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The Second-Order Two-Scale Method for Heat Transfer
Performances of Periodic Porous Materials with Interior

Surface Radiation

Zhiqiang Yang1, Junzhi Cui2, Yufeng Nie1 and Qiang Ma2

Abstract: In this paper, a new second-order two-scale (SOTS) method is de-
veloped to predict heat transfer performances of periodic porous materials with
interior surface radiation. Firstly, the second-order two-scale formulation for com-
puting temperature field of the problem is given by means of construction way.
Then, the error estimation of the second-order two-scale approximate solution is
derived on some regularity hypothesis. Finally, the corresponding finite element
algorithms are proposed and some numerical results are presented. They show that
the SOTS method in this paper is feasible and valid for predicting the heat transfer
performances of periodic porous materials.

Keywords: Second-order two-scale method, Interior surface radiation, Periodic
porous materials.

1 Introduction

With the rapid advance of material science and technology, porous materials are
of importance in engineering and industry owing to their high heat resistance and
light weight. Especially, with rapid development of space aircraft, porous materials
have attracted wide interest in thermal engineering. Therefore, it is essential to
accurately predict the heat transfer performances of the porous materials. Up to
now, some methods have been proposed to predict those of porous materials, such
as the Maxwell-Eucken model [Hashin and Shtrikman (1962)], effective medium
theory [Landauer (1952); Kirkpatrick (1973)], the self-consistent method [Torquato
(2002)] and so on. The methods mentioned above are usually used to predict the
heat conductivity without the effect of radiation. But, radiative heat transfer plays a
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significant rule in modern technology, especially when the temperature on surface
is high enough [Modest (2003)].

Solving the radiative heat transfer problem by classical numerical methods be-
comes very difficult because it would require fine meshes and great amount of
computation. Based on the mathematical homogenization method [Bensoussan,
Lions, and Papanicolaou (1978); Oleinik, Shamaev, and Yosifian (1992)], scien-
tists have made some worthwhile contributions to thermal radiation calculation of
porous materials. Liu and Zhang (2004) predicted the effective macroscopic prop-
erties of heat conduction-radiation problem. Bakhvalov (1981) obtained the formal
expansions for the solution of those problems, but had not theoretical justification.
Later, Allaire and El Ganaoui (2009) discussed the heat conduction model with
ε−1-order radiation boundary conditions by two-scale asymptotic expansion, and
justified the convergence. It should be noticed that this non-classical model can not
be used for the materials with low porosity, because it over-estimates the radiation
behavior on the interior surface of cavities.

In addition, various multi-scale approaches for periodic problems have been pro-
posed, refer to E [E and Engquist (2003); E and Engquist (2005)], Hou [Hou and
Wu (1997); Hou, Wu, and Cai (1999)], and Zhang [Zhang, Lv, and Zheng (2010)].
They only considered the first order asymptotic expansions. In recent years, Cui et
al. [Cao and Cui (2004); Cui, Shin, and Wang (1999); Cui and Yu (2006)] presented
a high-order multi-scale method to predict the physical and mechanical properties
of composite materials, and solved some practical problems. By high-order correc-
tors, the microscopic fluctuation of physical and mechanical behaviors inside the
material can be captured more accurately.

We recall that the homogenization method only describes the asymptotic behavior
of the problems as ε → 0. But, in practical engineering computation, the period
ε is a fixed smaller constant, not tends to zero. If substituting the first-order two-
scale solution into original equation, one can find out that the residual is O(1) even
though H1 norm of its error is O(ε1/2). The local error O(1) is not accepted for
engineer who wants to capture the local behavior inside materials. Therefore we
would like to say that it is necessary to seek higher-order two-scale approximation.

In this paper, we will mainly discuss the heat transfer behavior of periodic porous
materials with interior surface radiation. The heat radiation boundary condition was
investigated by Bakhvalov (1981), Liu and Zhang (2004) and Amosov [Amosov
(2011); Amosov (2010)], and it is a classical model in physics. This paper is to
establish a new high order two-scale method to give a better approximation. We
introduce correction terms into the first-order two-scale expansion of the tempera-
ture field, define a family of cell functions, and then obtain second-order two-scale
approximate solution. It should be pointed that the error estimation in H1-norm is
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still O(ε1/2) due to its boundary error.

The remainder of this paper is outlined as follows. Section 2 is devoted to the
formulations of the second-order two-scale method. In Section 3 the error estima-
tion on the approximate solution is analyzed. Finally, the SOTS algorithm and the
numerical results for the heat transfer problem are shown.

Throughout the paper the Einstein summation convention on repeated indices is
adopted. C denotes a positive constant independent of ε .

2 Second-order two-scale method

In this section, a new second-order two-scale formulation is derived for solving the
heat transfer problem of periodic porous materials with interior surface radiation.

Let Y =
{

y : 0≤ y j ≤ 1, j = 1...3
}

and ω be an unbounded domain of R3 which
satisfies following conditions:

(B1)ω is a smooth unbounded domain of R3 with a 1-periodic structure.

(B2) The cell of periodicity Y ∗ = ω ∩Y is a subdomain with a Lipschitz boundary,
where Y ∗ is a reference periodicity cell, shown in Fig.1 (b).

(B3) The set Y\ω̄ and the intersection of Y\ω̄ with the δ0 neighborhood of ∂Y
consist of finite number of Lipschitz domains separated from each other and from
the edges of the cube Y by a positive distance.

