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Natural Boundary Element Method for Bending Problem
of Infinite Plate with a Circular Opening under the
Boundary Loads

Shuncai Li''?-3, Shichuang Zhuo* and Qiang Zhang>

Abstract: Based on the complex functions theory in elastic mechanics, the bend-
ing deflection formula expressed by the complex Fourier series is derived for the
infinite plate with a circular opening at first, then the boundary conditions of the
circular opening are expanded in Fourier Series, and the unknown coefficients of
the Fourier series are determined by comparing coefficients method. By means of
the convolution of the complex Fourier series and some basic formulas in the gen-
eralized functions theory, the natural boundary integral formula or the analytical
deflection formulas expressed by the boundary displacement or loads are devel-
oped for the infinite plates with a circular opening under the three common bound-
ary conditions of the circular opening. These analytical formulas can be directly
used to solve the bending problems of the infinite plates with a circular opening
under the conditions of the clapped edge, simply supported edge and free edge. At
last, some examples of using these analytical formulas indicate that under simple
boundary conditions we can easily obtain the analytical solutions for the bending
problem of the infinite plate with a circular opening, while for the bending problems
with some complicated boundary conditions we can get their numerical solutions
by these developed formulas.
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1 Introduction

The bending problem of infinite plate with circular opening is usually solved by
the complex function method combined with the Cauchy integral [Huang (1992);
Qu (2000); Xu(1990)]. But, the calculation of Cauchy integral is tedious, and
for the different problems some different methods or technique must be used in
order to calculate the Cauchy integral, so the bending problem of infinite plate with
openings is not easily solved directly by a uniform analytical formula.

In this paper the Cauchy integral is avoided, and by the natural boundary element
method (NBEM) the bending deflection formula of the infinite plate with a circular
opening under the boundary loads is derived. The natural boundary element method
is a branch of boundary element methods, based on a Green functional method, a
complex variable method, or a method using a Fourier series to induce a Dirichlet
boundary value problem as a differential equation into Poisson integration formula
of the studied area or to induce Neumann boundary value problem of differential
equation into a strong singular boundary integral equation [Yu (1993)]. The nat-
ural boundary element method has been widely used to solve the plane problems
[Dong (2006) and Chen (2006)], bending problems [Li, Dong and Zhao (2011)]
and engineering problems [Peng et al. (2009); Pan (2008)]. In addition, Liu and Yu
(2008), Yu and Du (2003), Zhao et al., (2000), have studied some coupling methods
between NBEM and finite element methods.

2 The bending deflection formula expressed by complex Fourier series for
infinite plates with a Circular opening under the boundary loads

The bending problem under boundary loads for infinite plates with opening can be
attributed to the boundary value problems of homogeneous bi-harmonic equation,
namely, the deflection function u satisfies:

A*u=0 ey

where A is Laplacian operator. The solution of Eq. (1) is also called the bi-harmonic
function. According to the complex variable method [Xu (1990)] of the bending
problem for infinite plates with openings, the bi-harmonic function u# can be ex-
pressed as

u=R[z¢:(z) + 6,(z)] (2)

where ¢;(z) and 6;(z) are analytic functions, and when the principal vector and
principal moment of the loads on the opening edge are zero, there are:

@1(z) =Bz+ ) anz" (3)
n=0
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6](z) = ¥i(z) = (B1 +iC1)z+ Y buz " “
n=0

where ap = 0, and B, B;, C; can be expressed by the loads M}", My"", M;; at the
infinite point, that is:

My + My My — My 2M,
B=— 2t Bi=o2 =Y 5)
4D(1+ ) 2D(1—p) 2D(1—p)
where L is poisson ratio, and D is bending rigidity of the plate.
By integration of Eq.(4) we have:
B +iC 1 .
0,(z) = — - ! 2+b0z+b11nz+2 b1z ")+ B i (6)
where B',C’ are constants of integration.
Take Egs.(3) and (6) into Eq. (2), we have:
u=
R |zZ(Bz+ i anz ") + +iC 22 +boz+biInz+B +iC' + Z ——b,,H)
n=1 2 n=1 n
(N

