementitious material
[Maruyama and Teramoto (2011); Yeon and Choi (2013)], thus, it ignores the addi-
tional deformation caused by autogenous shrinkage. Therefore, it’s highly special-
ized, difficult and expensive to measure the CTE at early-age accurately; besides,
due to random distribution of aggregates and other factors, the dispersion of the
test result is often too large to ignore [Cusson and Hoogeveen (2006); Ozawa and
Morimoto (2006)].

The basic reasons of these problems mentioned above are that, as a kind of multi-
phase composite, concrete consist of cement and aggregates, it’s thermal expan-
sion characteristics depend not only on the performance of constituents, but also
on their distribution with randomness; besides, along with the hydration reaction
of cement, it shows significant time variability. Multi-scale mechanics provides a
new approach to solve these problems, which divide concrete into different scales
and think that it has different composition and microscopic constitution within dif-
ferent scales, and connect each scale with a certain method, called homogeniza-
tion [Constantinides and Ulm (2004)]. Following this approach, some scholars
realize the homogenization between scales using micro-mechanics of composites
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[Schapery (1968); Rosen and Hashin (1970); Siboni and Benveniste (1991)], how-
ever, some assumptions have been made to simplify the calculation, which can’t
reflect the random configuration of concrete, while, as a typical non-homogeneous
composite, its CTE is based not only on the thermal and mechanical properties of
each components, but also on micro-constitution. In order to take this character-
istic into consideration, multi-inclusion unit cell models that contain a number of
randomly positioned and, where applicable, randomly oriented spherical, spheri-
cal or cylindrical discontinuous reinforcements have been studied [Bohm and Han
(2004)]; then, 3D reconstruction technology of X-ray computed tomography (CT)
has been introduced to the modeling of concrete composites at the meso-scale [Du
and Jiang (2011)]. While, for theory of computation, asymptotic expansion theory
has been proposed [Kesavan (1979); Cui and Cao (1998)], which is applicable to
the composite materials of periodic or random structure with high inclusion con-
tent, and take the interaction between inclusions into consideration well [Yang and
Cui (2012); Li and Cui (2004); Feng and Cui (2004)].

In this research, concrete has been divided into three different scales firstly, accord-
ing to the scale law. In each scale, a corresponding representative element volume
(REV) is described. Then, the connections between different scales are successfully
realized using asymptotic expansion method. Thus, a stochastic multi-scale model
for CTE of early-age concrete is proposed; a comparison study with experimental
results and Rosen-Hashin bounds at mortar scale is conducted, which validated the
effectiveness of presented model, and, the influence of aggregate’s type and volume
fraction on CTE of concrete is further investigated.

2 Representation

As a kind of multi-phase composite, concrete has different material composition
and microscopic configuration in different scales; besides, along with the hydration
reaction of cement, the performance of concrete shows significant time variability.
Therefore, to calculate the CTE in a more accurate way, in this research, macro-
scale has been divided into concrete meso-scale, mortar scale, cement paste scale,
according to the scale law, as shown in Fig. 1.

Since there is no influence of randomly distributed aggregates and the experiment
on cement paste scale is easy to operate with high precision, cement paste is re-
garded as isotropic and homogeneous, and, its thermal and mechanical parameters
are obtained through test.

Mortar scale is a two-phase composite consists of cement paste as matrix and sand
as inclusion. With randomly distributed sand, a simple RVE is usually insuffi-
cient in providing reliable estimates of the performance of mortar. So, a specific
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Figure 1: Scale division of concrete

REV needs to be described, each one is further assumed to consist of matrix and
sphere which is non-overlapping and distributed randomly, as shown in Fig.1; each
sphere is defined by four parameters, they are center position (yn

1,y
n
2,y

n
3) and diam-

eter Dsand of sphere. With regard to this specific REV for mortar, the size of it
Lmortar is0.5− 1cm, diameter of sphere is100− 500um; besides, it’s remarkable
that the center position and Dsand are subject to uniform distribution within their
own range. Thus, the REV is further described with stochastic parameters, which
can significantly simulate the randomness and uniformity of sand’s distribution in
cement paste.

