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Patient-Specific Carotid Plaque Progression Simulation
Using 3D Meshless Generalized Finite Difference Models
with Fluid-Structure Interactions Based on Serial In Vivo

MRI Data

Chun Yang1,2, Dalin Tang2 and Satya Atluri3

Abstract: Previously, we introduced a computational procedure based on three-
dimensional meshless generalized finite difference (MGFD) method and serial mag-
netic resonance imaging (MRI) data to quantify patient-specific carotid atheroscle-
rotic plaque growth functions and simulate plaque progression. Structure-only
models were used in our previous report. In this paper, fluid-stricture interaction
(FSI) was added to improve on prediction accuracy. One participating patient was
scanned three times (T1, T2, and T3, at intervals of about 18 months) to obtain
plaque progression data. Blood flow was assumed to laminar, Newtonian, vis-
cous and incompressible. The Navier-Stokes equations with arbitrary Lagrangian-
Eulerian (ALE) formulation were used as the governing equations. Plaque material
was assumed to be uniform, homogeneous, isotropic, linear, and nearly incom-
pressible. The linear elastic model was used. The 3D FSI plaque model was dis-
cretized and solved using a meshless generalized finite difference (GFD) method.
Growth functions with a) morphology alone; b) morphology and plaque wall stress
(PWS); morphology and flow shear stress (FSS), and d) morphology, PWS and FSS
were introduced to predict future plaque growth based on previous time point data.
Starting from the T2 plaque geometry, plaque progression was simulated by solving
the FSI model and adjusting plaque geometry using plaque growth functions itera-
tively until T3 is reached. Numerically simulated plaque progression agreed very
well with the target T3 plaque geometry with errors ranging from 8.62%, 7.22%,
5.77% and 4.39%, with the growth function including morphology, plaque wall
stress and flow shear stress terms giving the best predictions. Adding flow shear
stress term to the growth function improved the prediction error from 7.22% to

1 Corresponding author, chunyang@bnu.edu.cn, School of Mathematical Sciences, Beijing Normal
University, Key Laboratory of Mathematics and Complex Systems, Ministry of Education, Beijing,
100875, China

2 Worcester Polytechnic Institute, Worcester, MA 01609
3 Center of Aerospace Research & Education, University of California, Irvine, CA 92612



54 Copyright © 2011 Tech Science Press CMES, vol.72, no.1, pp.53-77, 2011

4.39%, a 40% improvement. We believe this is the first time 3D plaque progres-
sion FSI simulation based on multi-year patient-tracking data was reported. Serial
MRI-based progression simulation adds time dimension to plaque vulnerability as-
sessment and will improve prediction accuracy for potential plaque rupture risk.

Keywords: meshless, generalized finite difference, artery, plaque progression,
fluid-structure interaction, atherosclerosis.

1 Introduction

A large number of fatal clinical events such as heart attack and stroke are caused by
rupture of a vulnerable atherosclerotic plaque [Fuster (1998); Fuster et al. (1990);
Naghavi et al. (2003a, 2003b)]. One main challenge for the researchers and clin-
icians is that many victims of the disease who are apparently healthy die sud-
denly without prior symptoms. Considerable effort has been devoted investigating
mechanisms governing atherosclerotic plaque progression and rupture [Boussel et
al. (2009); Friedman, Bargeron, Deters, Hutchins and Mark (1987); Dhawan et
al. (2010); Friedman and Giddens (2005); Giddens, Zarins, Glagov, S. (1993);
Kaneda, Ako, Terashima (2010): Ku, Giddens, Zarins and Glagov (1985); Gibson
et al. (1993); Koskinas et al. (2009, 2010); Liu and Tang (2010); Scotti et al.
(2005); Stone et al. (2003); Yang, Tang, Atluri et al. (2008,2010); Yang et al.,
(2010); Yuan, Mitsumori, Beach, and Maravilla (2001)]. While major advance-
ments have been made in medical imaging for early detection and diagnosis of ad-
vanced atherosclerosis patients, research efforts have been focused on assessment
of plaque vulnerability using one-time patient data. Computational models and
methods based on multi-year patient follow-up data to simulate plaque progression
and predict possible future rupture are lacking in the literature.

Most efforts for plaque progression research were focused on fluid dynamics side
since it has been well accepted that atherosclerosis initiation and progression cor-
relate positively with low and oscillating flow wall shear stresses [Friedman, Barg-
eron, Deters, Hutchins and Mark (1987); Dhawan et al. (2010); Friedman and Gid-
dens (2005); Giddens, Zarins, Glagov, S. (1993); Ku, Giddens, Zarins and Glagov
(1985); Gibson et al. (1993); Koskinas et al. (2009, 2010); Liu and Tang (2010);
Papafaklis et al. (2010); Stone et al. (2003)]. It has been well accepted that low
and oscillating flow shear stress provides favorable environment for atheroscle-
rosis initiation and early progression. However, this “low and oscillating shear
stress hypothesis” cannot explain why moderate and advanced plaques continue
to grow under elevated flow shear stress conditions [Tang et al. (2005); Yang et
al. (2010)]. In our recent multi-patient study, it was found that advanced human
carotid plaque progression correlated positively with flow shear stress (FSS) com-
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puted from follow-up scan, based on in vivo magnetic resonance imaging (MRI)
data from 14 patients and 32 MRI scan pairs (baseline and follow-up) [Yang et
al., 2010]. Another study using serial MRI patient-tracking data and computa-
tional models indicated that 18 out of 21 patients studied showed significant nega-
tive correlation between plaque progression measured by wall thickness increase
and plaque wall (structure) stress [Tang et al. (2008)]. 2D and 3D meshless
generalized finite difference (GFD) computational models were developed using
patient-specific plaque progression data to simulate plaque growth and predict fu-
ture plaque rupture risk [Yang, Tang, Atluri et al. (2008, 2010)].