(B4) The cavities are convex.

Then, the domain Ωε , as shown in Fig.1 (a), has the form: Ωε = Ω∩ εω , where Ω

is a bounded Lipschitz convex domain of R3. Moreover, suppose that the radiative
surfaces are diffuse and grey, that is, the emissivity e of the surfaces does not depend
on the wavelength of the radiation, and surface emits, absorb and reflect radiation
in the same manner in all directions.

The heat conduction equation with surface radiation is firstly studied by Bakhvalov
(1981), and later by Liu and Zhang (2004) and Amosov [Amosov (2011); Amosov
(2010)], in which the radiation boundary condition in a closed cavity is essentially
expressed as

−νikε
i j(x)

∂Tε(x)
∂x j

= eσT 4
ε (x)− e

∫
Γc

ε,i

Rε(x)F(x,z)dz (1)

The classical radiation boundary condition is considered in this paper. Allaire and
El Ganaoui (2009) considered the radiation condition with ε−1 scaling factor on
Γc

ε . It must be noted that it is a mathematical hypothesis and the scaling ε−1 may
not actually reflect the physical behavior of the material when the porosity is low.
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We consider the heat transfer problem with interior surface radiation for given
structure as follows



− ∂

∂xi

(
kε

i j(x)
∂Tε(x)

∂x j

)
= f (x) x ∈Ω

ε

Tε(x) = T̄ (x) x ∈ Γ1

νikε
i j(x)

∂Tε(x)
∂x j

= q̄(x) x ∈ Γ2

−νikε
i j(x)

∂Tε(x)
∂x j

= Gε

(
σT 4

ε (x)
)

x ∈ Γc
ε

(2)

(a) (b)

Figure 1: Periodic distribution of porous materialsFigure 1: Periodic distribution of porous materials

where kε
i j(x) is the coefficients of thermal conductivity, and f (x) the internal ther-

mal source. The boundary can be expressed as ∂Ωε = ∂Ω∪Γc
ε ; Γ1 and Γ2 denote

the boundary portions where temperature and heat flux are prescribed, respectively,
such that Γ1∪Γ2 = ∂Ω, Γ1∩Γ2 = /0 ; Γc

ε is the boundary that is composed of inte-

rior surfaces of cavity Γc
ε,i, Γc

ε =
m(ε)⋃
i=1

Γc
ε,i. Gε is the operator defined as follows (see

[Allaire and El Ganaoui (2009); Bakhvalov (1981); Qatanani, Barham, and Heeh
(2007); Tiihonen (1997)])

Gε(σT 4
ε (x)) = eσT 4

ε (x)− e
∫

Γc
ε,i

Rε(x)F(x,z)dz (3)
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Rε is the intensity of emitted radiation, and has the following relationship

Rε(x) = eσT 4
ε (x)+(1− e)

∫
Γc

ε,i

Rε(z)F(x,z)dz (4)

From [Qatanani, Barham, and Heeh (2007); Tiihonen (1997)], we know that (4)
has the unique solution Rε(x).
σ is the Stefan-Boltzmann constant, F(x,z) is the view factor between two different
points x and z on Γc

ε,i, and is defined as follows ( see [Allaire and El Ganaoui (2009);
Qatanani, Barham, and Heeh (2007); Tiihonen (1997)] )

F(x,z) =
nz · (x− z)nx · (z− x)

π |z− x|4

nz denotes the unit normal at the point z, and for any (x,z) ∈ (Γc
ε,i)

2 (for a closed
surface), it satisfies the following properties

F(x,z) > 0,F(x,z) = F(z,x),
∫

Γc
ε,i

F(x,z)dz = 1

At first, suppose that:

(i) ki j(
x
ε
) =k ji(

x
ε
).

(ii) ki j(
x
ε
) are bounded, and there exist two positive constants c1,c2 such that

c1ηiηi 6 ki j(
x
ε
)ηiη j 6 c2ηiηi

(iii) ki j(y) is 1-periodic functions in y, and y = x
ε
.

(iiii) kε
i j(x) ∈ L∞(Ωε).

By supposition (i) and (ii), [Qatanani, Barham, and Heeh (2007); Tiihonen (1997)]
proved the existence and uniqueness of Eq.(2).

By analogy in [Bensoussan, Lions, and Papanicolaou (1978); Oleinik, Shamaev,
and Yosifian (1992)], Tε(x) can be expanded into a series in the following form:

Tε(x) = T0(x,
x
ε
)+ εT1(x,

x
ε
)+ ε

2T2(x,
x
ε
)+ · · · (5)

Then

T 4
ε (x) = (T0(x, x

ε
)+ εT1(x, x

ε
)+ ε2T2(x, x

ε
)+ · · ·)4

= T 4
0 + ε(4T 3

0 T1)+ ε2(6T 2
0 T 2

1 +4T 3
0 T2)+ · · · (6)
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Let y = x
ε
, where x is macroscopic coordinate of the structure, and y the local coor-

dinate of 1-normalized cell.