And, concrete meso-scale is composed of equivalent homogeneous mortar as ma-
trix and coarse aggregate as inclusion, also identified as a two-phase composite. A
specific REV which can significantly simulate the randomness and uniformity of
coarse aggregate’s distribution in cement paste needs to be described the same way
as mortar scale, in which sphere is also non-overlapping and distributed randomly,
as shown also in Fig. 1. With regard to this specific REV for concrete meso-scale,
the size of it Lconc−meso is5−10cm, diameter of sphere is0.5−1cm. And, the center
position and Daggregate are also subject to uniform distribution within their range.

Because of Dsand << Lmortar ≤ Daggregate << Lconc−meso << L0, where L0 charac-
terizes the macro-scale, the requirement of separation of scales is satisfied. The
time variability of cement paste plays an important role in the thermal and me-
chanical performance development of concrete at early-age, whiles the properties
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of sand and aggregated is constant. So, based on the experiment of cement paste,
the connection between different scales is successfully established by asymptotic
expansion theory.

3 A stochastic multi-scale model for CTE of concrete

3.1 Governing equations

A point of homogeneous body can be treated as a periodic multiple permutation
of REV which is heterogeneous in the asymptotic expansion theory, as shown in
Fig. 2, when the equivalent homogeneous body is subjected to external forces, its
field quantities such as displacement, stress and strain, will vary within the global
coordinate x, in the meantime, because of the high heterogeneity of local consti-
tution, they will also vary rapidly within coordinate y and z. Therefore, following
the multi-scale representation of concrete, the scale factor εconc−meso at the concrete
meso-scale is defined asεconc−meso = ε , in whichε denote the basic scale factor. At
the mortar scale, the scale factorεmortaris defined asεmortar = ε2. For the sake of
simplicity, probability distributions wconc−meso and wmortar can be denoted as w
withw = {wconc−meso : y ∈ Y ;wmortar : z ∈ Z}.

Figure 2: Representation of multi-scale method

It should be realized that the thermal expansion performance is a kind of thermal-
mechanical coupling behavior; coefficient of thermal expansion connects the me-
chanical and thermal behavior, which can be described as following [Feng and Cui
(2004)]:

∂

∂x j

[
Cε

i jkl(x)
(

1
2

(
∂uε

k(x)
∂xl

+
∂uε

l (x)
∂xk

)
−aε

kl(x)θ
0(x)

)]
= fi(x),x ∈Ω (1)

Where Cε
i jkl(x) and aε

kl(x) is the stiffness and thermal expansion coefficients; uε(x)
represent the displacement vector corresponding to point x of equivalent homoge-
neous body; θ 0(x) is the homogeneous temperature field; h(x) is the heat produced
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by internal heat sources per unit time and unit mass, while fi(x) is the internal
force. The boundary conditions are specified as follows:

θ
ε(x) = θ̄(x),x ∈ Γ1 ; uε

i (x) = ūi(x),x ∈ Γ2 (2)

Γ1 is the temperature boundary and Γ2 is the displacement boundary, while θ̄(x)
and ū(x) denote the corresponding boundary conditions.

3.2 Multi-scale analysis

Considering not only the homogeneous mechanical behaviors but also the local
configuration of material, let x y z denote the coordinate system of the macro-scale,
the concrete meso-scale and the mortar scale, respectively. They are related one
another as follows:

y = x/ε; z = y/ε (3)

Besides, the properties of material composition in REV can be expressed as:

Cε
i jkl(x) =Ci jkl(y,w1) =Ci jkl(y,z,w) (4)

aε
kl(x) = akl(y,w1) = akl(y,z,w) (5)

An asymptotic expansion of uε(x) is formed with coordinate x y and z :

uε(x) = u0(x)+ εu1(x,y,z)+ ε
2u2(x,y,z) (6)

Differentiation with respect x defined as:

∂

∂xi
=

∂

∂xi
+ ε
−1 ∂

∂yi
+ ε
−2 ∂

∂ zi
(7)

Substituting Eq.6 and Eq.7 into Eq.1 and lettingε → 0, the coefficients of same
powers εn(n = −4,−3,−2,−1) must be zero. The following partial differential
equation is determined from theε−4:

∂

∂ z j

(
Ci jkl(y,z,w)

∂u0
k

∂ zl

)
= 0 (8)

Since u0is only a function of x, the above relation is automatically satisfied. The
following partial differential equation is determined from theε−3:

