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The Superconvergence of Certain Two-Dimensional
Hilbert Singular Integrals

Jin Li ! and De-hao Yu 23

Abstract: The composite rectangle (midpoint) rule for the computation of multi-
dimensional singular integrals is discussed and the superconvergence results is ob-
tained. When the local coordinate is coincided with certain priori known coordi-
nates, we get the convergence rate one order higher than the global one. At last,
numerical examples are presented to illustrate our theoretical analysis which agree
with it very well.

1 Introduction

We consider certain two-dimensional Hilbert kernel integral of the form

I(f,1,s) ][]ﬂ[cot—tcot—f(x y)dxdy = g(t,s), €))

where 7@” "Jenotes a Cauchy Principle value integral and (z,5) € (0,27) x (0,27)
the singular point.

In recent years, Cauchy principal value integrals have attracted a lot of attention.
The main reason for this interest is probably due to the fact that Cauchy principal
value integral equations have shown to be an adequate tool in boundary element
methods [Yu (1985); Yu (1993); Yu (2002)] and many engineering problems [Chen
and Hong (1999);Zhou, Li, and Yu (2008)] for the modeling of many physical
situations[ Yu and Huang (2008); Liu and Yu (2008); Young, Chen, Chen and
Kao (2007)], such as acoustics, fluid mechanics, elasticity, fracture mechanics and
electromagnetic scattering problems and so on. There are numerous works devoted
to develop efficient quadrature formulae, such as the Gaussian method [loakimidis
(1985); Hui and Shia (1999);Monehato (1994)], the transformation method [ Elliott
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and Venturino (1997)]; the Newton-Cote methods [ Linz (1985); Yu (1992); Wu
and Yu (1999); Du (2001);Li Wu and Yu (2009);Li Zhang and Yu (2010);Li and Yu
(2011)] and so on.

Certain kind of two-dimensional Cauchy principal value integrals which have not
been extensively and references [Criscuolo and G. Mastroianni (1987);Monegato
(1984);Li and Yu (2011)] may be the entire literature on the subject. In the ref-
erence of [Criscuolo and G. Mastroianni (1987)], numerical approximation of
certain two-dimensional Cauchy principal value integrals with respect to gener-
alized smooth Jacobi weight functions was considered by product rules of Gauss
type. Then in [Monegato (1984)], generalized quadrature rule for two-dimensional
Cauchy principal value integrals which based on the quadrature of one-dimensional
Cauchy principal value integral was presented. Recently, Li et al.[Li and Yu (2011)]
discussed the superconvergence phenomenon of rectangle rules with the singular
point located at the middle area of each subinterval away from the boundary.

In this paper, we pay our attentions to investigate the superconvergence phenomenon
of rectangle rule for Hilbert kernel integrals and to derive the error estimates. The
superconvergence phenomenon for hypersingular integral is firstly studied by [Wu
and Sun (2005); Wu and Sun (2008)]. They proved the superconvergence points
occurred at the roots of certain special functions. Then in the year of 2010, the
superconvergence phenomenon of the Cauchy principal value integral was studied
in [Liu, Wu and Yu (2010)]. In this paper, we examine the convergence property
of rectangle rule for certain kind of the two-dimensional Hilbert kernel integrals
and generalize the above one-dimensional convergence results to cover this new
situation. Moreover, we give an error expansion of the corresponding remainder
with the density function f(x,y) € C2. Based on the error expansion functional, we
get the superconvergence phenomenon, i.e.,when the singular point coincides with
some a priori known point, the convergence rate is higher than what is globally
possible.

The rest of this paper is organized as follows. In Sect.2, after introducing some
basic formulae of the rectangle rule and lemmas, we present the main results. In
Sect.3, the proof of the main results is finished. Finally, several numerical examples
are provided to validate our analysis.