Without loss of generality, the radius of the circular opening for the infinite plate is
set as unit one. Let z = re'®, r > 1. Take z into Eq. (7), we have

C
u=u(r,0) = Br* + 2 L12c0s26 — 711*2sin29+b0rcos9+bllnr+B'

(3
—i—Zan cos (n+1)0 —I—Z —*an) "cosnB, r>1

Considering that cosnf = %(e""e +e7"9), the series in Eq. (8) can be further
expanded into complex Fourier series:

(o] [ee] 1
Z Tcos(n+1)8 + Z (—=bus1)r "cosnb =
n=1 n=1 n

- a‘”‘*l 2 n| in@
Y (= 3 |b\n\+1)] e

n=—oo0

n#0
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Substituting the above equation into Eq. (8), we can get the complex Fourier series
form of deflection function as follows:
By

- Ajp|— bn i C .
u(r,0) = Z [ ‘2‘ 1r2+(—ﬁ)]r_‘”|em9+Br2+7r200529—Elrzsmze

e
+borcos®+bInr+B,r>1 (9)

3 Analytical formula of bending deflection for infinite plate corresponding to
the three common boundary conditions of the opening

Bending problems for infinite plate with opening have the following three types of
boundary conditions of the opening:

)
(a) u|p = uo, a—Z\r =u,. (b) ulp=uo, Mu=m. (c)Tu=t, Mu=m.

where I is the opening boundary of the plate, and differential boundary value op-
erators Tu, Mu are respectively:

—_ |9 1 (1_9? 1.9 _v
Tu —[WA”JF(I—“)W(?MQ”—?%“) =B

r (10
Mu = |udut(l- ou] =%

where V,, M, are respectively the radial distribution of shear force and bending
moment on the opening boundary. Next, analytical formula for bending deflection
corresponding to the above three types of the boundary conditions will be derived
respectively.

3.1 The natural boundary integral formula of bending deflection under the first
boundary condition

The first boundary condition is u| = uo(6), % Ir = u,(6). According to Eq.(9),
we have

in6
uo(6) = u(1,0) = n;@(ia\n\q - mbmn\) e
ko 11
B
+B—|—bocos9—|—B’+7100s26—%Sin29
du - Ajp|-1 bH—n in
n(0)==5- = Y [(n|-2)=5= - =21 ~28
r=1 n;zooo (12)

—bocosO —by —B1cos20 +C;sin26
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Suppose
0)=Y cue™, =6 (13)
0)=Y de", d_,=d, (14)

Comparing the coefficients on the right side of Eqgs.(11) and (13) and of Eqs.(12)
and(14), respectively, by simplification we have

a‘n‘,lz—Bl—i-%—i-zCz—dz, n=2

Apio1 =—B1— G +2c 2—d 5, n=-2 (15)
A1 = |n|cy —dy, n#£0, +1, £2

bjys1 = —2B —dy, n=0

b‘n‘Jrl:—(Cl"i‘dl), n=1

b‘n‘_,_] =—(c_1+d-), n=-—1

b1 = —B1+ < — 24, n=2 (16)
b1 =—B1+5 —2d5, n=-2

bujv1 = ||+ [(In| =2)cn —dn], n#0, £1, £2

bo = C] —dl

\

Substituting ay,, b, into Eq. (9), where parts of the series become

- |1 2 _b‘"Hl —|n| ,in6
Z [ re =+ ( 21l )r—Me

1 .
—Z{ P —1)|n|cy+cn— 2(1”2—1)dn}r_”e’”6

1 1
—5(1—r2)d0—60+(*f

1
3 —1)Blcos29+(1—ﬁ)cl sin260 — (¢; —d;)rcos 6,

A7

According to the convolution of complex Fourier series

Z |n|r™ Il in® Z cpe™ Z (2717\n]r7|"|) cne™®

Nn——oo n=—o0
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and the basic formula in generalized functions, when r > 1

fi Il ind _ r’—1 (18)
W 1+7r2—2rcos@

i |n’ r7|n|ein9 _ 2r3cos O —4r? +2rcos@
oo (1472 —2rcos6)?