Let

Aε = ε
−2A1 + ε

−1A2 + ε
0A3

where

A1 =− ∂

∂yi
(ki j(y)

∂

∂y j
)

A2 =− ∂

∂yi
(ki j(y)

∂

∂x j
)− ∂

∂xi
(ki j(y)

∂

∂y j
)

A3 =− ∂

∂xi
(ki j(y)

∂

∂x j
)

(7)

Taking into account that

∂

∂x
→ ∂

∂x
+

1
ε

∂

∂y

Substituting (5) into (2), and considering the coefficients of ε−2, ε−1, ε0, one
obtains that

A1T0 = 0 (8)

A1T1 +A2T0 = 0 (9)

A1T2 +A2T1 +A3T0 = f (10)

A1T3 +A2T2 +A3T1 = 0

· · ·
(11)

For the interior radiative boundary term of (2), we have

−viki j(y)
(

∂

∂xi
+

1
ε

∂

∂yi

)
=−vi

1
ε

ki j(y)
∂

∂yi
− viki j(y)

∂

∂xi
(12)

Let

Bε = ε
−1B0 +B1 (13)

where

B0 =−viki j(y)
∂

∂yi

B1 =−viki j(y)
∂

∂xi

(14)
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From [Allaire and El Ganaoui (2009)], Rε(x) has the following expansion

Rε(x) = R0(x)+ εR1(x,y)+ ε
2R2(x,y)+ · · · (15)

Let s = z
ε
, where z denotes macroscopic coordinate, s the local coordinate. Substi-

tuting (6) and (15) into (3) and (4), which leads to the following identities

BεTε = ε
−1B0T0 +B1T0 +B0T1 + ε (B1T1 +B0T2)

= Gε(σT 4
ε ) = eσT 4

ε (x)− e
∫

Γc
ε,i

Rε(x)F(x,z)dz

= eσT 4
0 (x,y)− e

∫
Γc

R0(x)F(y,s)ds

+ε(4eσT 3
0 (x,y)T1(x,y)− e

∫
Γc

R1(x,s)F(y,s)ds)

+...

(16)

R0(x)+ εR1(x,y)+ ε
2R2(x,y)

= eσT 4
0 (x,y)+(1− e)

∫
Γc

R0(x)F(y,s)ds

+ε(4eσT 3
0 (x,y)T1(x,y)+(1− e)

∫
Γc

R1(x,s)F(y,s)ds)

+...

(17)

Using (17) and
∫

Γc F(s,y)dy = 1, we obtain the equalities as follows

R0(x) = σT 4
0 (x,y) (18)

R1(x,y) = 4eσT 3
0 (x,y)T1(x,y)+(1− e)

∫
Γc

R1(x,s)F(y,s)ds (19)

Considering the coefficients of ε−1, ε0, ε in (16), one obtains that

B0T0 = 0 (20)

B1T0 +B0T1 = eσT 4
0 (x,y)− e

∫
Γc

R0(x)F(y,s)ds (21)

B1T1 +B0T2 = 4eσT 3
0 (x,y)T1(x,y)− e

∫
Γc

R1(x,s)F(y,s)ds (22)

Thus, from (8), (9) and (10), a series of the mixed boundary value problems are
obtained:
− ∂

∂yi

(
ki j(y)

∂T0(x,y)
∂y j

)
= 0 in Y ∗

−viki j(y)
∂T0(x,y)

∂y j
= 0 y ∈ Γ

c

T0(x,y) is Y − periodic

(23)
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

− ∂

∂yi

(
ki j(y)

∂T1(x,y)
∂y j

)
=

∂

∂yi
(ki j(y)

∂T0(x,y)
∂x j

)

+
∂

∂xi
(ki j(y)

∂T0(x,y)
∂y j

) in Y ∗

−viki j(y)(
∂T1(x,y)

∂y j
+

∂T0(x,y)
∂x j

)

= eσT 4
0 (x,y)− e

∫
Γc

R0(x)F(y,s)ds y ∈ Γ
c

T1(x,y) is Y − periodic

(24)



− ∂

∂yi

(
ki j(y)

∂T2(x,y)
∂y j

)
= f +

∂

∂yi

(
ki j(y)

∂T1(x,y)
∂x j

)
+ki j(y)

∂ 2T0(x,y)
∂xi∂x j

+ ki j(y)
∂

∂xi

∂T1(x,y)
∂y j

in Y ∗

−νi

(
ki j(y)

∂T2(x,y)
∂y j

+ ki j(y)
∂T1(x,y)

∂x j

)
= 4eσT 3

0 (x,y)T1(x,y)− e
∫

Γc
R1(x,s)F(y,s)ds y ∈ Γ

c

T2(x,y) is Y − periodic

(25)

where Γc is the boundary of the cavities contained in Y ∗.

From Eq.(23) it follows that T0(x,y) is independent of y.

Then, (24) can be rewritten as

− ∂

∂yi

(
ki j(y)

∂T1(x,y)
∂y j

)
=

∂

∂yi

(
ki j(y)

∂T0(x)
∂x j

)
in Y ∗

−νiki j(y)
(

∂T1(x,y)
∂y j

+
∂T0(x)

∂x j

)
= eσT 4

0 (x)− e
∫

Γc
R0(x)F(y,s)ds y ∈ Γ

c

T1(x,y) is Y − periodic

(26)

From (18) and
∫

Γc F(s,y)dy = 1, it is easy to verify that

eσT 4
0 (x)− e

∫
Γc

R0(x)F(y,s)ds = 0 (27)
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By virtue of (27), (26) can be written as follows:
− ∂

∂yi

(
ki j(y)

∂T1(x,y)
∂y j

)
=

∂

∂yi

(
ki j(y)

∂T0(x)
∂x j

)
in Y ∗

−νiki j(y)
(

∂T1(x,y)
∂y j

+
∂T0(x)

∂x j

)
= 0 y ∈ Γ

c

T1(x,y) is Y − periodic

(28)

Suppose that the solution of Eq.(28) has the following form

T1(x,y) = Nα1(y)
∂T0

∂xα1

+ T̃1(x) (29)

T̃1(x) is only dependent of x, T1(x,y) is y-periodicity. Then, we obtain the auxiliary
function Nα1(y) defined on 1-normalized cell Y ∗.

