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Geometrically Nonlinear Analysis of Anisotropic
Composite Plates Resting On Nonlinear Elastic
Foundations

Ali Kemal Baltacioglu' and Omer Civalek'-

Abstract: Geometrically nonlinear static analysis of an anisotropic thick plate
resting on nonlinear two-parameter elastic foundations has been studied. The plate
formulation is based on first-order shear deformation theory (FSDT). The govern-
ing equation of bending for rectangular orthotropic thick plate is derived by using
von Karman equation. The nonlinear static deflections of orthotropic plates on elas-
tic foundation are investigated using the discrete singular convolution method. The
effects of foundation, material and geometric parameters of orthotropic plates on
nonlinear deflections are investigated.

Keywords: Orthotropic plate, nonlinear analysis, static deflection, discrete sin-
gular convolution.

Introduction

In recent years, a great deal of studies has been devoted to linear and nonlinear
analyses of plates and shells. The linear and nonlinear static, dynamic and buck-
ling analysis of plates may be either analytical or numerical. The analytical or
rigorous approach consists of methods for seeking direct solutions to the govern-
ing differential equations of plates. It is well known that the analytical solution
of problems can be obtained for only a certain simple cases. Generally, analytical
solution cannot be found. Consequently, approximate numerical methods are the
only alternative that can be employed (Atluri et al., 2000; Zhu et al., 1998; Zhu et
al. 1999; Sladek et al., 2008a; Reutskiy, 2005; Atluri and Zhu, 1998).

For this reason, numerical approaches are widely used in various engineering and
sciences problems. Therefore, various methods have been used for numerical so-
lution of mathematical physics and engineering problems (Atluri and Shen, 2005;
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Sladek et al., 2005; Sladek et al. 2006; Atluri et al., 2006; Atluri et al., 2006a).
Differential quadrature, meshless methods and discrete singular convolution meth-
ods are recently proposed numerical solution technique in engineering and science
problems (Sladek et al., 2006a; Xiang et al., 2002; Sladek et al., 2007; Atluri and
Zhu, 2000; Atluri and Shen, 2002; Civalek 2005; Atluri et al., 1999; Atluri et al.,
2002).

It is generally known that, beam and plates are generally placed on an elastic foun-
dation in many practical applications of civil, mechanical, aerospace, and railroad
engineering (Nath et Shukla et al. 2005; al. 1986; Wang et al. 1992; Nath 1982;
Dumir 1988; Nath and Kumar 1995; ). So, the effect of foundation on the linear
and nonlinear static and dynamic response of plates is important (Shen 1999; 2000;
2000a; 200b; Reutskiy, 2007; Shukla and Nath 2000; Sladek and Atluri, 2004;
Sladek et al., 2002; Civalek 2004; Sladek et al., 2003; Sori’c et al., 2004; Civalek
2006; Nath and Kumar 1995a; Civalek 2007). In recent years, linear and nonlin-
ear analysis of laminated composite plate and shell structures have found increased
applications (Kant et al., 1988; Nath and Shukla, 2001; Kant et al. 1989; Kant et
al. 1990; Nath et al. 2006; Nath et al., 1985; Kant et al., 1992; Nath and Alwar
1980). However, relatively few studies can be found in the literature about the non-
linear analysis of anisotropic plates on nonlinear elastic foundation. The method
of discrete singular convolution (DSC) is an effective and simple approach for the
numerical verification of singular convolutions, which occur commonly in math-
ematical physics and engineering. The discrete singular convolution method has
been extensively used in scientific computations in past ten years (Lai and Xiang,
2009; Wei 2000; Civalek 2008). For more details of the mathematical background
and application of the DSC method in solving problems in engineering, the readers
may refer to some recently published reference (Wei et al. 2001; Wei et al. 2002).

In this paper, the method of discrete singular convolution is extended to the solution
of nonlinear boundary value problems in solid mechanics such as the geometrically
nonlinear analysis of anisotropic pates resting on nonlinear elastic foundations.