In this paper, we extend our previous 3D meshless GFD structure-only models to
three-dimensional carotid plaque models with fluid-structure interactions. Since
plaque progression correlates with both plaque wall (structure) stress (PWS) and
flow shear stress (FSS), we hypothesize that growth functions including plaque
morphology, PWS and FSS would provide better prediction than growth functions
with fewer factors. A computational procedure based on 3D meshless generalized
finite difference method for both fluid and structure models and serial MRI data
was introduced to quantify patient-specific carotid atherosclerotic plaque growth
functions and simulate plaque progression. By using plaque progression simula-
tion, plaque vulnerability assessment and clinical decisions can be based on multi-
time MRI scans and simulated “virtual” plaque progression. With validation, our
procedure could be implemented in clinical applications. Simulated future plaque
morphologies with stress/strain distributions can be displayed to physicians and
patients and will lead to considerable improvement in prediction accuracy for po-
tential plaque rupture risk and possible prevention of fatal cardiovascular events.

Because of the complexity of plaque geometry and structure, meshless GFD method
has the advantage that it is meshless, thus avoids frequent re-mesh process that finite
element methods require. Yang, Tang, Atluri et al. introduced 2D and 3D mesh-
less GFD computational models using patient-specific plaque progression data to
simulate plaque growth and predict future plaque rupture risk [Yang, Tang, Atluri
et al. (2008, 2010)]. More broadly, computational modeling for engineering ap-
plications with meshless methods have made considerable advances in recent years
[Atluri (2004, 2005); Atluri, Yagawa, and Cruse (1995); Bathe (1996, 2002)]. A
“mixed” approach was introduced to improve the MLPG method using finite vol-
ume method [Atluri, Han and Rajendran (2004)]. GFD methods have been used in
many engineering applications and in our previous papers where irregular geome-
tries and free-moving boundaries are involved [Kleiber (1998); Liszka and Ork-
isz (1980); Tang, Chen, Yang, Kobayashi and Ku (2002); Tang, Yang, Kobayashi
and Ku (2001)]. One advantage of using GFD is that generalized finite difference
schemes can be derived for user-selected irregular grid points which can be freely
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adjusted to accommodate plaque deformation and growth. The MGFD method in-
troduced in this paper uses grid points from the local support of each nodal point
so that theoretical MLPG framework can be applied [Atluri (2004)].

2 Data acquisition, models and methods

2.1 In vivo serial MRI data acquisition

Serial MRI data from one patient was provided by the University of Washington
(UW) group using protocols approved by the University of Washington Institutional
Review Board with informed consent obtained. Scan time intervals were about
18 months, subject to scheduling variations. MRI scans were conducted on a GE
SIGNA 1.5-T whole body scanner using an established protocol outlined in the
papers by Yuan and Kerwin et al. [Kerwin et al. (2003); Yuan and Kerwin (2004)].
Details of the model construction process can be found from [Yang et al. (2010);
Yang, Tang, Atluri et al. (2008, 2010)]. Figure 1 gives the re-constructed 3D
geometries of the plaque at three time points showing plaque progression. Figure
2 gives segmented contour plots of 8 matched slices of the plaque at three time
points. These slices were used for model construction. The matched 8 slices were
used to determine plaque growth functions. Plaque geometry at Time 3 was also
used to validate simulated plaque progression.

 

(c) 3D View, Time 3(a)  3D View, Time 1 (b) 3D View, Time 2

Yellow: 
Lipid Core

Dark Blue:
Calcification

Red: 
Lumen

Light Blue: 
Vessel

Figure 1: Re-constructed 3D geometry of a carotid plaque based on in vivo serial
MRI data. Three time point data are shown. T1, T2 and T3 refer to time points
from here on, unless otherwise indicated. Scan interval: T1-T2, 562 days; T2-T3,
515 days. Red – lumen; Light Blue - outer wall; Yellow - necrotic core; Dark blue
– calcification.
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Figure 2: Segmented contour plots of a carotid plaque at three time points from a
participating patient obtained from multi-weighting MRI slices. Carotid bifurcation
was used as the registration point to match slices and 8 matched slices (S1-S8) were
selected for this progression simulation study. Magenta: necrotic lipid core; Black:
calcification.