Nα1(y) is the solution of the following elliptic partial differential equation

∂

∂yi

(
ki j(y)

∂Nα1(y)
∂y j

)
=−∂kiα1(y)

∂yi
in Y ∗

−νi

(
ki j(y)

∂Nα1(y)
∂y j

+ kiα1(y)
)

= 0 y ∈ Γ
c

Nα1(y) is Y − periodic

(30)

From theorem 2.1 in [Cao and Cui (1999)], Eq.(30) has one unique solution.

From Eq.(25), one obtains that

− ∂

∂yi

(
ki j(y)

∂T2(x,y)
∂y j

)
= f +

∂

∂yi
(ki j(y)Nα1(y))

∂ 2T0

∂x j∂xα1

+ki j(y)
∂ 2T0

∂xi∂x j
+ ki j(y)

∂Nα1(y)
∂y j

∂ 2T0

∂xi∂xα1

in Y ∗

−νi

(
ki j(y)

∂T2(x,y)
∂y j

+ ki j(y)Nα1(y)
∂ 2T0

∂x j∂xα1

)
= 4eσT 3

0 (x)Nα1(y)
∂T0

∂xα1

− e
∫

Γc
R1(x,s)F(y,s)ds y ∈ Γ

c

T2(x,y) is Y − periodic

(31)

f (x) is an integrable function on domain G ∈ Rn and let∼ denote the homogeniza-
tion operator defined by

f̃ =
1
|G|

∫
G

f (x)dv (32)
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We impose the homogenization operator to both sides of equality (31), and then
obtain the homogenized equation associated with Eq.(2) as follows:

−
∫

Y ∗
ki j(y)

∂Nα1(y)
∂y j

dy
∂ 2T0

∂xi∂xα1

−
∫

Y ∗
ki j(y)dy

∂ 2T0

∂xi∂x j

+
∫

Γc

(
4eσT 3

0 (x)T1(x,y)− e
∫

Γc
R1(x,s)F(y,s)ds

)
dy = |Y ∗| f

(33)

Further, taking into account (19) we have

R1(x,y) = 4eσT 3
0 (x,y)T1(x,y)+(1− e)

∫
Γc

R1(x,s)F(y,s)ds (34)

After integrating on both sides of the above equation with respect to y, (34) can be
rewritten as∫

Γc
R1(x,y)dy =

∫
Γc

4eσT 3
0 (x)T1(x,y)dy+(1− e)

∫
Γc

∫
Γc

R1(x,s)F(y,s)dsdy (35)

Then, taking the property
∫

Γc F(s,y)dy = 1 yields the equality∫
Γc

4σT 3
0 (x)T1(x,y)dy =

∫
Γc

R1(x,y)dy (36)

Therefore, we obtain the result∫
Γc

(
4eσT 3

0 (x)T1(x,y)− e
∫

Γc
R1(x,s)F(y,s)ds

)
dy = 0 (37)

Then, by using (33) and (37), one can obtain the homogenized equation associated
with Eq.(2) as follows
− ∂

∂xi
(k̂i j

∂T0

∂x j
) =
|Y ∗|
|Y |

f in Ω

T0 = T̄ on Γ1

νik̂i j
∂T0

∂x j
= q̄ on Γ2

(38)

where

k̂i j =
1
|Y |

∫
Y ∗

(kip(y)
∂N j(y)

∂yp
+ ki j(y))dy (39)

From supposition (ii) and [Oleinik, Shamaev, and Yosifian (1992)] it follows that
k̂i j is symmetrical and positive definite. By Lax-Milgram theorem, Poincare’s in-
equality, the homogenization problem (38) has a unique solution.
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Further, f (x) can be substituted by Eq.(38), Eq.(31) can be written as



− ∂

∂yi

(
ki j(y)

∂T2(x,y)
∂y j

)
=
(
− |Y ||Y ∗|

k̂α1α2 +
∂

∂yi
(kiα2(y)Nα1(y))+ kα1α2(y)

+ kα2 j(y)
∂Nα1(y)

∂y j

)
∂ 2T0

∂xα1∂xα2

in Y ∗

−νi

(
ki j(y)

∂T2(x,y)
∂y j

+ kiα2(y)Nα1(y)
∂ 2T0

∂xα1∂xα2

)
= 4eσT 3

0 (x)Nα1(y)
∂T0

∂xα1

− e
∫

Γc
R1(x,s)F(y,s)ds y ∈ Γ

c

T2(x,y) is Y − periodic
(40)

From (19), one obtains that

R1(x,y) = 4eσT 3
0 (x)Nα1(y)

∂T0

∂xα1

+(1− e)
∫

Γc
R1(x,s)F(y,s)ds (41)