2 Main result

LetO=x)<x1 < <xp1 <x;=2mand O=yp < y; < -+ <Y1 < Y =27
be a uniform partition of the area [0,27x] x [0,27] with mesh size h, = 27/n and
hy =21 /m. To simplify our analysis, we set & = h, = hy, = 27 /n, it is not difficult
to extend our analysis to the qusi-uniform meshes.
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Define fc(x,y) as the piecewise linear interpolation for f(x,y):

h
fC(xvy) = f(xi+%7yj+%)a xi+% =X+ 5’ yj_;,_% =yj+ E (2)
then we get
L(f,t,s) ][}Zcot—cot—fc(x y)dxdy

n—1n—1

= ) Zf Xip bVl )i j(t,s)

i=0 j=0

= (fat7s)_ n(fvtwg) (3)
where E,(f,t,s) denotes the error functional and
sin0.5(yi+1 —1) sin0.5(xj11 — )

i i(t,s) =41 : . 4
(1) ©8 sin0.5(¢; —t) sin0.5(x; — s) @
We also define

[ (x—t)cot%, X #t,
2, x=t
and
(y—S)COty%, y #Sa
ks(y) = (6)
2, y=s.

We present the error estimate for the rectangle rule with Certain Two-Dimensional
Cauchy principal value integrals in the following theorem.

Theorem 1 Assume f(x,y) € C'[0,27] x [0,2%]. For the rectangle rule I,(f,t,s)
defined as Eq. 3. Assume that t = x;+ (14+7)h/2,s = y; + (1 + T)h/2, there exists
a positive constant C, independent of h and s, such that

[Ea(f,1,5)] < Cmax{|k (x)], [ks(y]) } (| Ink| + [Iny(T)[ )R, (7)
where
y(r) = Sl LY ®)

Co<i<n—1  h 2
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Compared with Riemann integrals, the global convergence rate of the (composite)
rectangle rule for Eq. 3 integrals is one order lower for the Riemann integral.

To define a linear transformation

A

x=%(7):

(T+1)(xi+1 —x;)/2-|—x,-, TE [—1,1},

y=3;(&) =&+ 1) (yjr1—yj)/2+y;, Ee[-1,1]

from the reference element [—1, 1] to the subinterval [x;,x;1] and [y;,yj+1].

Setting
Xit1fXj+1 —1f —
i—x, | cotx—cotudxdy, i=k, j=1,
i+
xi oy : 2 2
I”;X"(t’s): Xitl [Vt xX—t y—s ©)
' —x t——cot——dxdy, i#k, j£I
and
Xit1 ijrl —t y—s . .
][ (y— Vil cotTcotdedy, i=k, j=1,
I”;y/'(t’s): Xitl Vit y— 1o
/ / (y— ! )cotTcot—dxdy, i#k, j#£IL
Xi Yj

Lemma 1 Ler K;(x) and K;(y) defined in Eq. 5 and Eq. 6. Fort € (x;_1,x;),s €
(yj—1j), by linear transformation, we have

Ki(x) =K (1), T€(—1,1), (11)
Ki(y) =Ky(8), §e(-1,1) (12)
where
o T o T—C
Kci(r):2+2; T—ci—21n+2; T—c;+2ln’ (13)
> E-d; o §-d;

and

Ci :2(1‘—)61',1)/]1— 1,
dj=2(s—yj-1)/h—1.
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Proof: By the identity in [Andrews (2002)]

[=c0
1
Tcotwx = R
l:Z—oo(x—"_l)
then we get
oo oo 2
ti -
ot Z —t—2l ; —r+2n
and
x—t > T—¢ > T—c¢
K, = —t)cot—— =2+42) ——————— 42
() = (x=feot=5= =2+ ,;(r—c,- aimjh * l;
= T—Cj
= 242 +2) ———
+ Z 2ln ;‘c—ci+21n
= Kci(r).

The proof is completed.

(t—ci+4ln/h

237

5)

(16)

Lemma 2 Assumet =x;+(t+1)h/2,s =y, +(E+1)h/2 withE, 1€ (—1,1). Let
Loy, (t,5) and Iy (t,s) be defined by Eq. 9 and Eq. 10 respectively, then there holds

that

1
Ly (t,s) = {h (cosk(xjy1 —t)+cosk(x;—1))
=ik

Mz

k_lklz(smk(xlﬂ —1) —sink(x; — ))}

<wwmm—w—wwm-w4
and

> 1
I (1) = {HE o8ty =) cosily; )

j 51 =) =sini(y; ) }

[i % (cosk(xiy1 —1) —cosk(x; —t))] ,
k=

a7

(18)
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Proof For i = k, j = [, by the definition of cauchy principal value integral, we have