2.2 The 3D FSI model and boundary conditions

2.2.1 The structure model

Since there was insufficient data to quantify individual plaque component growth,
the artery (or, the plaque; the two terms are used interchangeably in this paper)
was treated as a homogeneous material, which was assumed to be linear, isotropic
and nearly incompressible. The governing equations and corresponding initial and
boundary conditions are given below [Fung (1993; 1994)]:

ρui,tt = σi j, j, i, j = 1,2,3; sum over j, (1)

εi j = (ui, j +u j,i)/2, i, j = 1,2,3 (2)

σi j.n j|out_wall = 0, (3)
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σi j.n j|Γ = Pin(t)|Γ, (4)

ui|t=0 = ui0, (5)

ui,t |t=0 = u̇i0, (6)

u3|z = 0 = u30, (7)

u3|z = L = u3L, (8)

where ρ is vessel material density, ~u = (u1,u2,u3) is the displacement vector cor-
responding to x,y, and z directions, with z being the axial (longitudinal) direction.
σ is stress tensor, ε is strain tensor, Pin is the specified lumen pressure, Γ is vessel
inner boundary, u30(t), u3L(t) are the pre-stretch functions for the z-displacement
at the two ends of the tube, f , j stands for derivative of f with respect to the jth
variable. For the 3D linear model, the strain-stress relationship is:

σ11
σ22
σ33
σ12
σ23
σ31

= D ·



ε11
ε22
ε33
ε12
ε23
ε31

 (9)

D =



λ +2G λ λ 0 0 0
λ λ +2G λ 0 0 0
λ λ λ +2G 0 0 0
0 0 0 G 0 0
0 0 0 0 G 0
0 0 0 0 0 G

 (10)

where

G =
E

2(1+ µ)
, λ =

Eµ

(1+ µ)(1−2µ)
, (11)

E is the Young’s Modulus, µ is the Poisson ratio which was set to 0.495 in this
paper. Substitute (9)-(10) into (1), we have the displacement equations:

ρ
∂ 2u1

∂ t2 = (λ +2G)
∂ 2u1
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1

+G(
∂ 2u1

∂x2
2

+
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3
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+
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ρ
∂ 2u2

∂ t2 = (λ +2G)
∂ 2u2

∂x2
2

+G(
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∂x2
1

+
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∂x2
3
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∂ 2u1
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+

∂ 2u3
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ρ
∂ 2u3

∂ t2 = (λ +2G)
∂ 2u3

∂x2
3

+G(
∂ 2u3

∂x2
1

+
∂ 2u3

∂x2
2

)+(λ +G)(
∂ 2u1

∂x1x3
+

∂ 2u2

∂x2x3
). (14)

The boundary conditions are:

[(λ +2G)
∂u1

∂x1
+λ (

∂u2

∂x2
+

∂u3

∂x3
)] ·n1 +G(

∂u1

∂x2
+

∂u2

∂x1
) ·n2 +G(

∂u1

∂x3
+

∂u3

∂x1
) ·n3 = t̄1,

(15)
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(16)
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∂u1

∂x3
+

∂u3

∂x1
) ·n1 +G(

∂u2

∂x3
+

∂u3

∂x2
) ·n2 +[(λ +2G)

∂u3

∂x3
+λ (

∂u1

∂x1
+

∂u2

∂x2
)] ·n3 = t̄3,

(17)

where (n1,n2,n3) is the normal direction of the vessel surface. In our model, the
inner boundary (lumen surface) is with (t̄1, t̄2, t̄3) = (Pinn1,Pinn2,Pinn3), Pin is the
specified inner pressure. The outer boundary was set as a free boundary, with
(t̄1, t̄2, t̄3) = 0. The Young’s modulus was set to E=176 kPa based on our experi-
mental data [Kobayashi, Tsunoda, Fukuzawa, Morikawa, Tang, Ku (2003); Tang
et al. (2008); Tang, Yang, Zheng, Woodard, Saffitz, Petruccelli, Sicard and Yuan
(2005)] and current literature [Fung (1993); Humphrey (2002)]. The Poisson ratio
was set at ν=0.495.

2.2.2 The fluid model

Blood flow in the right ventricle was assumed to be laminar, Newtonian, vis-
cous and incompressible. The Navier-Stokes equations with arbitrary Lagrangian-
Eulerian (ALE) formulation were used as the governing equations. The fluid model
is given below:

ρ f (Vi,t +(V −Vg) jVi, j) =−p,i + µVi, j j, (18)

Vj, j = 0, (19)

Vi|Γ = ui,t , (20)

P|inlet = Pin(t) (21)

P|outlet = Pout(t) (22)
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σ
r
i jn

r
j|inter f ace = σ

s
i jn

s
j|inter f ace, (23)

where ρ f is fluid material density, ν is the fluid viscosity. ~V = (u,v,w) is the fluid
velocity vector corresponding to x, y and z directions, P is the fluid pressure, ~Vg is
the mesh velocity of fluid node. Pin(t), Pout(t) are the specified fluid pressure on
inlet and outlet, σ r and σ s are fluid and structure stress tensors, and nr and ns are
their outward normal directions, respectively. Steady pressure condition Pin=100
mmHg was used in this paper. Pout was set at 98.7, 98.1 and 97 for T1, T2 and
T3, respectively. The corresponding flow rates were 8.45, 7.88, and 7.47 ml/s,
reflecting some modest flow reduction for increased lumen narrowing.

2.3 The meshless Generalized Finite Difference FSI model

The meshless generalized finite difference structure model was introduced in our
previous paper for plaque progression simulation [Yang, Tang, Atluri (2010)]. In
this paper, fluid-structure interaction was added for better predictions. The GFD
concept and derivation of the generalized finite difference schemes are explained
by the following example. Fig. 3(a)-(e) gives the carotid plaque with distributed
nodal points with staggered grids. Fig. 3(d)-(e) gives leader-nodes (Pi) with their
neighbor nodes (Zj). The neighbor nodes were selected using a sphere support with
radius: R=s*max(dx,dy,dz). The support size control data s=3.0 was determined
numerically to reach best agreement with solutions obtained by ADINA. Fig. 3(f)
shows a simplified 2D plot of a leader node with its neighboring points, illustrating
the derivation process of GFD scheme.