So we define that the solution of R1(x,y) has the following form

R1(x,y) = Mα1(y)T
3

0 (x)
∂T0

∂xα1

(42)

and the auxiliary function Mα1(y) satisfies the equality

Mα1(y) = 4eσNα1(y)+(1− e)
∫

Γc
Mα1(s)F(y,s)ds (43)

Similar to (4), we can prove that (43) has one unique solution Mα1(y).
Then, to satisfy (40), we seek a reasonable expression for T2(x,y)

T2(x,y) = Nα1α2(y)
∂ 2T0

∂xα1∂xα2

+Cα1(y)T
3

0
∂T0

∂xα1

where T0(x) is the homogenization solution on Ω. Nα1α2(y) and Ca1(y) are the local
functions defined on Y ∗. One can define them as follows:
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Nα1α2(y) is the solution of the following problem:

∂

∂yi

(
ki j(y)

∂Nα1α2(y)
∂y j

)
= k̃α1α2−

∂

∂yi

(
kiα2

(y)Nα1(y)
)
− kα1α2

(y)

−kα2 j(y)
∂Nα1(y)

∂y j
in Y ∗

−νi

(
ki j(y)

∂Nα1α2(y)
∂y j

+ kiα2(y)Nα1(y)
)

= 0 y ∈ Γc

Nα1α2(y) is Y − periodic

(44)

Cα1(y) is the solution of the following problem:

∂

∂yi

(
ki j(y)

∂Cα1(y)
∂y j

)
= 0 in Y ∗

−νi

(
ki j(y)

∂Cα1(y)
∂y j

)
= 4eσNα1(y)− e

∫
Γc

Mα1(s)F(y,s)ds y ∈ Γc

Cα1(y) is Y − periodic

(45)

where k̃α1α2= |Y ||Y ∗| k̂α1α2 .

Lemma 2.1. Each of the cell problem (44)-(45) admits a unique solution, up to a
constant, in H1(Y ∗)

/
R

Proof. Similar to (30), it is easy to prove that the problems (44) has the unique
solution Nα1α2(y). For equation (45), and taking the property

∫
Γc F(s,y)dy = 1 we

obtain that∫
Γc

4eσNα1(y)− e
∫

Γc
Mα1(s)F(y,s)dsdy

=
∫

Γc
e4σNα1(y)dy−

∫
Γc

eMα1(s)ds
(46)

Then, by virtue of (43) and integrating on both sides of the equation with respect to
y, (43) can be rewritten as∫

Γc
Mα1(y)dy =

∫
Γc

(4eσNα1(y)+(1− e)
∫

Γc
Mα1(s)F(y,s))dsdy (47)

Therefore, we obtain the result∫
Γc

Mα1(y)dy =
∫

Γc
4σNα1(y)dy (48)
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So from (46), (48), and theorem 2.1 in [Cao and Cui (1999)], the Fredholm alter-
native yields existence and uniqueness in H1(Y ∗)

/
R of the cell problem (45).

Now we can define the two-scale approximate solution of problem (2) as follows

T ε
1 (x) = T0(x)+ εNα1(y)

∂T0

∂xα1

T ε
2 (x) = T0(x)+ εNα1(y)

∂T0

∂xα1

+ ε
2
(

Nα1α2(y)
∂ 2T0

∂xα1∂xα2

+Cα1(y)T
3

0
∂T0

∂xα1

) (49)

T ε
1 (x) and T ε

2 (x) are called as the first-order and the second-order two-scale ap-
proximate solutions, respectively. To compare T ε

1 (x) with the original solution, we
substitute Tε(x)−T ε

1 (x) into (2), and have

Lε (Tε(x)−T ε
1 (x)) = f − ki j(y)

∂Nα1(y)
∂y j

∂ 2T0

∂xi∂xα1

− ∂

∂yi
(ki j(y)Nα1(y))

∂ 2T0

∂x j∂xα1

−ki j(y)
∂ 2T0

∂xi∂x j
− εki j(y)

∂ 2

∂xi∂x j
(Nα1(y)

∂T0

∂xα1

)

It is not difficult to see that the residual is the order O(1). But in the practical
engineering computation, ε is a fixed smaller constant rather than tending to zero.
The error O(1) is not accepted for the engineers who want to capture the local
behavior inside materials. So the first order solution is not adopted in engineering
computation.

Substituting Tε(x)−T ε
2 (x) into (2) we obtain that

Lε (Tε(x)−T ε
2 (x)) =− ∂

∂xi
(kε

i j(x)
∂Tε(x)

∂x j

+
∂

∂xi
(kε

i j(x)
∂

∂x j
(T0(x)+ εNα1(y)

∂T0

∂xα1

+ ε
2(Nα1α2(y)

∂ 2T0
∂xα1∂xα2

+Cα1(y)T
3

0
∂T0

∂xα1

)))

= εF0 + ε
∂

∂xi
Fi

(50)
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where

F0 = ki j(y)Nα1(y)
∂ 3T0

∂xi∂x j∂xα1

+ ki j(y)
∂Nα1α2(y)

∂y j

∂ 3T0

∂xi∂xα1∂xα2

+
∂

∂yi
(ki j(y)Nα1α2(y))

∂ 3T0

∂x j∂xα1∂xα2

+ ki j(y)
∂Cα1(y)

∂y j

∂

∂xi
(T 3

0
∂T0

∂xα1

)

+
∂

∂yi
(ki j(y)Cα1(y))

∂

∂x j
(T 3

0
∂T0

∂xα1

)+ εki j(y)Nα1α2(y)
∂ 4T0

∂xi∂x j∂xα1∂xα2

Fi = εki j(y)Cα1(y)
∂

∂x j
(T 3

0
∂T0

∂xα1

)

(51)

Note that the residual of (50) is the order O(ε). The second-order solution is equiv-
alent to the solution of original problem in O(ε)-order pointwise sense. It is the
reason that we consider the second order expansions in this paper.