Xk+1 )’1+1 x—1 y—s
Ly, (t,5) /[ (x — xg cotTcotdedy

Xk+1 s—&) Vi+1 y—s
= lim / + (x— xk)cot—dx lim / + cot dy
£ —0 X t+€ 2 &—0 i s+& 2
_ _ Xkt 1 _
— | —hin (2sin %=L~ pin ( 2sin X TE +2/ T (2sin =) dx
2 2 X 2
) [ln (2sinyj+12_s) —In <2sinyj2_s)] ) (19)

For i # k, j # l,taking integration by parts on the correspondent Riemann integral,
we have

Xit1 Yj+1
Ly (t,s) = / / (x—x;) cot 5 cot—dxdy
— - Xit1 —t
— | —nmn(2sin™ =) — 5 (2sin L] +2/ T (2sin =) dx
2 2 . 2
. [ln (25inyj+12_s> —In (ZSin yj2—s>] (20)

where we have used the well-known identity in [Andrews (2002)]

> 1
ln‘Zsin{’ :—chosnx 21
2 =n

and the proof is completed.

Lemma 3 Under the same assumptions of Lemma 2, there holds that

n Yi+1 —

Zln;x,-(t,s) = —2hln2005E][ +cotudy (22)
=1 2 i 2
and

n Xl x—t

Z = —2hlIn2cos él /[ p cot ™ dx. (23)
j=1 2 Ju 2
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Proof By Eq. 17, we have

n

Z Inix, (1,5)

i=1

hi(i % (cosk(xjt1 —s) +cosk(x; —s))

i X Yi+1 y—s
5 (sink(xi1 —s) — sink(x; —s)))][ cot——dy
k S 2

8

I

1 Vi+1 —
2h —cosk(x; — s)][ +coty—sdy

~
Il

. Yy, _
ncosk(x; —s) ][ SRl
k S 2

cosj(l1+1)m ][yHclotyisdy
J Vi 2

1 Vi+1 —
—2h1nzsin(”)”][ cot?2ay
2 ), 2

[\®]
=
s

dy

~
I
—_

[\®]
oy
s

T
I

Vi+1 —
—2hln2cosE][ +coty i
2 Jy, 2

dy

where we have used

n
Z cosk(x; —s)
i=1

ncosk(x; —s), k=nj,

) o, k #nj.

The proof is completed.

Let

(Px(tvs) =

and

dy(t,5)

1 /! lKCi(T)de(g)T
_2£1£1(T_t)(§_s)drd§, 1] <1,]s] <1,

_;/'11/11 deg, (> 1,15 > 1

)

1 ' 1K (1)K, (8)8
) _2f_]][_1(1_t)(5_s)drd§, 1] <1,]s] <1,

1l K (1)Kq,(8)8

(7 )

239

(24)

(25)

(26)

27)
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We also set J := (—oco, —1)[J(—1,1)U(1,0) and the operator W : C(J) — C(—1,1)
be defined by

oo oo

Wf(T):=f(0)+ ) FRj+7)+ Y, f(=2j+7). (28)

Then we have

SOX(T) = q)x('c) + i ¢x(2j+f) + 3 ¢x(—2j—|—17) 29)
j=1 =1
Sy (&) = ¢y(<§)+i¢y(2j+é§)+_)§¢y(—21+é§). 30)

The superconvergence results of constant rectangle rules are given in the following.
Theorem 2 Let So.(7),S0y(T) be defined by Eq. 29,Eq. 30 respectively. Assume
thatt # x;,s #yj forany i,j=0,1,2,--- ,n. For the constant rectangle rule Eq. 3,
there exists a positive constant C, independent of h and s, such that

Ekn(fatvs) = fy(l‘,S)S()x(’C)h+fx(l,S)S()y(’C)/’l +=%n(t7s)7 (31)
where t = x;+5%h, s =y + 5h k,1=1,2,---,n, T€(—1,1).

[Zu1.5)| < Cmax{ [k (x)], [ks (V) }(| InA| + [ Iny(7) ]} (32)

and y(7) defined as

¥(t)= min {tx"}zlm. (33)

0<i<n—1 h 2

From Theorems 2, when the special function So.(7) = Soy(7) = 0, one can see that
the superconvergence rate of the (composite) constant rectangle at certain points is
one order higher than their global convergence rate which the same as the Riemann
integral .