2.3.1 The meshless GFD structure model

For inner nodes, we use 2nd order GFD scheme. For boundary nodes, we use 1st

order GFD scheme. For each leader node Pi with Ni neighbor nodes Zj, j=1, . . . ,
Ni (see Fig. 3(f)), the 2nd order Taylor expansion of f(x,y,z) at Pi is given by:

f j = fPi +dx j
∂ f
∂x1

∣∣∣∣
Pi

+dy j
∂ f
∂x2

∣∣∣∣
Pi

+dz j
∂ f
∂x3

∣∣∣∣
Pi

+
dx2

j

2
∂ 2 f
∂x2

1

∣∣∣∣
Pi

+
dy2

j

2
∂ 2 f
∂x2

2

∣∣∣∣
Pi

+
dz2

j

2
∂ 2 f
∂x2

3

∣∣∣∣
Pi

+dx jdy j
∂ 2 f

∂x1x2

∣∣∣∣
Pi

+dy jdz j
∂ 2 f

∂x2x3

∣∣∣∣
Pi

+dx jdz j
∂ 2 f

∂x1x3

∣∣∣∣
Pi

+ o(dx2
j + dy2

j + dz2
j), (24)
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Fluid 
V-star

Fluid 
P-star

(e) Fluid Velocity and Pressure 
Stars (Staggered).

Pi
Z1

Z2
Z3Z4 Z5

Z6 Z8
Z7

Z9
Z1
0 Z1

2

Z1
3

Z1
1

Z1
4

Z1
5

Z1
4

Z1
6

x

y

(f) Plot of Leader Node with  Round 
Support and Neighboring Points.

Velocity 
Nodes

Pressure
Nodes

Figure 3: Schematic drawing of meshless GFD scheme derivation and nodal point
distributions. (a) The plaque with distributed wall nodal points; (b) the fluid domain
with distributed velocity nodal points; (c) the staggered fluid velocity and pressure
nodal points); (d) 5 selected leader wall nodes (stars) with neighboring points; (e)
selected velocity and pressure leader nodes (stars) with their corresponding neigh-
boring points; (f) plot of a leader node with round support and neighboring points
(Zj) for easy demonstration of GFD scheme derivation.

where the subscript j=1. . . Ni is the subscript for the neighbor nodes Zj of Pi. f is
u1,u2,u3 in displacement formula, f j = f (Zj). Dropping the last term, we have:

dx1 dy1 dz1
dx2

1
2

dy2
1

2
dz2

1
2 dx1dy1 dy1dz1 dx1dz1

...
...

...
...

...
...

...
...

...

dxNi dyNi dzNi
dx2

Ni
2

dy2
Ni

2
dz2

Ni
2 dxNidyNi dyNidzNi dxNidzNi



·



f,1
f,2
f,3
f,11
f,22
f,33
f,12
f,23
f,13


Pi

=

 f1− fPi
...

fNi− fPi

 (25)
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where f j = f (Z j), f,k = ∂ f
∂xk

. f,kl = ∂ 2 f
∂xk∂xl

. GFD schemes for all the first and second
order derivatives are determined from (25) using function values at the Ni neighbor
nodes and least-square approximation techniques.

The first-order Taylor expansion is given by:

f j = fPi +dx j
∂ f
∂x1

∣∣∣∣
Pi

+dy j
∂ f
∂x2

∣∣∣∣
Pi

+dz j
∂ f
∂x3

∣∣∣∣
Pi

+o(dx+
j dy+

j dz)
j. (26)

The first order GFD schemes can be obtained similarly from the following system: dx1 dy1 dz1
...

...
...

dxNi dxNi dxNi

 ·
 f,1

f,2
f,3


Pi

=

 f1− fPi
...

fNi− fPi

 (27)

2nd order center difference scheme was used for the time derivative term:

∂ 2 f
∂ t2 =

f n+1−2 f n + f n−1

∆t2 +o(∆t2) (28)

Substituting all the GFD schemes and (28) into (12)-(14), we obtained the final
linear system for the displacement function:

K~u = ~f . (29)

The vector u = (u1, u2, u3)T is the displacement solution at time step (n+1).

2.3.2 The meshless GFD fluid model

A half staggered mesh was used in discretizing the fluid model. Different stars were
used for inner velocity and pressure nodes in equations (18)-(19). For momentum
equation (18), we used 2nd order GFD scheme for ∇2~V term, 1st order upwind
GFD scheme for

(
(~V −~Vg) ·∇

)
~V term, 1st order GFD scheme for ∇Pterm. For a

given velocity leader node Pi, the 2nd order GFD schemes for ∇2~V derivatives were
derived from the same formula as (25), with the leader node Pi and its neighbor
nodes Z j (j=1,2,. . . Nvi) all being velocity nodes. Without causing confusion, we
use u,v,w for velocity components, uPi indicates u at the leader node, u j is u at
neighboring nodes Z j. Calling Pi the V-V star, for velocity component f = u, we
have:

∂ 2u
∂x2

∂ 2u
∂y2

∂ 2u
∂ z2


Pi

=

 du1
i uPi +∑

Nvi
j=1 du1

j u j

du2
i uPi +∑

Nvi
j=1 du2

j u j

du3
i uPi +∑

Nvi
j=1 du3

j u j

 . (30)
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The 1st order upwind GFD schemes for
(
(~V −~Vg) ·∇