Theorem 2.1. Temperature field for the heat transfer problem (2) of periodic
porous materials with interior surface radiation has a second-order two-scale asymp-
totic expansion as follows

Tε(x) = T0(x)+ εNα1(y)
∂T0

∂xα1

+ ε
2
(

Nα1α2(y)
∂ 2T0

∂xα1∂xα2

+Cα1(y)T
3

0
∂T0

∂xα1

)
+ ε

3P1(ε,x,y)
(52)

where T0(x) is the solution of the homogenized (38) with the parameters (39).
Nα1(y), Nα1α2(y) and Cα1(y) are the local solutions satisfying (30), (44) and (45),
respectively.

Further, the temperature gradient can be evaluated as follows.

∂T ε
2 (x)

∂xi
=

∂T0(x)
∂xi

+
∂Nα1(y)

∂yi

∂T0(x)
∂xα1

+ εNα1(y)
∂ 2T0(x)
∂xα1∂xi

+ε
∂Nα1α2(y)

∂yi

∂ 2T0(x)
∂xα1∂xα2

+ ε
2Nα1α2(y)

∂ 3T0(x)
∂xα1∂xα2∂xi

+ ε
∂Cα1(y)

∂yi
T 3

0
∂T0(x)
∂xα1

+ε
2Cα1(y)

(
T 3

0
∂ 2T0(x)
∂xα1∂xi

+3T 2
0

∂T0(x)
∂xi

∂T0(x)
∂xα1

) (53)

3 Error estimation of H1-norm

In this section we give the error estimation for the second-order two-scale approxi-
mate solution, and suppose that e = 1. Now the following equations is considered.
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
Lε(Tε(x)) =− ∂

∂xi

(
kε

i j(x)
∂Tε(x)

∂x j

)
= f (x) x ∈Ω

ε

Tε(x) = T̄ (x) x ∈ Γ1

−νikε
i j(x)

∂Tε(x)
∂x j

= Gε

(
σT 4

ε (x)
)

x ∈ Γc
ε

(54)

where Γ1 = ∂Ω. And the homogenized equation is obtained as follows L̂(T0(x)) =− ∂

∂xi
(k̂i j

∂T0

∂x j
) =
|Y ∗|
|Y |

f in Ω

T0 = T̄ (x) on Γ1

(55)

At first, we give a lemma.

Lemma 3.1. Let Ω be a bounded domain with a smooth boundary and Bδ = {x ∈
Ω,ρ(x,∂Ω) < δ},δ > 0. Then there exists a constant δ0 > 0 such that for ∀δ ∈
(0,δ0) and ∀v ∈ H1(Ω) we have

‖v‖L2(Bδ ) 6 Cδ
1/2 ‖v‖H1(Ω)

where C is a constant independent of δ and v.

The proof of lemma 3.1 can be found in [Oleinik, Shamaev, and Yosifian (1992)].

Theorem 3.1. Suppose that Ωε ⊂ R3 is the union of entire periodic cells. Let Tε(x)
be the solution of (54), T0(x) is the solution of homogenized equation of (55). T ε

2 (x)
is the approximate solution stated in (49). Under assumptions (B1)-(B4) and (i)-
(iiii), if f ∈ L2(Ω), for sufficiently smooth homogenized solutions T0(x), we obtain
the following error estimation:

‖Tε(x)−T ε
2 (x)‖H1(Ωε ) 6 Cε

1/2 (56)

C is positive constant independent of ε .

Proof: From (50) and (51), we obtain the residual inside Ωε .

On the boundary Γ1 we have

Tε(x)−T ε
2 (x)=−εNα1(y)

∂T0

∂xα1

−ε
2Nα1α2(y)

∂ 2T0

∂xα1∂xα2

−ε
2Cα1(y)T

3
0

∂T0

∂xα1

= ϕε(x)

(57)
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It is similar to [Oleinik, Shamaev, and Yosifian (1992); Cioranescu and Donato
(1999)], we can obtain that

‖ϕε(x)‖H1/2(Γ1) 6 Cε
1/2 ‖T0‖H3(Ω) (58)

For sufficiently smooth homogenized solutions T0(x), We have that ‖P1(ε,x,y)‖L2(Ω) 6

Cε l l > 0. Then, on the boundary Γc
ε,i, let y = x

ε
, s = z

ε
, we have

−vikε
i j(x)(

∂Tε(x)
∂x j

−
∂T ε

2 (x)
∂x j

)

= σ(T0 + εNα1(y)
∂T0

∂xα1

+ ε
2Nα1α2(y)

∂ 2T0

∂xα1∂xα2

+ ε
2Cα1(y)T

3
0

∂T0

∂xα1

+ ε
3P1(ε,x,y))4

−σ

∫
Γc

(T0 + εNα(s)
∂T0

∂xα

+ ε
2Nα1α2(s)