∂

∂y j

(
Ci jkl(y,z,w)

∂u0
k

∂ zl

)
+

∂

∂ z j

(
Ci jkl(y,z,w)

(
∂u0

k
∂yl

+
∂u1

k
∂ zl

))
= 0 (9)
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Because u0 is only a function of x, the terms ∂u0
k

/
∂ zl and ∂u0

k

/
∂ylvanish, thus, u1

is a function of x and y, writing as follows:

u1
i (x,y) = Nkl

i (y)
∂u0

k
∂xl

(10)

Nkl
i (y) is 1-periodic matrix valued function defined in REV(Y) at concrete meso-

scale, which can reflect the influence of local heterogeneity of composites. Consid-
ering u0is only a function of x, and u1 is a function of x and y, the partial differential
equation determined from theε−2 can be simplified as:

∂

∂ z j

[
Ci jkl(y,z,w)

(
∂u0

k
∂xl

+
∂u1

k
∂yl

+
∂u2

k
∂ zl

)]
= 0 (11)

The terms ∂u0
k

/
∂xl and ∂u1

k

/
∂yl are functions of x and y, which allows writing u2

as follows:

u2
i (x,y,z) = Mkl

i (z)
(

δkmδln +
∂Nmn

k
∂yl

)
∂u0

m

∂xn
(12)

Where δi j is the Kronecker delta, Mkl
i (z) is 1-periodic matrix valued function de-

fined in REV(Z) at mortar scale. Substituting Eq.10 and Eq.12 into Eq.11:

Ci jkl(y,z,w)
(

∂u0
k

∂xl
+

∂u1
k

∂yl
+

∂u2
k

∂ zl

)
=Ci jkl(y,z,w)

(
δksδlt +

∂Mst
k

∂ zl

)(
δmsδnt +

∂Nmn
s

∂yt

)
∂u0

m

∂xn

(13)

Substituting Eq.13 into Eq.11 yields the following equation, termed as the mortar
scale equation for domain Z, which is the controlling equation forMkl

i (z):

∂

∂ z j

[
Ci jkl(y,z,w)

(
δksδlt +

∂Mst
k

∂ zl

)]
= 0 (14)

It can be noticed that Mkl
i (z) is only related to coordinate z for mortar scale. The

following simplified partial differential equation is determined from theε−1:

∂

∂y j

[
Ci jkl(y,z,w)

(
∂u0

k
∂xl

+
∂u1

k
∂yl

+
∂u2

k
∂ zl

)]
+

∂

∂ z j

[
Ci jkl(y,z,w)

(
∂u1

k
∂xl

+
∂u2

k
∂yl

)]
= 0

(15)

The volume average for the mortar scale domain Z is defined as:

〈•〉2 =
1
|Z|

∫
Z
•dz (16)
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Substitution Eq.13 into Eq.15 with the help of Eq.16, the following controlling
equation for Nkl

i (y) in REV(Y) at concrete meso-scale is obtained:

∂

∂y j

[
CH1

i jst(y,w)
(

δmsδnt +
∂Nmn

s

∂yt

)]
= 0 (17)

Where, CH1
i jst(y,w) is the stiffness coefficient of homogenized mortar, denoted as:

CH1
i jst(y,w) =

1
|Z|

∫
Z

Ci jkl(y,z,w)
(

δksδlt +
∂Mst

k
∂ zl

)
(18)

Thus, Nkl
i (y) can be obtained by solving Eq.18. The following partial differential

equation is determined from theε0:

∂

∂x j

[
Ci jkl(y,z,w)

(
∂u0

k
∂xl

+
∂u1

k
∂yl

+
∂u2

k
∂ zl

)]
+ ∂

∂y j

[
Ci jkl(y,z,w)

(
∂u1

k
∂xl

+
∂u2

k
∂yl

)]
+ ∂

∂ z j

(
Ci jkl(y,z,w)

∂u2
k

∂xl

)
− ∂

∂x j

(
Ci jkl(y,z,w)akl(y,z,w)θ 0(x)

)
= fi

(19)

The volume average for the mortar scale domain Z is defined as:

〈•〉1 =
1
|Y |

∫
Y
•dz (20)