)
~V derivatives were derived

from the same formula as (27). The leader node Pi and its neighbor nodes Zj
(j=1,2,. . . Nvi) were all velocity nodes. However, only the nodes at the upwind
direction were included in the star. Still calling Pi the V-V star, for f = u (for v, w,
the derivation is the same), we have: ∂u

∂x
∂u
∂y
∂u
∂ z


Pi

=

 cu1
i uPi +∑

Nvi
j=1 cu1

j u j

cu2
i uPi +∑

Nvi
j=1 cu2

j u j

cu3
i uPi +∑

Nvi
j=1 cu3

j u j

 . (31)

The 1st order GFD schemes for ∇Pterm were the same using (27). Now, the leader
node Pi is velocity node, but its neighbor nodes Z j (j=1,2,. . . Npi) are pressure
nodes. Let f be the pressurePand call it V-P star, we have: ∂P

∂x
∂P
∂y
∂P
∂ z


Pi

=

 ∑
NPi
j=1 ep1

j Pj

∑
NPi
j=1 ep2

j Pj

∑
NPi
j=1 ep3

j Pj

 . (32)

Using u-equation as an example, Equation (18) can be re-written as:

ρ f
∂u
∂ t

+ρ f (u−ug)
∂u
∂x

+(v−vg)
∂u
∂y

+(w−wg)
∂u
∂ z

=−∂P
∂x

+ν(
∂ 2u
∂x2 +

∂ 2u
∂y2 +

∂ 2u
∂ z2 ).

(33)

With leader point Pi, its neighbor nodes of V-V star are Z j (j=1,2,. . . Nvi), its neigh-
bor nodes of V-P star are Tj (i=1,2,. . . Npi), the ∂u

∂ t term discretized using 1st order
forward time difference scheme, u− ug, v− vg, w−wg use data of last equation
iteration step. The discretized formula of u-equation (33) is:

ρ f
un+1,k+1

i −un
i

dt +ρ f (u
n+1,k
i −un+1,k

gi )(cu1
i un+1,k+1

i +∑
Nvi
j=1 cu1

j un+1,k+1
j )+

(vn+1,k
i − vn+1,k

gi )(cu2
i un+1,k+1

i +∑
Nvi
j=1 cu2

j un+1,k+1
j )

+(wn+1,k
i −wn+1,k

gi )(cu3
i un+1,k+1

i +∑
Nvi
j=1 cu3

j un+1,k+1
j )

=−∑
NPi
j=1 ep1

j Pn+1,k+1
j +ν(du1

i un+1,k+1
i +∑

Nvi
j=1 du1

j un+1,k+1
j +du2

i un+1,k+1
i

+∑
Nvi
j=1 du2

j un+1,k+1
j +du3

i un+1,k+1
i +∑

Nvi
j=1 du3

j un+1,k+1
j )

(34)

Here n is the time step index and k is the index for equation iteration. The dis-
cretized equations for v and w-equation of (18) can be obtained similarly.

For continuity equation (19), we use inner pressure node Pi as leader point and 1st

order GFD scheme for discretization. The neighbor nodes Zj(j=1,2,. . . Npvi) are all
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velocity nodes. Calling it the P-V star, we have: ∂u
∂x
∂v
∂y
∂w
∂ z


Pi

=

 ∑
Npvi
j=1 bpu1

j u j

∑
Npvi
j=1 bpv2

j v j

∑
Npvi
j=1 bpw3

j w j

 . (35)

The discretized formula of (19) is:

Npvi

∑
j=1

bpu1
j un+1,k+1

j +
Npvi

∑
j=1

bpv2
j vn+1,k+1

j +
Npvi

∑
j=1

bpw3
j wn+1,k+1

j = 0. (36)

Assembling all the discretized equations together, the final linear system is:

K f
⇀
W= ~f . (37)

⇀
W= (u,v,w,P)T is the fluid solution at time step (n+1), equation iteration step
(k+1).

2.3.3 Fluid-structure interaction and FSI model solution process

An iterative procedure was employed to handle fluid-structure interaction. The
unsteady structure and fluid models were solved using steady boundary conditions.
The FSI model solution process involves three loops:

1st loop: time step iteration step, n=0,1,2,. . . to get to time steps when steady solu-
tions are obtained;

2nd loop: FSI iteration step indicated by L. For structure displacement, we set
~un+1,0 =~un, using the fluid pressure on lumen, solve the solid equations, get~un+1,L+1

, L=0,1,2,. . . , till∥∥~un+1,L+1−~un+1,L
∥∥≤ εFSI (38)

It should be noted that there is no iteration within the structure model solution
procedure since the structure model is linear.

3rd loop: Navier-Stokes equation iteration step for fluid model indicated by k:

For fluid model, we take the structure inner boundary as the boundary for fluid

domain, set
⇀
W

n+1,0
=

⇀
W

n
, k=0,1,2,. . . , solve fluid model till,∥∥∥∥⇀

W
n+1,k+1

−
⇀
W

n+1,k
∥∥∥∥≤ εeq. (39)

We set
⇀
W

n+1
=

⇀
W

n+1,k+1
and go back to the structure model.
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We continue the time loop until the plaque geometry, the structure displacement
and fluid solutions are no longer changing with time, i.e., changes are within the
pre-set tolerance.