∂ 2T0

∂xα1∂xα2

+ε
2Cα1(s)T

3
0

∂T0

∂xα1

+ ε
3P1(ε,x,y))4F(y,s)ds

+viki j(y)(
∂T0

∂x j
+

∂Nα1(y)
∂y j

∂T0

∂xα1

+ εNα1(y)
∂ 2T0

∂x j∂xα1

+ ε
∂Nα1α2(y)

∂y j

∂ 2T0

∂xα1∂xα2

+ε
2Nα1α2(y)

∂ 3T0

∂x j∂xα1∂xα2

+ ε
∂Cα1(y)

∂y j
T 3

0
∂T0

∂xα1

+ ε
2Cα1(y)

∂

∂x j
(T 3

0
∂T0

∂xα1

))

= 4εσNα1(y)T
3

0
∂T0

∂xα1

−
∫

Γc
(4εσNα1(s)F(y,s)dsT 3

0
∂T0

∂xα1

+εviki j(y)
∂Cα1(y)

∂y j
T 3

0
∂T0

∂xα1

+ vi(kiα1(y)+
∂Nα1(y)

∂y j
)

∂T0

∂xα1

+εvi

(
ki j(y)

∂Nα1α2(y)
∂y j

+ kiα2(y)Nα1(y)
)

∂ 2T0

∂xα1∂xα2

+ε
2viki j(y)(Nα1α2(y)

∂ 3T0

∂x j∂xα1∂xα2

+Cα1(y)
∂

∂x j
(T 3

0
∂T0

∂xα1

))

+ε
24T 3

0 σ(Nα1α2(y)
∂ 2T0

∂xα1∂xα2

+Cα1(y)T
3

0
∂T0

∂xα1

)

−ε
2
∫

Γc
4T 3

0 σ(Nα1α2(s)
∂ 2T0

∂xα1∂xα2

+Cα1(s)T
3

0
∂T0

∂xα1

)F(y,s)ds

+ε
26T 2

0 σ(Nα(y)
∂T0

∂xα

)2− ε
2
∫

Γc
6T 2

0 σ(Nα1(s)
∂T0

∂xα1

)2F(y,s)ds+O(ε3)

(59)
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By virtue of the boundary condition on Γc for Nα1(y), Nα1α2(y) and Cα1(y) and the
regularity of T0 it follows that

−vikε
i j(x)(

∂Tε(x)
∂x j

−
∂T ε

2 (x)
∂x j

) = ε
2F (60)

where

F = νiki j(y)(Nα1α2(y)
∂ 3T0

∂x j∂xα1∂xα2

+Cα1(y)
∂

∂x j
(T 3

0
∂T0

∂xα1

))

+4T 3
0 σ(Nα1α2(y)

∂ 2T0

∂xα1∂xα2

+Cα1(y)T
3

0
∂T0

∂xα1

)

−
∫

Γc
4T 3

0 σ(Nα1α2(s)
∂ 2T0

∂xα1∂xα2

+Cα1(s)T
3

0
∂T0

∂xα1

)F(y,s)ds

+6T 2
0 σ(Nα(y)

∂T0

∂xα

)2−
∫

Γc
6T 2

0 σ(Nα1(s)
∂T0

∂xα1

)2F(y,s)ds+O(ε)

We conclude that Tε(x)−T ε
2 (x) is a weak solution of the following boundary value

problem
Lε (Tε(x)−T ε

2 (x)) = εF0 + ε
∂

∂xi
Fi x ∈Ω

ε

Tε(x)−T ε
2 (x) = ϕε(x) x ∈ Γ1

−νikε
i j(x)

∂ (Tε(x)−T ε
2 (x))

∂x j
= ε

2F x ∈ Γ
c
ε

(61)

Noting, after integration and summation over all cells, we obtain a remainder term
given by

m(ε)

∑
i=1

∣∣Γc
ε,i

∣∣O(ε2) = O(ε−d)O(εd−1)O(ε2) = O(ε) (62)

where d=2 or 3 in applications. According to (58), (60), (61) and (62), we complete
the proof. Because of the residual (57) on Γ1, we can only get the approximate order
of O(ε1/2).

4 FE algorithms and numerical examples

In this section we describe the algorithm procedure to study the asymptotic behav-
ior of the heat transfer problem (2), and performed some numerical examples.
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4.1 FE Algorithms for SOTS method

The algorithm procedure of SOTS method for predicting the thermal properties of
the heat transfer problem with interior surface radiation is stated as follows

1. Form and verify the distribution of cavities in reference cell, and the geome-
try of the structure. Further, partition Y ∗ into FE mesh set.

2. Obtain the FE solutions of Nα1(y) according to the problem (30) with given
material properties based on the FE model of the unit cell. Furthermore, the
homogenization coefficient k̂i j is evaluated by the formula (39).

3. According k̂i j we have known from 2, the homogenization solution T0(x) is
obtained by solving problem (38) in Ω.

4. With the same meshes to 2, we evaluate Nα1α2(y) and Ca1(y) by solving the
cell problems (44) and (45).

5. From (49) and (53), the temperature and the temperature gradient are evalu-
ated.

4.2 Numerical examples

Consider the mixed boundary value problem (2), where Ωε is composed of entire
cells shown in Fig.2(a), and the reference cell Y ∗ is shown in Fig.2(b). The heat flux
q̄(x) on lateral surface is set to zero. The boundary temperatures in the z-direction
are set as T1 and T2. σ = 5.669996×10−8W

/
m2K4, and the radius of the cavity in

Y ∗ is 0.3.