1 Governing equations

A laminated rectangular plate of dimensions a, b, and & resting on nonlinear elastic
foundations, shown in Fig.1 is considered. A Cartesian coordinate Oxy is located in
the middle surface of the plate. The displacement field at a point in the plate using
the first-order shear deformation theory is given as

u(x,y,z) = uo(x,y) + 2y (x,y),

v(x,¥,2) = vo(x,¥) + 2y (x,y),
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W(X,y7Z) :W()(X,y). (1)

where u, v and w are the displacement components of point (x, y, z),ug,vo and wo
are the displacement components at a point on the mid-plane of the plate in x, y and
z directions respectively, Y, and y, are the rotations of the transverse normal about
yz- and xz- planes of the plate, respectively.

Based on the von Karman nonlinear theory, which takes into account moderately
large deflections and small strains, the strain-displacement relations are written as
(Nath et al. 2006)

) )
& aau()* 2 (50)? e
& y T2 ( aa) 0)? aal’j,"
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Yz T+ Vs 0
Yz M+ll/ 0
dy y

For laminated composite plate, the constitutive relationship, the in-plane force and
moment resultants can be given by
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The transverse shear force can be expressed as

)L 210
O« Ass Ass| | %z
where the laminate stiffness coefficients (A;j, B;j, D;;) are in-plane, bending stretch-

ing coupling, bending, and thickness shear stiffness, respectively, defined in terms
of the reduced stiffness coefficients for the layers k=1,2,...,n. These are given as

(Aij,Bij,Dij) = Y /(lvzazz)(Qij)de (i, =1,2,6), (5)
k=1

(i) = Y kik; / Y (Oidz (i, =4.5). ©)
k=1 k-1
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Figure 1: Geometry and coordinate system of the anisotropic rectangular plate on
elastic foundation

where ki2 = 5/6 (i=4,5) are the shear correction factors. The equations of motion
for geometrically nonlinear analysis of laminated plates resting on nonlinear elastic
foundation are expressed as (Shukla and Nath, 2000)

ON, ON, *u %y,

ox T oy o R

o, )
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where the coefficients R, P and [ are the coupled normal rotary, normal rotary, and
rotary inertia, respectively, and defined as

h/2
(P,R,I) = /h/z(l,z,zz)pdz, (12)

Substituting the Egs. (2-6) into Eqgs. (7-11) and ignoring the time derivation for
static analysis, the governing equations of deflection can be given in the non-
dimensional form (Civalek, 2004)

Liy(U) +Lin(V)+Lis(W) =0 (13)
L1 (U) +Ln(V) +Lys(W) =0 (14)
L3 (U)+ L3 (V) + Lss(W) =0 (15)
Ly3z(Wx) + Laa(Wy) + Las(W) =0 (16)
L52( )+L53(‘Px)+L54(‘Py)+L55(W) 0 7

The differential operators given in the governing equations (13a-13e) are given as
(Civalek, 2004)

02 ) 22 9?2
11 :Allﬁ-l‘)b A66W+2AA16W (18)
92 ) 22 22
L12:A16ﬁ +A A26W +A (A +A66)m (19)
a% 3 3
L15 = 2061 A11 8X3 +7L A66 8Y28X +2AA1678X28Y
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The following non-dimensional quantities are used.

U=u/h, V=v/h, W=w/h, Y=y, ¥,=y,,

X =2/a, Y=2y/b, A=a/b, B=a/h, oy =h/a,

OCQZh/b, K :k1a4/D117 K2=k204h2/D11, G:kpaz/DU (38)

2 Discrete singular convolution (DSC)

Discrete singular convolution (DSC) method is a relatively new numerical tech-
nique in applied mechanics. The method of discrete singular convolution (DSC)
was proposed to solve linear and nonlinear differential equations by Wei (1999),
Wei et al. (1998) and later it was introduced to solid and fluid mechanics by Wei
(2001a), Wei et al. (2002a), Zhao et al.(2002; 2002a; 2005), Xiang et al. (2005),
Seckin and Sar:giil (2009, 2009a) and Civalek (2008, 2008a, 2009).