2.4 3D re-construction and a shrink-stretch process

Our numerical procedures need to start from geometries with zero flow velocity,
zero pressure and zero stress/strain distributions. Under the in vivo condition, the
artery is axially stretched and pressurized, thus axial and circumferential shrinking
was needed a priori to generate the starting plaque geometry for the computational
model. A pre-shrink and pre-stretch process was applied so that the vessel would
match the in vivo geometry. The shrinkage in axial direction was 9% so that the
vessel would regain its in vivo length with a 10% axial stretch. Circumferential
shrinkage for lumen and outer wall was determined so that: 1) total mass volume
was conserved; 2) plaque geometry after 10% axial stretch and pressurization had
the best match with the original in vivo geometry. Fig. 4 compares the contours
obtained from the GFD model with MRI contours. While some variation can be ob-
served due to the stretch and pressurization, the net wall thickness errors (averaged
over all 1200 data points) were less than 2%.

2.5 GFD method and model validation

A commercial finite element software package ADINA (ADINA R & D, Inc., Wa-
tertown, MA) was used to validate our GFD FSI model. ADINA has been validated
by hundreds of realistic engineering and real life applications and is well accepted
in the industry and research communities [Bathe (1996); Bathe (2002)]. We have
been using ADINA in the past 15 years to construct and solve 2D/3D artery models
which were validated by experimental measurements [Tang et al. (2005,2008)]. Fi-
nite element ADINA FSI models were constructed for all three time points T1, T2
and T3 following the same procedures used in [Tang et al. (2005)]. Comparisons
of results from the two models are given in Section 3.

2.6 Vessel wall thickness definition and quantification of plaque growth func-
tions

GFD FSI models were constructed based on in vivo MRI data at Time 1 (T1), Time
2 (T2) and Time 3 (T3) and solved to get 3D plaque geometry (which matched
in vivo MRI geometry with errors less than 2%), plaque wall stress (maximum
principal stress denoted by σ ) and flow wall shear stress denoted by τ . Slices
from the three scans (T1, T2 and T3) were matched using the carotid bifurcation
as the registration point (see Fig. 2). In this paper, vessel wall thickness (WT) was
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(a) Contours from the GFD  model (blue)  matched  
well   with MRI contours (red).

(b) Same as (a), Stacked View.

Figure 4: Comparison of MRI contours and GFD results after the shrink-stretch
process. Time 1 data was used. Blue: contours from GFD FSI model; Red: in vivo
MRI contours.

selected as the measure for plaque progression. For each matched slice, 100 evenly-
spaced points from the lumen were selected and a piecewise equal-step method
was introduced in our previous paper to calculate wall thickness [Ref]. Using the
8 matched slices, for each of the 800 data points, inner and out-boundary points
(xin(i,j), yin(i,j), xout(i,j), and yout(i,j) ), plaque wall stress σ , and flow wall shear
stress τ at T1- T3 were recorded for simulation use.

Four plaque growth functions (GF1, . . . , GF4) were introduced to predict “next
time step” plaque geometry. GF1 uses plaque morphology data only. GF2 uses
plaque morphology and plaque wall stress. GF3 uses morphology and flow shear
stress. GF4 included all the three factors, i.e., morphology, plaque wall stress and
flow shear stress. The formulas for GF1-GF4 are given below:

GF1(i, j) = a0( j)+a1( j)× fT 2(i, j)+a2( j)× d f
dt

∣∣∣∣
T 2

(i, j) ·∆t, (40)

GF2(i, j) = a0( j)+a1( j)× fT 2(i, j)+a2( j)× d f
dt

∣∣∣
T 2

(i, j) ·∆t+

+a3( j)×σT 2(i, j)+a4( j)∗ dσ

dt

∣∣
T 2 (i, j) ·∆t,

(41)

GF3(i, j) = a0( j)+a1( j)× fT 2(i, j)+a2( j)× d f
dt

∣∣∣
T 2

(i, j) ·∆t

+a5( j)× τT 2(i, j)+a6( j)× dτ

dt

∣∣
T 2 (i, j) ·∆t,

(42)
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GF4(i, j) = a0( j)+a1( j)× fT 2(i, j)+a2( j)× d f
dt

∣∣∣
T 2

(i, j)∆t

+a3( j)× σT 2(i, j)+a4( j)× dσ

dt

∣∣
T 2 (i, j) ·∆t+

+a5( j)× τT 2(i, j)+a6( j)× dτ

dt

∣∣
T 2 (i, j) ·∆t,

(43)

where ak(j) are coefficients of the growth functions to be determined fitting T3 data,
f is one of the displacement variables (inner- and outer-boundary point coordinates
xin(i,j), yin(i,j), xout(i,j), and yout(i,j) ), d f

dt

∣∣∣
T 2

(i, j) = fT 2(i, j)− fT 1(i, j)
T 2−T 1 which could also

be calculated using numerical steps in the simulation, ∆t = time step in simulation,
j= 1,2, . . . 8 is the slice number, i is the index for the points on each slice. The
coefficients ak(j) in GF1-GF4 were determined using least-squares method to best
fit nodal positions (x,y) of nodal points on plaque inner and outer boundaries at T3.
All data in growth function determination and plaque progression simulation were
from GFD FSI models. R2 values of the fitting results are given in Table 1.

Table 1: R2 values of the least-squares fitting results using the four growth func-
tions. (x-in, y-in) are coordinates of inner (lumen) boundary points. (x-out, y-out)
are coordinates of out boundary points.