(a) (b)

Figure 1: (a) Domain Ωε = [0, 0.25]3 (b) Unit cell Y ∗ = [0, 1]3Figure 2: (a) Domain Ωε = [0,0.25]3 (b) Unit cell Y ∗ = [0,1]3
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Since it is difficult to find the analytical solution of the above problem, we have to
take Tε(x) to be its FE solution Te in the very fine mesh. The information of the FE
meshes is listed in Table 1

Table 1: Comparison of computational cost

Original equation Unit cell Homogenized equation
Elements 685500 5078 93750
Nodes 131526 1403 17576

The following four cases are investigated:

Case 1: e = 0.2, ki j=100δi j, T1 =100, T2 = 500, f = 0

Case 2: e = 1.0, ki j =100δi j, T1 =100, T2 = 1000, f = 10000000

Case 3: e = 1.0, ki j=δi j, T1 =100, T2 = 500, f = 0

Case 4: e = 1.0, ki j =δi j, T1 =100, T2 = 800, f = 0

It should be noted that T0(x) denotes the numerical solution of the homogenized
equations (38), T̂ ε

1 (x) and T̂ ε
2 (x) the first-order and the second-order two-scale nu-

merical solutions based on (49). Set error0 = Te−T0(x), error1 = Te− T̂ ε
1 (x) and

error2 = Te− T̂ ε
2 (x). For convenience, we introduce the following notation

‖v‖L2(Ωε ) = (
∫

Ωε

|v|2dx)1/2, |v|H1(Ωε ) = (
∫

Ωε

(|∇v|2)dx)1/2

The relative numerical errors of the homogenization, first-order two-scale, and
second-order two-scale methods in H1 for examples are listed in Table 2.

Table 2: Comparison with computing results of semi-norm H1.

|error0|H1
/
|Te|H1

|error1|H1
/
|Te|H1

|error2|H1
/
|Te|H1

Case1 0.21749172 0.00984979 0.00984899
Case2 0.22164915 0.10700699 0.07142537
Case3 0.18443035 0.04943442 0.03569669
Case4 0.14772598 0.14737135 0.09423171

Figures 3(a)-(d) illustrate the numerical results for T0(x), T̂ ε
1 (x), T̂ ε

2 (x) and Te at
the intersection z=0.15 in Case 2.
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Figure 3: (a) Case 2, T0(x); (b) Case 2, T̂ ε
1 (x); (c) Case 2, T̂ ε

2 (x); (d) Case 2, Te

Figures 4(a)-(d) illustrate the numerical results for T̂ ε
1 (x), T̂ ε

2 (x) and Te at the in-

tersection x=0.125, and for ∂ T̂ ε
1 (x)
∂y , ∂ T̂ ε

2 (x)
∂y , ∂Te

∂y at the intersection z=0.15 in Case 4.

From the numerical simulations for the above case studies, we note that when the
kε

i j(
x
ε
) of the unit cell Y ∗ is small or the source term is varying with a large am-

plitude, the homogenization method and the first-order two-scale method fail to
provide satisfactory results. The SOTS method, however, clearly is the best among
the three methods, and it results in accurate numerical solutions.
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Figure 4: (a) Case 4, ∂T0(x)
∂y ; (b) Case 4, ∂ T̂ ε

1 (x)
∂y ; (c) Case 4, ∂ T̂ ε

2 (x)
∂y ; (d) Case 4, ∂Te

∂y

Eventually, to check the convergence of the homogenized process as the small pa-
rameters ε , we display a example for different ε . The periodic structure is the same
with that the above problem and we choose e = 1. The internal heat source f (x) is
set to zero.

The following case is investigated:

Case : ki j=100δi j, T1 =100, T2 = 1000

The relative numerical errors of the different methods in L2 and H1 for examples
are listed in Table 3.

Figures 5 illustrate the numerical results for T̂ ε
2 (x) -Te at the intersection z=0.109375.

As a result of our numerical analysis, we claim that, though the SOTS method does
not improve the approximate estimation, for a fixed value of ε it improves the qual-
itative behavior of the reconstructed solution. The relative errors between different
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Table 3: Comparison with computing results of norm L2 and semi-norm H1.

‖error0‖L2
/
‖Te‖L2

‖error2‖L2
/
‖Te‖L2

|error2|H1
/
|Te|H1

ε =1/5 0.00637718 0.00099632 0.05547819
ε =1/8 0.00418188 0.00071414 0.05179645

(a) (b)

Figure 5: (a) ε =1/5, T̂ ε
2 (x) -Te; (b) ε =1/8, T̂ ε

2 (x) -Te

approximate solutions and FE solutions in a refined mesh are shown in Tables 2
and 3. All the results show that the SOTS method is effective in approximating the
heat transfer problem with interior surface radiation.

From Tables 1, it can be seen that the mesh partition numbers of second-order
two-scale approximate solution are much less than that of the refined FE solution,
especially for small ε . It means that the SOTS method can greatly save computer
memory and CPU time.

5 Conclusions

In this paper, a new second-order two-scale method is developed for predicting
the heat transfer performances of periodic porous materials with interior surface
radiation. The second-order two-scale formulation for the heat transfer problem
is given, and the error estimation with ε1/2 order is derived under the regularity
assumption of the homogenized solution.

Finally, some numerical results are reported, which support the theoretical results
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of this paper and show that the SOTS method is effective.
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