3 Proof of Theorem 2

In the following analysis, C will denote a generic positive constant which is inde-
pendent of 4 and ¢, s.
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Lemma4 Let f(x,y) € C?[0,27] x [0,27] and fc(x,y) be defined as Eq. 2, there
holds

F6,y) = fe(x,y) = fulx,y) (x = xivo05) + £y (6,0) (v = yjros) + Zij(04,B;),  (34)

where o; € (xi,xi+1)7ﬁj € ()’j7)’j+1)

1
Kij(oi, B;) = Efxx(xay) (x = Xi405)* + fry (2, 9) (X = Xi10.5) ( — Yj+0.5)
| (35)
JFifyy(y *Yj+0‘5)2

and

|%:j(04, Bj)| < Ch*. (36)

Lemma 5 Assume (t,s) € (xg_1,x¢) X (yi—1,y1) and let a; =2(t —x;_1) /h—1,b; =
2(s—xj_1)/h—1,0 <i,j <n—1. Then, we have

9u(ai bj) =
Xitl [Vj+1 y—s . .
_7][ ][ (x_xi+0.5)00t—cot—dxdy, i=k,j=I,
hi) Jy; 2
1 el Y+ x—t —g (37)
T / (X—Xi+o.5)cot—coty—dxdy, i £k, j#I
h X, ) 2 2
and
¢y(ai, ]) =
Xit1 YJ+1
(y—yjo. s)cotTcot—dxdy, i=kj=1,
(38)

Xit1 y/+1
/ / (y—vyj+05) cot 5 cot—dxdy, £k, j#Il
Xi Vi
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Proof: By the definition of Eq. 1 and i = k, j =/, we have:

Xit1 fVj+1 x—1 —s
][ ][ ’ (x —xi+0.5) cot —— cot y—dxdy
xi Jyj 2 2

xX—1 [Yi+1 y—s

Xit1 d
= cot —— cot——
]i (X Xi+0. 5) ) s D) y

1—€ Xit1 x—t
= lim { (/ + > (x —xi10.5) cot dx}
£—0 Xi t+€ 2
. s—€ Vj+1 y—
lim / + cot —dy
e—0 yj s+¢€

J

lm{(/ /,, )

2f 7[1 Ir{ ai)( 5 br)‘”d5

= —hoy(a, j)'

The first identity in Eq. 37 is then verified. The second identity can be obtained by
applying the approach to the correspondent Riemann integral.

Define

A (x,y) = f0,y) — fe(x,y) = fult,s)(x = xir05) = f(6,8) (v — Yis0.5)- (39)

Lemma 6 Under the assumption of Theorem 2, there holds that

X1 (Vi1 —t —
][ +][ eot T L eotY =S ek (x,y)dxdy
X Iy 2 2 (40)

< Cmax{[k (x), ks (/1) } I y(7) 2.
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Proof: By the definition of Cauchy principal integral, we have
—t
7[ ][ cot™—L cot —f(x y)dxdy
= f(t,s 7[ ][ cot—cotdedy
b rd —t _
+fx(t,s)7[ ][ (x—1) cotx—cotudxdy 41
a c 2 2
y—
+fy(t,s 7[ ][ - cot—cot—dxdy
b prd —t _
+ 7[ 7[ R(x,y)cot Tl ot y—sdxdy,
a c 2 2
then following Eq. 39, we have

Xk+1 [VI+1 Kl
][ ][ cot—cot—%ﬂ (x,y)dxdy
Kl Xk+1 fVI+1
=" (t,s ][ ][ cot—cotdedy
Kl Xk+1 [YI+1
+7(t,s ]L ][ cot—cotT( x—t)dxdy 42)
Kl Xk+1 Vi1 t
+4,7(t,5) ][ ][ cot—cotT( y—s)dxdy
Xk+1 - [Vi+1 y—
—I-/ / cot—cot TR(x y)dxdy.
Y
Now let we estimate Eq. 42 term by term. For the first term of Eq. 42, we have
Xt 1 (Vi1 —t
‘%”kl(t s)][ +][ +cotxcotyabca’y‘
Xk 2
Xk+1 (V1 1K
‘%”kl t,s ][ +][ 2K dxa’y‘

Xk+1 [YVI+1
< Cmax{ |k ()], [k (3]) }][ ][ S

< Cmax{Jk (x)], ks (v])} (In|y(7)])* hz-

(43)
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For the second term, we have

Xk+1 [ Yi+1 xX—1 —
’%”kl t,s ][ +][ +cot—cotyT( —t)dxdy‘

_ ‘%k[(l,” ka+}[yl+wdxdy‘

X Iy y—s (44)

Xk+1 Vi1 ]
ngaX{|kt(X)|,\ks()’|)}][ ][ T dxdy
X Iy ’y s|

< Cmax{|k:(x)|, |k; (y]) } In | (<) 1?

and
Xkt 1 (V141 —t —
‘%ﬂkl t s)][ +][ +cotxzcotyzs(y—s)a’xdy‘
Xk

‘%kl 5) ][xkﬂ][yHKt d dy’

X1 Y41 ]
<Cmax(lk W 0D}
Xk i

< Cmax{|k:(x)|, |k; (y]) } In | (<) |1?