Substitution Eq.13 into Eq.19 with the help of Eq.16 and Eq.20, the following
controlling equation for concrete meso-scale is obtained:

∂

∂x j

[
CH

i jkl(w)
∂u0

k
∂xl
−Ψθ

0(x)
]
= fi (21)

Where, CH
i jkl(w) is the stiffness coefficient of the homogenized concrete meso-scale,

denoted as:

CH
i jkl(w) =

1
|Y |

∫
Y

CH1
i jst(y,w)

(
δksδlt +

∂Nkl
s

∂yt

)
dy (22)

Ψcan be defined as:

Ψ =
∫

Y

∫
Z

Ci jkl(y,z,w)akl(y,z,w)dzdy (23)

According to the form of equation (1), Ψcan also be denoted as:

Ψ =CH
i jkl(w)a

H
kl(w) (24)

Then, the homogenized CTE is obtained as:

aH
kl(w) = Ψ

[
CH

i jkl(w)
]−1

(25)

As can be seen from the expression, homogenized CTE of concrete is not only
corresponding to the stiffness coefficients Ci jkl(y,z,w) and thermal expansion co-
efficients akl(y,z,w) of different material composition in different scales, but also
to Nkl

i (y) and Mkl
i (z) which reflect the influence of local heterogeneity of REV.
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4 Analysis procedure

4.1 Computation of homogenized CTE

According to the REV of concrete at the mortar and the concrete meso-scale, differ-
ent inclusions, such as sand and coarse aggregates, have different size and positions
in different samples. From the multi-scale Eq.18 and Eq.22, it can be seen that this
configuration has an influence on the stiffness of concrete, which also means on
CTE. Thus, as was mentioned in the context of the description of mortar and con-
crete meso-scale, the characteristics of the homogenized concrete, can be evaluated
by means of the proposed multi-scale model.

The procedure for determination of the thermal expansion properties of the ho-
mogenized concrete with randomly distributed inclusions can be summarized as
follows:

• Based on the statistical characteristics of mortar scale, for a random dis-
tribution wmortar

s , a sample is generated. Then, Eq.14 is solved in REV
(Z) to obtain Mkl

i (z,wmortar
s ). Thereafter, the homogenized elastic tensor

CH1
i jst(y,w

mortar
s ), corresponding to sample wmortar

s , is computed by means of
Eq.18.

• Analogous to (1), for a random distribution wconc−meso
s at the concrete meso-

scale, a sample is generated. Then, Eq.17 is solved in REV (Y) to obtain
Nkl

i (y,wconc−meso
s ). Thereafter, the homogenized elastic tensor CH

i jkl(w
mortar
s ,

wconc−meso
s ), corresponding to sample wconc−meso

s , is computed by means of
Eq.22.

• According to Eq.23 to Eq.25, with the help of CH
i jkl(w

mortar
s ,wconc−meso

s ), the
homogenized CTE aH

kl(w
mortar
s ,wconc−meso

s ) is obtained.

• Following the generation of T samples with random distributions
ws = {wconc−meso

s : y ∈ Y ;wmortar
s : z ∈ Z}, s = 1,2...T , and based on the Kol-

mogorov’s strong law of large numbers, the expected-homogenized CTE
âi j(x) representing the homogenized material can be computed with the help
of the equation:

âi j(x) =

T
∑

s=1
aH

kl(w)

T
,T → ∞ (26)
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4.2 Flowchart of multi-scale algorithm

The flowchart of the algorithm for the proposed multi-scale method for prediction
of the thermal expansion properties of concrete is given as follows:

Table 1: Flowchart for computing the thermal expansion properties of concrete
Input Ecement−paste, acement−paste; Esand , asand ; Diameter dis-

tribution of sand Dsand ; volume fraction of sand fsand ;
Eaggregate, aaggregate; Diameter distribution of coarse ag-
gregate Daggregate; volume fraction of coarse aggregate
faggregate

Mortar scale
(1) Generate a sample REV (Z) with a random

distributionwmortar
s , which consist of cement paste

as matrix and sphere which distributed randomly and
simulate sand inclusion, as shown in Fig.1; establish the
finite element model for it with 10-nodes tetrahedron
elements, as shown in Fig. 3

(2) Compute M(z) by solving Eq.14; and evaluate elastic
tensor CH1

i jst(y,w) of homogenized mortar from Eq.18

Concrete meso-scale
(3) Generate a sample REV (Y) with a random

distributionwconc−meso
s , which consist of homoge-

nized mortar as matrix and sphere which distributed
randomly and simulate sand inclusion, as shown in
Fig.1; establish the finite element model for it with
10-nodes tetrahedron elements.