GF Feature x-in y-in x-out y-out
GF1 x, y 0.994228 0.996873 0.998681 0.999154
GF2 (x,y) + σ 0.995197 0.998232 0.999215 0.999476
GF3 (x,y) + τ 0.997174 0.998164 0.999146 0.999423
GF4 (x,y) + σ + τ 0.997737 0.999088 0.999540 0.999696

2.7 Plaque progression simulation

Starting from the plaque geometry at T2 and using the plaque growth functions
determined in 2.6, the following procedure was used to simulate plaque progression
and try to reach best agreement with plaque geometry at T3 obtained from GFD
model (called the target T3 geometry from here on):

Step 1. Start from the original in vivo MRI geometry at T2, use proper shrinkage
to get the zero-pressure numerical starting geometry;

Step 2. Discretize the geometry using the meshless GFD method, solve the model
to get plaque geometry and stress/strain distributions under specified pressure con-
ditions;

Step 3. Set

[ fT 2_0(i, j) = fT 2(i, j), (44)
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fT 2_1(i, j) = fT 2(i, j)+( fT 3(i, j)− fT 2(i, j))/m, (45)

Step 4. We use m time steps to go from T2 to T3. For K=1, . . . ,m-1, do the
following (use GF1 as an example, GF2-GF4 are similar)

Step 4-1:

fT 2_(k+1)(i, j) = a0( j)+a1( j)× [w∗ fT 2_k(i, j) + (1−w) fT 2(i, j)]

+a2( j)∗ d f
dt

∣∣∣
T 2_k

(i, j) ·∆tk],
(46)

where d f
dt

∣∣∣
T 2_k

(i, j) == fT 2_k(i, j)− fT 2_(k−1)(i, j)
tk−tk−1

, ∆tk = tk+1− tk = T 3−T 2
m , f is the x and

y coordinates of nodal points of inner and outer boundaries for each slice.

Step 4-2. Adjust internal nodal points as needed;

Step 4-3. Solve the plaque model using the updated plaque geometry;

Step 4-4. Repeat Steps 4-1 to 4-3 till numerical time reaches T3.

The w-value in the simulation formula was determined numerically to have the best
matching with plaque T3 geometry. It should be noted that time unit for plaque
progression was “day”, while the time unit in the fluid and structure models was
“second.” Results obtained from the simulation code are presented in next section.

3 Results

One patient data with three time point MRI scans (see Fig. 1) was used to construct
the GFD models and demonstrate the simulation process. Results from GFD FSI
models were compared with that from ADINA models for validation. Simulation
errors from the four selected growth functions were compared. Details are given
below.

3.1 3D meshless GFD FSI model provided good agreement with ADINA solu-
tions

Figures 5 & 6 compares flow velocity and plaque maximum principal stress (Stress-
P1) obtained from both GFD and ADINA models. GFD results agreed well with
ADINA results (flow velocity error < 2%; plaque stress error < 3%).

3.2 Plaque progression simulations using growth functions GF1-GF4

Four growth functions were used to simulate plaque progression from T2 to T3
following the procedure described in 3.3. Fig. 7 gives the overlapping contour plots
of the simulated results at t= T2+(T3-T2)/4, T2+ (T3-T2)/2, T2+ 3*(T3-T2)/4, and
T3, showing good agreement between simulated and actual plaque progression.
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Z-cut 6, 
V-max=56.99 cm/s

Z-cut 5, 
V-max=50.50 cm/s

Z-cut  4, 
V-max=44.92 cm/s

Z-cut  3, V-max
=36.24 cm/s

Z-cut  2,  V-max=32.60 cm/s

Z-cut  1,  V-max=34.97 cm/s

Z-cut  6, 
V-max=57.41 cm/s

Z-cut  5, 
V-max=50.74 cm/s

Z-cut  4, 
V-max=45.51 cm/s

Z-cut  3, V-max
=36.68 cm/s

Z-cut  2,  V-max=32.56 cm/s

Z-cut  1,  V-max=35.14 cm/s

(a) Flow Velocity Plots from Adina Model (b) Flow Velocity Plots from GFD Model

Figure 5: GFD FSI model validation: Comparison of flow velocity plots on 6 cut
surfaces from GFD and ADINA models indicates that GFD solution has a good
agreement with that from ADINA model (error < 2%).

Fig. 8 gives the 3D stacked view of the simulated plaque geometries at 4 time
steps. Fig. 9 shows 3D stack views of simulated plaque progression using GF2,
GF3, and GF4.

To quantitatively compare the errors associated with the four growth functions, we
define the absolute and relative errors as:

Absolute Error = Σ| Simulated WT (i, j)− Target WT _T 3(i, j)|/1300, (47)

Relative Error = Absolute Error / Average Wall Thick at T3, (48)

Average Wall Thickness = ΣWT _T 3(i, j)/1300, (49)

where 1300=total number of nodal points (5 slices had two lumens) selected from
inner boundary, target WT_T3 is the plaque wall thickness at T3 obtained from
GFD model with axial stretch and pressure applied to reach best match with MRI
geometry. The errors for the simulated plaque geometries using GF1-GF4 are given
by Table 2. GF4 gave the best match with the target T3 geometry, which is 4.39%,
only about 1/2 of the error given by GF1.
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(a) Stress-P1 from Adina model , S1

(c)  Stress-P1 from Adina model , 
Bifurcation cut surface

(b) Stress-P1 from GFD model , S1

(d)  Stress-P1 from GFD model , 
Bifurcation cut surface

Maximum 
Stress-P1
= 83.5 kPa

Maximum 
Stress-P1
= 86.4 kPa

Maximum 
Stress-P1
= 81.0 kPa

Maximum 
Stress-P1
= 78.6 kPa

Figure 6: Comparison of plaque maximum principal stress (Stress-P1) from GFD
and ADINA models on Slice 1 and a bifurcation cut surface indicates that GFD
Stress-P1 solution has a good agreement with that from ADINA model (error <
3%).