(45)

As for the last term of Eq. 42, we have

Xk+1 YVi+1

—t
cot —— cot —R(x y)dxdy’
y 2
e e K (x) K ()R (x,
/ +'/ K (0K ()R (x y)dxdy‘

Xk Vi (x—=1)(y—s)

(46)
Vi+1

< Cmax{ |k (x)], [k (3]) }/ / dxdy

< Cmax{|k (x)|, [ks(y]) }n*.

Combining Eq. 43, Eq. 44, Eq. 45 and Eq. 46 leads to Eq. 40 and the proof is
completed.

Lemma 7 Under the assumption of Theorem 2,we have

Xitl  [Yj+1 y—
/ / cot™—~ cot 5 %ij (x,y)dxdy
Xi

i=0 t;ék/ 0 j;él (47)

< Cmax{[k (x)], lks(v])} (| InA| + |1n7(f)|)2h2-
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Proof: By the definition of Eq. 35, we have

Xit1  [Yj+1 y—
/ / cot™ L cot 7 %ij (x,y)dxdy
X

/X:+1 /)/Jrl N
Xi
; x—1)( —s)\ Y

i= Ot#k] 0,j#1

< Cmax{k ()], IO} |

i= Ol;ék] O];él
Yj+1
<cmaf @l ko [ /
i=0,ik ” Xi j=0,j#17Y.
SCmax{lkz(X)I,\ks(yl)}(llnh\+|1nY(T)D2h2‘
(48)
3.1 Proof of Theorem 2
Proof: By Lemma 4, we have
Xit+1 Vj+1 y — 5
Y[ ot ot S )~ felw) sy
i= Otyékj 0]751 Xi Vi
Xi+1 Vj+1 — —_
/ ’ / " Cothotyz Fl,9) (= %i10.5)dxdy
i= Otyékj OJ%I Xi (49)

Xit1 Yj+1 y—s
/ / cot L eor? =2 Ky = yjr0s)dxdy
Xi Yj

i= Ol;ék] O];él

Xit1  [Yj+1 y—s
/ / cot—cot Kij(0, Bj)dxdy.
i= Ot#kj 0,417 Yi 2

Following the equation of " (x,y), we have

][xkﬂ][)ﬂﬂcot Yl ot y% [f(x,y) - fC(xay)] dXdy

Xke+1 [YVI+1 —t y—
(1, s ][ ][ cot— cot T(x Xit0.5)dxdy
(50)

X1 (VI+1 —
+f:ytS][ ][ cot—cot 3 (y Yj+0.5)dxdy
Xk+1 [YI+1 i
—i-][ ][ cot—cot—%ﬂ (x,y)dxdy,

and by Taylor expansion of f,(x,y) and f;(x,y), we have
fx(xay) :fx(t,s)+fxx(t,s)(x—t)+fxy(t,s)(y—s)
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Jy6y) = fy(t:5) + fi(t8) (x = 1) + fiy (2,5) (y = 5)-

Combining Eq. 49, Eq. 50 together, we have

27 y—
][ ]7[ cot* Lot =2 [f(x,y) — fe(x,y)]dxdy

2
—Incloexi i x—t y—s (51)
-y Z/ 7 et S ot S f(n) — el )]y
i=0 j=0%i j
F(t,5)Sox(T)h+ fr(t,5)So0y(T)h+ Zn(2,5),
where
Ton(t,5) = ) (1,5) + B (1,5) + R (1.,5) + B (1.5)
and
" (1,5)
n_l  n-l Xkl [Vj+1 y—
= Z Z / /y fop(t,5) cotTcotT(x Xit0.5)(x —1)dxdy
i=0,itk j=0, jl 7 ¥i j
n—1 — Xitl  [Vj+1 _
+ Z / e Srxe(tys) COtT cotyT(x Xiv05)(y — s)dxdy,
i=0,ik j=0,j
% t,s)
n_l  n-l Xl fYj+1 x—t y—s
= Z / /} Fux(t,5) cotTcotT(y—y.,-Jroj)(x—t)dxdy
i=0,itk j=0, jl 7 ¥i j
n-1 n—l Xit1 Vj+1 xX—1 y—=s
+ ) /x /y Si(t,s) COtTCOtT(Y—yﬁo.S)()’—S)dxdy,
i=0,ik j=0, jl 7 ¥i j