In the context of distribution theory, a singular convolution can be defined by (Wei
et al., 2002)

FO):(T*nXﬂ:i/TO—wﬁK@dx (39)

Where T is a kind of singular kernel such as Hilbert, Abel and delta type, and ()
is an element of the space of the given test functions. In the present approach, only
singular kernels of delta type are chosen. This type of kernel is defined by (Zhao
and Wei, 2002)

T(x)=8"(x); (r=0,1,2,....). (40)
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where subscript r denotes the rth-order derivative of distribution with respect to
parameter x.

In order to illustrate the DSC approximation, consider a function F(x). In the
method of DSC, numerical approximations of a function and its derivatives can
be treated as convolutions with some kernels. According to DSC method, the rth
derivative of a function F(x) can be approximated as (Zhao and Wei, 2003)

Z SM i—x)f): (r=0,1,2,...). 41)

where A is the grid spacing, x; are the set of discrete grid points which are centered
around x, and 2M + 1 is the effective kernel, or computational bandwidth. It is also
known, the regularized Shannon kernel (RSK) delivers very small truncation er-
rors when it use the above convolution algorithm. The regularized Shannon kernel
(RSK) is given by (Wei et al., 2001)

in A)(x—x x—x)°
R e [(26;)] ot +

6A G(X —xk)

The researchers is generally used the regularized delta Shannon kernel by this time.
The required derivatives of the DSC kernels can be easily obtained using the below
formulation (Wei, 2001)

di”

5(Ar7)c;(x—xj) I

[Bac(x—x))] |, (43)

The second-order derivative at x # x;, for example can be given as follows (Wei,
2001)

mt/A)sin(mw/A)(x — xz)
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For x = xy, this derivative is given by

@ 3+ (T*/A)e* 1 a?
T @)

3 Method of Solution

Using DSC method to discretize the spatial derivatives in Eqgs. (13), the derivatives
of the displacement components can be given by (Baltacio?lu, 2010)

D]l(U)—i-D]z(V)—i-D]s(W) =0 (46)
D11 (U)+D2n(V) +Das(W) =0 7
D31 (U)+D3(V)+D3s(W) =0 (48)
D41 (U)+Ds2(V) +Dss(W) =0 (49)
Ds>(V) + Ds3(Wx ) + Dsa(¥y ) + Dss(W) =0 (50)

The differential operators given in the governing equations (42) are given as (Bal-
tacioglu, 2010)

Dy = ARy + A2 ARy +24A416R3y GD

D1y = ARy + A2 A2 Ry + A (A12 +Aes) Ry (52)
D15 = 2061 [A] 19{)3( + 12A669t%9{)1( + 21A169{§9{H

+20p [A169{)1(93)2/ + 12A669{; +A(A2 +A66)9t)1(9{12/] (53)
D> :A169t§( +12A269‘i% +A(A2 +A66)%§y (54)
Dy = Aﬁﬁgt)z( + leQQEK%/ + 2114269{%()’ (55)

D>s =20y [AI(,ER?( + lezégt%ﬂt;l( + A(Alz +A66)9{§(9t)1/]

+205 [Aes Ry Ry +A%AnRy +24A26Ry R} | (56)
0 0
D31 = 5% D3] t5v D3] (57)
2 A2 A
DY, = ZANRE 424 RE+4Z A R2, (58)
B B B
2 2 ;Lz 2

B
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0 d
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The resulting equation can be given as

{["K] + VK] } {x} = {F} a1
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Where the “K and V'K are the linear and nonlinear operators, respectively and are
defined as

Kii Ko Kiz Kis Kis
Ky1 Ky»n Kz Ky Kps
Lgk=10o 0o 0o 0 0 (72)

0 0 0 0 0
0 0 0 0 0
MK =|Ky Kz Kz Kz Kss (73)
0 0 0 0 0
0 0 0 0 0

The displacement and load vector are given by

xy={v v ¥ ¥ w}’ (74)
{F}={0 0 ¢ 0 o} (75)
and the elements of the DSC operators are defined below
o ;
()= 200 5 5 hAx) e (76)
oxm — &~
a(n) M \
()= 2y s kar) (e an
Iy k=—M
(n) M
(-1 y_ 90 _ o
Ry Ry ()_m—k;M6AG )ith,j Z kAY )ikt
(78)
n— 9() n— oz
Ry RO = 5015y 2 8 kAX) ik Y, Shlg(KAY) ik
k=—M