(4) Compute N(y) by solving Eq.17; and evaluate elastic
tensor CH

i jst(y,w) of homogenized concrete meso-scale
from Eq.22

(5) Compute homogenized coefficient of thermal expansion
aH

kl(w) according toEq.23-25
Macro-scale (6) Based on the Kolmogorov’s strong law of large num-

bers, the expected-homogenized CTE âi j(x) represent-
ing the homogenized material can be computed by
Eq.26

Output CH1
i jst(y,w), CH

i jst(y,w), âi j(x)

5 Model validation

So far, the homogenized CTE of early-age concrete could be evaluated based on the
following main assumptions: (a) concrete is considered as a three-scale composite
medium, composed of cement paste and sand of the mortar scale, and homog-
enized mortar and coarse aggregate of the concrete meso-scale, homogenized to
an isotropic continuum of the macro-scale; (b) the heterogeneous micro-scale and
meso-scale structures are modeled by periodic REV.
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The multi-scale formulations described in Section 3 could be implemented with
the aid of finite element method. Typical finite element meshes employed in the
present study are shown in Fig. 3.

Figure 3: The entire FEM model of REV

The main purpose of this section is to verify the capability of the proposed mul-
tiscale technique to determine CTE of early-age concrete. The validation work of
the developed model hereafter will be conducted at the mortar scale considering
the available experimental results in the open literature. The predictive capacities
of the model will then be shown by calculating the CTE values and comparing them
with corresponding experimentally determined values.

A comparison study with experimental results [Wyrzykowski and Lura (2013)] and
Rosen-Hashin bounds is conducted hereafter. The employed thermal and mechan-
ical properties of sand are shown in Tab. 2.

Table 2: Thermal and mechanical properties of sand

E(Gpa) Poisson’s ratio CTE(um/m/0c) Volume fraction(%)
60 0.2 9 40

From the comparison with experiment results shown in Fig. 4. Firstly, the lower
values of the CTE observed for mortar than for the cement pastes are due to the
lower, constant CTE of sand, which consequently restrain the deformation of the
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Figure 4: Comparison of multi-scale model and experiment for CTE

Figure 5: Comparison of multi-scale model and Rosen-Hashin bounds for CTE
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paste, however, the trend of them are same. Secondly, it is observed that the CTE
of cement paste is rapidly reduced at the beginning, and then grow slowly after
minimum value is reached until stationary. It can be explained that, before ini-
tial set, since the solid skeleton have not been formed and liquid phase with high
CTE account for the main portion, the CTE of cement paste is high; as cement
paste reaches final set, free water content decreases rapidly, solid skeleton gradu-
ally formed, and modulus of elasticity also enhance significantly, the CTE reaches
a minimum; then, with the hydration of cement, an increase of temperature leads
an increase of internal relative humidity in pores and the resulting additional de-
formation acts in the same direction as the pure thermal dilation, thus an additional
expansion is induced by an increase of temperature, expressed as higher CTE; how-
ever, along with the growth of age, the solid skeleton is basically not changed, and
hydration reaction rate reduce, CTE becomes stable.

As shown in Fig.5, a comparison with experiment and Rosen-Hashin bounds is
performed. First of all, it can be seen that the calculation results of proposed model
are in good agreement with experimental data. Secondly, for these two models,
the results are slightly lower of experiment. On the one hand, it is on account of
that such models are based on a series of simplified assumptions, one of the main
assumptions is that mortar is regarded as sand dispersed in the homogenous cement
paste with perfect bond between them, the other one is the assumed no influence of
micro-cracking on the stiffness. On the other hand, in the experiment, some air with
high CTE may have been entrapped between the membrane and the briquette which
can result in measurement error [24]. So, take all the factors into consideration, a
good agreement between the predictions and the experimental data was obtained in
this study, thus, it can conclude that the proposed model in this research is quiet
effective.