3) Xit1 YVi+1 y—
Zn (l S) / / cot—cot ij(oci,ﬁj)dxdy,
i=0 17ékj 0 ];él Xi 2

X1 Vi1 —t — .
A (t,5) :][ H][ +cothcoty2—S%””(x,y)abcdy.

Xk i
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For the first term of %) (t,s), we have

Xitl  [Yj+1 t y—=s
/ fop(t,s cot—cot—(x Xi+0.5)(x —1)dxdy
Xi Vi 2 2

/x:+l /yl+| k[ fxy (t s) (x Yit0. 5) dxdy
Xi

y—s

i= Ot%k} O];él

i= Ol#k] 0]7él
n—-1 Vj+1 1

< Cmax{lk () 01} T [ mvioslar Y[

i=0,i£k X j=0,j#17Yi ‘y—S
< Cmax{[k (x)], [ks (1} (IIn | + [Iny(7) ).

i

For the second term of %) (t,s), we have

n-1  n-l Xitl  [Vj+l ¢ y—

Y X / Jet, S)COtiCOti(X Xit+0.5)(y — ss)dxdy
i=0,ik j:O j;él Xy 2 2

/ / i B0 fo(19) (8 —is03)

x—t

i= 017&/(] 0,j#L

n-1 Yirl ]

< Cmax{ |k ()], [k (5]} Z / x—xiposldx Y / o

i=0,i4k i iotuty Xt
< Cmax{[k (x)], [ks(y1}(IIn k| + [Iny(7) ).

which means

|22, (1,5)| < Cmax{[ks (x)], [ks ([} (| In | + [ Iny(7) ).
Similarly, we also have

|22 (1,5)| < Cmax{[ke (x)], [ks (7]} (| Inh| + [ Iny(7)])?
By Lemma Eq. 6 and Lemma Eq. 7, we have

[ 2,5)| < Cmax{ |k ()], [ks (Y} (| In A + [ Iny(T)]) ],

The proof is completed.

For the one-dimensional Hilbert integral, we can easily get the superconvergence
point is j:%. As we have proved above, the superconvergence point of certain two-
dimensional Hilbert integrals are (+3,+3).
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4 Numerical analysis
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In this part, we present several examples to illustrate our theorems.

Example 1 We consider the one dimensional Hilbert integral

x—t

2
][ cot —— sinxdx = g(t)
0 2

and the analysis solution is

g(t) = —2mcost.

We adopt the uniform meshes to examine the convergence rate of the rectangle rule
with the dynamic point witht =y, 3+ (T+1)h/2 andt = a+ (7 + 1)h/2.

Table 1: Error estimate of rectangle rule for t = a+ x|, /3 + (T + 1)h/2

=0 T=7% T=—3 T=1
36 1.4331e-1 | -2.8376e-3 | 1.2500e-2 | 7.1381e-2
72 6.6068e-2 | -9.2338e-4 | 3.1271e-3 | 3.2859¢-2
144 3.1638e-2 | -2.5728e-4 | 7.8189%¢-4 | 1.5762¢e-2
288 1.5470e-2 | -6.7600e-5 | 1.9547e-4 | 7.7192¢e-3
576 | 7.6481e-3 | -1.7308e-5 | 4.8868e-5 | 3.8199¢-3
1162 | 3.8023e-3 | -4.3781e-6 | 1.2217e-5 | 1.9001e-3

Table 2: Error estimate of rectangle rule fort = a+ (t+ 1)h/2

T=0 T=12 T=—% T=1
36 -2.4891e-1 | -9.2064e-3 | -7.5746e-3 | -1.2888e-1
72 -1.2285e-1 | -2.1535e-3 | -1.9441e-3 | -6.2478e-2
144 | -6.0971e-2 | -5.1876e-4 | -4.9225e-4 | -3.0742e-2
288 | -3.0367e-2 | -1.2717e-4 | -1.2384e-4 | -1.5247e-2
576 | -1.5153e-2 | -3.1474e-5 | -3.1055e-5 | -7.5922¢-3
1152 | -7.5688e-3 | -7.8283e-6 | -7.7759¢e-6 | -3.7883¢e-3