19)

Then, the series in Eq.(17) can be further simplified as

= (1 1 .
Z {2(r2 —1)|nlepn+cn— E(r2 — l)dn} pInlgin®

:7{ P 1Plreos(0-0) 1] o (P 1P (6) }de,
J ]

14+r2—2rcos(6 — 0)]? Al +r?>—2rcos(0 — 6’
(20)

For convenience, let

f(r8)=

27 (1> —1)[rcos(6 — 0') —1] , (r* —1)%u,(6") ,
| e 2o )~ amr e 3rees(a e )
(21)

Substituting Eq.(20) into Eq.(17) and then the results into Eq.(9), the natural bound-
ary integral formula of the bending deflection under the first boundary condition is
obtained as follows:

u(r,0) =
1 : 2,2 (=1
E(Bl c0s20 —C;sin20)(r “+r"—2)— (2B+dp)[Inr — 7 |+ f(r,0)
(22)
2n
where dy = ﬁ J u,(0)d6. B, By and C; are determined by Eq.(5), and f(r,0) is
0
determined by Eq.(21).

In particular, when the opening boundary is clamped supported, we have

up(0) =0, u,(60)=0, f(r,6)=0 (23)
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Then, according to Eqs.(13) and (14), we can obtain ¢, = 0 and d,, = 0. Taking
these known conditions into Eq. (22), we have

1
u(r,0) = - (B1cos20 —Cy sin20)(r 2 4r*=2) —2BInr+(r*—1)B, r>1 (24)

Eq.(24) is the analytical bending deflection formula of infinite plate with a unit
circular opening under the clapped supported inner edge and boundary loads.

3.2 The boundary integral formula of bending deflection under the second
boundary condition

The second boundary condition is u|p = uo(0), Mu = m. According to Egs.(9) and
(10), we have

2%u

Mu= |pAu+(1— )=
ar? r=1

oo

Ay—1 .
= Y [(1 =) = B+ ) ] +2(1 + )] =L@ L 2B(1 4 ) — by (1 — )

e~ 2
n#0
— Y (1= p)(1+|nf) 22 '”'“ ¢ 4 (1 — 1) (B; c0s20 — C; 5in26)
20
(25)
Suppose
Mu = Zgneine’ 8—n=&n (26)

and up(0) = ¥ c,e™9, ¢_, = ¢, is the same as Eq.(13).

Comparing the coefficients on the right side of Eqs.(11) and (13) and of Egs.(25)
and (26), respectively, we have

n=0: co=B+B,

) by b
n==1: Cl—Cl—jo—jz, (27)
n=+2: =844 b

nAO 1 k21 o= -
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n=0: g0 =2B(1+p)—bi(1—u)
n=x=l: gi1=g-1=—(1—u)by—5bo
n=+42: gir = —2ua; — My g, 5 i ey (28)

n#0, 1, £2: gy = [(1-w)n’ — 3+ p)n|+2(1+p)] =5+
b
—(1=p)(1+ |n]) =5~

Similar to the derivation process in section 2.1, the coefficients aj,—; and b,
can be solved from the Egs.(27) and (28) and expressed by ¢, and g,, substituting
ajp—1 and by, 41 into Eq. (9), then the analytical formula of bending deflection
corresponding to the second boundary condition of the unit circular opening is
developed as follows:

u(r,0) =
5 {(1—u><n2+|n|>cn—gn s [0 = G )l +2(1 4 )] cn—g,,}

4n—200+p) Al —2(1 + )

: 2 1+u 1—u
- nlein® (B 20— Cysin20) (= — 2
r"e (Bj cos 1 sin )(2 € )r 3

n=—oo

)

1—u 2
bylnr— ——b(1— 1
+b;Inr e, 1(1=r7), r>1,
(29)
where B, B and C) are determined by Eq.(5), and
| - 1 [2m . 2B(1+u)—go
= — 0)-¢ %40, go=— [ Mu-e"%d0, by ="—"""_°2
=5z || w0(0)-e0d0. g = [0, b= TR
(30)

In particular, for the infinite plate with a unit circular opening simply supported
and uo(0) = 0, Mu = 0, then from Eqgs.(13) and (26), we get ¢, = 0 and g, = 0.
Substituting them into Eq.(29), we have

R 1—u]

u(r,0) = (B1cos260 —C;sin20)| e *H)r ~3Ta
(€29)
+WBInr—B(l—r2), .