6 Discussion

In previous section, the cement paste scale and mortar scale has been connected
effectively using proposed model. In this section, based on the computation results
on mortar scale, a cross-scale study at CTE of early-age concrete is performed, and
the influence of aggregate’s type and volume fraction are further investigated.

Three kinds of normally used representative aggregates are chose: siliceous aggre-
gate (quartzite), igneous aggregate (granite), and calcareous aggregate (limestone),
thermal and mechanical properties of these aggregates are shown in Tab. 2 [Chang
and Zhang (2007); Bazant and Kaplan (1996)], the volume fraction is about 20%-
40% .

As shown in Fig. 6, CTE of concrete for different kinds of aggregates at volume
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Table 3: Thermal and mechanical properties of coarse aggregate

E(Gpa) Poisson’s ratio CTE(um/m/0c)
quartzite 17.9-69.3 0.17-0.36 10.3
granite 29.8-61.1 0.12-0.27 6.8

limestone 21.4-84.2 0.18-0.35 5.5

Figure 6: CTE of concrete for different kinds of aggregates at volume fraction 35%

Figure 7: CTE of concrete with granite aggregate at different volume fraction
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fraction 35% are compared. Firstly, CTE of concrete with different kinds of ag-
gregates share the same trend, which is determined by the mortar matrix; secondly,
whether in the sharp decline or slow growth period of CTE at the early-age, the CTE
of concrete with calcareous aggregate (limestone) is obviously lower than concrete
with siliceous aggregate (quartzite), while concrete with igneous aggregate (gran-
ite) fall in between these two. Gradually stabilized in the CTE, it reduced by 17.2%
relative to the mortar matrix for concrete with quartzite, while 25% and 28.3% for
granite and limestone respectively. Thus, it can conclude that aggregate’s type have
important influence on CTE of concrete at early-age.

As shown in Fig 7, CTE of concrete with granite aggregate are chose as an exam-
ple to study the influence of aggregate’s volume fraction. As the volume fraction of
aggregate increases, a relative lower CTE of concrete is observed, while the trends
stay the same. The main reason is that, concrete meso-scale is considered as a two-
phase material with effective homogeneous mortar as matrix and coarse aggregate
as inclusions, when temperature changes, different thermal deformation occurs be-
tween aggregate and mortar matrix due to different CTE, since this mismatch in
thermal deformation, internal restraint exists between randomly distributed aggre-
gates and mortar matrix, which consequently restrain the deformation of the matrix.
Thus, the higher the volume fraction of coarse aggregate, the lower the CTE of cor-
responding concrete.

7 Conclusion

In this research, to combine time variability of early-age cement paste’s CTE and
randomness of aggregate’s distribution, macro-scale has been divided into concrete
meso-scale, mortar scale, cement paste scale, according to the scale law. Then, a
specific REV for each scale is described by introducing stochastic parameters, and
successfully realizes the connection between different scales using asymptotic ex-
pansion theory. Thus, a stochastic multi-scale model for CTE of early-age concrete
is proposed.

A comparison study with experimental results and Rosen-Hashin bounds at mortar
scale is conducted, which validate the effectiveness of this model proposed in this
research, where, results of proposed model are in good agreement with experimen-
tal data, and close to or slightly higher than the Rosen-Hashin upper bound within
permissible error.

Based on the computation results on mortar scale, a cross-scale to macro-scale
study is performed, and three kinds of normally used representative aggregates are
chose to investigate the influence of aggregate’s type and volume fraction. Aggre-
gate’s type has important influence on CTE of concrete at early-age, where the CTE
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of concrete with calcareous aggregate (limestone) is obviously lower than concrete
with siliceous aggregate (quartzite), while concrete with igneous aggregate (gran-
ite) fall in between these two; besides, the higher the volume fraction of aggregate,
the lower the CTE of corresponding concrete.

Admittedly, in the proposed model, mechanical and thermal properties of cement
paste are obtained directly from fine experiments. However, it’s expected that this
completely cross-scale research from cement paste to macro structure of concrete
can be effectively realized by advanced experimental observation techniques and
the multi-scale modeling method, it shows that the proposed model can effectively
estimate the CTE of concrete at early-age through taking the influence of material
composition and configuration into consideration. Related studies are being carried
on currently.
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