Table 2: Comparison of absolute and relative errors of the 4 growth functions indi-
cating that the growth function including morphology, plaque stress and flow shear
stress provided better agreement with the target T3 geometry.

Growth Function GF1 GF2 GF3 GF4
Average T3 WT (cm) 0.14822 0.14814 0.14811 0.14805
Absolute Error (cm) 0.01278 0.01070 0.00855 0.00650

Relative Error 8.62% 7.22% 5.77% 4.39%

4 Discussions

4.1 Plaque growth function including morphology, plaque wall stress and flow
shear stress provided better prediction

Our results indicated that the growth function with plaque morphology, structural
stress and flow shear stress provided better matching with the target geometry, with
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(a) Simulated Contour Plots at t=T2+ 0.25*(T3-T2).

(b) Simulated Contour Plots at t=T2+ 0.5 (T3-T2).

(c) Simulated Contour Plots at t=T2+ 0.75*(T3-T2).

(d) Simulated Contour Plots at t=T3, the Final Time Step.

S1 S2 S3

S4 S5 S6 S7 S8

S1 S2 S3
S4 S5 S6 S7 S8

S1 S2 S3
S4

S5 S6 S7 S8

Figure 7: Simulated contour plots using Growth Function 1 at 4 intermediate time
steps compared with the target plaque contours as T3 obtained from GFD FSI
model. Blue: target contours; Red: simulated plaque contours converging to the
target contours.

an error of 4.39%, compared to an error of 8.62% given by a growth function with-
out structural stress and flow shear stress terms.

It should be emphasized that our simulation is aiming at a target plaque geometry
which was used in choosing the parameters for the growth functions. Prediction
accuracy would not be as good if we have the current growth function, run the
simulation process to predict future plaque progression without a target. The reason
for that is the trend of plaque growth may not be kept, and may even be reversed,
as reported in our recent multi-patient study [Ref]. Non-mechanical factors such
as medicine, cholesterol level, exercise, and even emotional stress play important
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(a) Stacked View, 
t=T2+ 0.25*(T3-T2).

(b) Stacked View, 
t=T2+ 0.5*(T3-T2).

(c) Stacked View, 
t=T2+ 0.75*(T3-T2).

(d) Stacked View, 
t=T3, Final Time.

Figure 8: 3D view of simulated plaque geometries converging to the target geome-
try.

roles and should be considered in future research.

4.2 Significance of the Meshless GFD FSI method

We have added fluid-structure interaction into our model which allowed us to in-
clude flow shear stress in our growth functions. By using the meshless GFD
method, we can adjust computational nodes in the plaque anyway we want to grow
the plaque as the growth function dictates. And this can be written into the compu-
tational code so that it is done automatically. The method and model developed in
this paper can be applied to many other biological and engineering processes where
the computational domain changes in the process being investigated.

4.3 Model limitations

The material model needs to be extended to 3D nonlinear models to reflect artery
stiffening behaviors. Plaque components should be included in the model. And the
growth functions need to be adjusted to include the proper terms that can represent
the plaque growth trend. Better understanding of the biological and mechanical
factors will help us to better formulate the growth function.

5 Conclusions

We believe that this is the first time that 3D meshless GFD models with fluid-
structure interaction were used to simulate human carotid atherosclerotic plaque
progression based on patient-specific plaque morphology and point-wise plaque
growth functions derived from multi-year MRI data. Our results indicated that
our proposed progression simulation process was able to accurately predict fu-
ture plaque morphology if the current progression trend was continued. The 3D
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(b) Simulated Plaque Progression by GF3.  Red: Simulation; Blue: Target Plaque Geometry at T3. 

(c) Simulated Plaque Progression by GF4.  Red: Simulation; Blue: Target Plaque Geometry at T3. 

t=T2+ 0.25*(T3-T2). t=T2+ 0.5*(T3-T2). t=T2+ 0.75*(T3-T2). t=T3, Final Time.

(a) Simulated Plaque Progression by GF3.  Red: Simulation; Blue: Target Plaque Geometry at T3. 

t=T2+ 0.25*(T3-T2). t=T2+ 0.5*(T3-T2). t=T2+ 0.75*(T3-T2). t=T3, Final Time.

t=T2+ 0.25*(T3-T2). t=T2+ 0.5*(T3-T2). t=T2+ 0.75*(T3-T2). t=T3, Final Time.

Figure 9: 3D stack view of simulated plaque progression geometries using three
growth functions GF2, GF3, and GF4 showing including neighboring points and
stress terms led to better match with target T3 geometry.

meshless GFD method worked well for the progression model. The predicted pro-
gression by the growth function including plaque morphology, structural stress and
flow shear stress was considerably more accurate than that given by other growth
functions (4.39% error compared to 8.62% for growth function using morphology
alone). More case studies are needed to validate our findings. Accurate plaque
progression simulation adds the time dimension to plaque vulnerability assessment
strategies and should improve our predicting accuracies.
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