From the table 1 and table 2, we know that when the local coordinate of singular
point is j:%, the quadrature reach the convergence rate of O(h?) as for the non-
supersingular point the convergence rate is O(h) which agree with our theoremati-
cally analysis.
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Example 2 Consider the supersingular integral
][ ,J[ cot— cot —f(x y)dxdy, (53)

with

f(x,y) = sin(x) sin(y)

and the exact solution is

47% cos(r) cos(s).

Table 3: Error estimate of rectangle rule with t = x,, 3+ (T +1)h/2 and 5 = y, /3 +

(t+1)h/2
(0,0) [ 2/3.2/3) [ (=2/3,—2/3) | (2/3.~2/3) | (0/3.2/3)
24 | 4.6827e+0 | 5.8360e-2 79151e-1 5.9389¢-1 | 2.9177e+0
48 1.7189e+0 | -3.7697e-2 1.8886e-1 1.0437e-1 | 9.6767¢-1
96 7.1047e-1 | -1.3659¢-2 4.5806e-2 2.0156e-2 | 3.7754e-1
192 | 3.1951e-1 | -3.7717e-3 1.1258e-2 4.2832e-3 | 1.6474e-1
384 | 1.5105e-1 | -9.7623e-4 2.7893e-3 9.7588e-4 | 7.6702e-2

Table 4: Error estimate of rectangle rule with t = a+ (7 + 1)h/2 and 5 =y, /3 +

(t+1)h/2
(0,0) [ 2/3.2/3) | (=2/3,—2/3) | (2/3.=2/3) | (0/3.2/3)
24 | -6.3967e+0 | -5.4351e-1 -9.1008e-1 | -9.8242e-1 | -3.9857e+0
48 | -2.7995e+0 | -6.5981e-2 -2.3183e-1 | -2.4573e-1 | -1.5760e+0
96 | -1.2761e+0 | -7.1651e-3 -5.8228e-2 | -6.0246e-2 | -6.7810e-1
192 | -6.0473e-1 | -6.3922e-4 -1.4573e-2 | -1.4842e-2 | -3.1181le-1
384 | -2.9378e-1 | -1.8277e-5 -3.6441e-3 | -3.6787e-3 | -1.4918e-1

We adopt the uniform meshes to examine the convergence rate of the rectangle
rule with the dynamic point with ¢ = xj, /3 + (1 +T)h/2,s = y, /3 + (T + 1)h/2,
t=x,3+(T+1)h/2,s=a+(t+1)h/2andt =a+(t+1)h/2,s=a+(T+1)h/2.
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Table 5: Error estimate of rectangle rule witht =a+ (t+ 1)h/2 and s = b+ (T+
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1)h/2

(0,0) [ (2/3,2/3) [ (-2/3,-2/3) | (2/3,-2/3) | (0/3,2]3)
24 8.7381e+0 | 1.1226e+0 7.5598e-1 9.6190e-1 | 4.9035e+0
48 4.5594e+0 | 2.6862e-1 2.0791e-1 2.3904e-1 | 2.4433e+0
96 2.2920e+0 | 6.2626e-2 5.4225e-2 5.8451e-2 | 1.1893e+0
192 | 1.1446e+0 | 1.4924e-2 1.3828e-2 1.4377e-2 | 5.8331e-1
384 | 5.7137e-1 | 3.6300e-3 3.4903e-3 3.5602e-3 | 2.8846e-1

From the table 3, we know that when the local coordinate of singular point is
(£3%,£%), the quadrature reach the convergence rate of O(h*) as for the non-
supersingular point the convergence rate is O(h) which agree with our theore-
matically analysis. For the case of ¢ = x,/3+ (T +1)h/2,s = a+ (T +1)h/2 and
t=a+(t+1)h/2,s=a+(t+1)h/2, table 4 and table 5 show that the convergence
phenomenon for the mid-rectangle rue can also reach O(h?) for superconvergence
point, which is different with the case of Cauchy Principal integral on interval,as
there are no the influence of the boundary condition.
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