The Eq.(31) is the analytical formula of bending deflection for the infinite plate
under the boundary loads with a unit circular opening which is simply supported
and has no bending moment.
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3.3 The analytical formula of bending deflection under the third boundary con-
dition of opening

The third boundary condition is7u = ¢, Mu = m. According to Eqgs.(9) and (10),
we have

ar
=2(1—pu)(C;sin260 —B; cos20)

+Z{[ ) |n? + 3+ p)n? 4\n[} Gin 1 (1= )+ |n]) HH}eme

JdAu o 1 9?2 1 Jdu
Tu= [+(l'u)r86(r8r89ur289)} i

n#0
(32)
Suppose
Tu = Zhneme, h_p=h, (33)

and Mu = Y g,e™®, g_, = g, is the same as Eq.(26).

Similarly, comparing the coefficients on the right side of Eqs.(32) and (33) and of
Eqgs.(25) and(26), we obtain

8n =
2B(1+p) —by(1—p), n=0
—2ua; — U py 4 1) “( ay, n=2
—2uay — (l “)b —i—( ( Cl) n=-2
(1= 0= (34 0 ] 4201+ )] 22— (1= ) (1 + D2, n 0, 22
(34)
(6—2u)ar —3(1—u)bs+(1—u)(§ —B1), n=2
ha =4 (6—2p)ar —3(1 = w)bs — (1 — ) (5 +By), n=-2 (395)
Ut Gty — (1= ) (2 4 ) 252, 0, +2

Thus, aj,|—1, bjy+1 expressed by g, and &, can be solved from the above equations,
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substituting aj,| 1, bj,| 1 into Eq.(9), we have

oo

Inlgn—hn 2 il ine
0) = n| ,in
=Y Grom -t
n#0

(1= p)n? = (3+ ) |n| +2(1+ )] s
« (=)l + G il

—|n| in®
L - pet -2y T
n#0
1—u r 2 r? 9
(Bl COSZG—CI Sln29)[m(l —7)—}-5]—1—31’ +b1 lnr+Bl, r>1
(36)
where
1 21 . 1 2 X 2B(1 _
&n=— Mu-e %40, h,=— Tu-e 40, b = 2BU+1) —8
21 Jo 2w Jo 1—u
(37)

Eq.(36) is the analytical formula of bending deflection for infinite plate under the
third opening boundary condition.

In particular, for the plate with a circular opening of free edge, that isTu =t =
0, Mu=m =0, so from Eqs.(37), we can getg, = 0 and h,, = 0. Furthermore, from
Eq.(36), we have

1— —2 2 2(1
SR WL Y - T U )

— ———BInr+B
3+u 2 2 1—u

u(r,0) = (Bycos26 —C;sin20)|
(38)

where B, B and Cj is determined by Eq.(5), and B’ is the displacement of rigid

body. Eq.(38) is the analytical formula of bending deflection for the infinite plate

under the boundary loads with a unit circular opening of free edge.

4 Examples

4.1 Example 1

As shown in Fig.1, an infinite plate with a circular opening is loaded with a uniform
moment M along the x direction of the outer boundary.
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Figure 1: An infinite plate with a uniform boundary bending moment M

According to Fig.1, we have
M7 =My, M7 =M, =0 (39)

From Eq.(5), we get

—Mj My

Bi= 2D(1 —u)’ B__4D(1—|—u)’

=0 (40)

Substituting Egs.(39) and (40) into Eq.(38), we obtain

_ My 1—u r 2 r?
u(r,0) = 2D(1_u)00529 3+N(1 5 )+

2

. MO 2 MO /
DaR) o p Y ¢

The internal forces on the cross section of the plate can be solved by deflection func-
tion u(r,0), and the answer is the same as the result by complex function method
[Qu (2000)].

4.2 Example 2

As shown in Fig.2, an infinite plate with a circular clapped opening, its outer bound-
ary is free and a uniform distribution moment M, is loaded on the inner boundary.

In this example, the outer boundary at the infinite point is free, so from Eq.(5), we
have

B=B;=C; =0
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MD MD
—
VAR

Figure 2: An infinite plate with a uniform distribution bending moment M on its
inner boundary

Also, the inner boundary is simply supported and its deflectionuy(0) = 0, its distri-

bution bending momentM, = M. Thus, from Eq.(10), we have Mu = —%.

Taking the above results into the deflection formula of the second boundary condi-
tion Eq.(29), considering that

1 2r —in®
Cn:ﬁ/o up(0)-e"°d6 =0
1 21 o
n= 5_ Mu-e™" =Y
=17 A u-e"do=0,n#0
1 21 M,
=— Mud6 = ——
g0 21 Jo “ D
b1:23(1+ﬂ)—80: My
1—u D(1—p)
We have
My
u(r,0) = ———Inr, r>1 (42)
0= b - )

Eq.(42) is the same as the bending answer of a circular plate for which its inner
radius is unit one and outer radius tends to infinity[Xu(1990].

Acknowledgement: The authors gratefully acknowledge financial support from
the National Natural Science Foundation of China (50974107), the Qing Lan Project
of Jiangsu Province (10QLD006), the Open Fund of the State Key Laboratory for
Geomechanics & Deep Underground Engineering (SKLGDUEK1014).



Natural Boundary Element Method 295

References

Chen, W.; You, X.; Fang, B.; Tang, Y.; Huang J. (2006): Wavelet natural bound-
ary element method for the Neumann exterior problem of Stokes equations. In-
ternational Journal of Wavelets Multiresolution and Information Processing, 4 (1),
23-39.

Dong, Z.; Li, S.; Yu, D. (2006): Boundary Integral Formulas for Elastic Plane
Problem of Exterior Circular Domain. Applied Mathematics and Mechanics, 27(7),
993-1000.

Huang, Y. (1992): Plate Structures. Beijing: China Communications Press (In
Chinese).

Li, S.; Dong, Z.; Zhao, H. (2011): Natural Boundary Element Method for Bending
Problems of Elastic Thin Plate and Plane Problems. Beijing: Science Press (In
Chinese).

Liu, D.; Yu, D. (2008): The Coupling Method of Natural Boundary Element and
Mixed Finite Element for Stationary Navier-Stokes Equation in Unbounded Do-
mains. CMES: Computer Modeling in Engineering & Sciences, 37(3), 305-329.
Pan, W. (2008): The Coupled Natural Boundary-Finite Element Method for Solv-
ing the Acoustic Scattering Problem in a 3d Oceanic Waveguide. Journal of Com-
putational Acoustics (JCA), 16(3), 397-407.

Peng, W.; Dong, Z.; Guo, C. (2009): Theoretical study on multiple holes grouting
with natural boundary element method. The 6th International Conference on Min-
ing Science & Technology, Procedia Earth & Planetary Science, vol. 1, 465-470.
Qu, Q.; Zhang, Q.; Ji, Q. (2000): Elastic Plate Theory. Beijing: China Commu-
nications Press (In Chinese).

Xu, Z.L. (1990): Mechanics of Elasticity (Third Edition). Beijing: High Education
Press (In Chinese).

Yu, D. (1993): The Mathematical Theory of Natural Boundary Element Method.
Beijing: Science Press (In Chinese).

Yu, D.; Du, Q. (2003): The coupling of natural boundary element and finite ele-
ment method for 2D hyperbolic equations. Journal of Computational Mathematics,
21 (5), 585-594.

Zhao, H.; Dong, Z.; Cao, Y. (2000): The coupling method for Torsion problem

of the Bar with Square Cross-section cracks. Applied Mathematics & Mechanics,
21(11), 1308-1313.