(79)

The resulting nonlinear equation has been solved using the Newton-Raphson method
(Civalek, 2004; Civalek, 2006; Baltacioglu, 2010). The procedure is based on an
incremental iterative method.
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4 Numerical Results and Discussions

In this section, several examples of the linear and nonlinear analyses of anisotropic
plates are provided to demonstrate the validity and accuracy of the proposed method.
In the following solutions, four sets of orthotropic materials, unless mentioned oth-
erwise, are considered:

Material-I (Glass-Epoxy)

E,/JEc=3, Gy/E,=0.5, v,=0.25
Material-II (Boron-Epoxy)

E,/Ex=10, G./E,=0.333, v,=022
Material-III (Graphite- Epoxy)

E,/Ex =40, G/E,=0.60, v,=0.25
Material-IV (Isotropic)

EJE.=1, Gy/E,=0385 1,=03

To test the accuracy of the proposed DSC approach, some convergence studies
have been made. Table 1 presents the numerical results obtained by DSC method
using different grid points for SSSS orthotropic plates. The results are compared
with those exact (Timoshenko, Woinowsky-Krieger, 1959) values and results given
by Tsay and Reddy (1978). It is observed from the comparison that for all the
results presented in Table 1, the error is within 0.5% using 13 grid points. Further
comparison has been made and presented in Table 2 for isotropic plate on two-
parameter elastic foundations subjected to a uniformly distributed load. Excellent
agreement is achieved between the present results and the literature results obtained
by boundary element method (Wang et al., 1992) and differential cubature method
(Teo and Liew, 2002). The last comparison study is related to central deflection
of CCCC anisotropic plate on two-parameter elastic foundations for two different
materials (Table 3). The present DSC solutions are compared with the solutions of
the Kirchhoff thin plate theory given by Dumir and Bhaskar (1988). It can be seen
that the results are reasonable. It is also noted that the results given by Dumir and
Bhaskar (1988) is based on the thin plate theory. Thus, 15 grid points are used in
the following computations.

Nonlinear central deflection of SSSS anisotropic plate on two-parameter elastic
foundations is listed in Table 4 for different material and foundation parameters.
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The effect of the increase in Winkler and Pasternak foundation parameters is to
decrease the nonlinear deflections of plate. Nonlinear central deflection of Glass-
Epoxy and Boron-Epoxy square plates under uniformly distributed load are calcu-
lated and listed in Tables 5-6. Two different boundary conditions are considered.
Results are presented for different Winkler, Pasternak and nonlinear foundation pa-
rameters.

The effects of aspect ratio of anisotropic plate on the nonlinear deflections are stud-
ied and results are depicted in Figs. 2-3.

3.6 3
3 4
24
2.4
1.8
z 18 Z
1.2
1.2
| —o—b/a=0.8
056 | A
—A—Db/a=0.5 —a—Db/a=0.5
0 - - - - T 0 - T T - -
0 60 120 180 240 300 360 0 60 120 180 240 300 360
Q Q

Figure 2: Variation of non-linear cen-
tral deflection of SSSS Graphite-Epoxy
plate under uniformly distributed load

Figure 3: Variation of non-linear cen-
tral deflection of SSSS Graphite-Epoxy
plate under sinusoidal load (a/h=100)

(a/h=100)

Nonlinear central deflection of SSSS anisotropic plate under uniformly distributed
and sinusoidal load for different aspect ratio (a/h=100; Graphite-Epoxy) are given
in these figures. It can be seen from these figures that deflections increase with
increasing value of aspect ratio. It is concluded from these figures that aspect ratio
of plate exhibit a significant effect on the nonlinear static response of plate. Vari-
ations of central deflection with three different foundation parameters for different
material properties are investigated. The results are presented in Figs. 4-6 for two
different boundary conditions. Variation of central deflection with Winkler param-
eters for different material properties (SCSC; a/h=100; G=0; K2=0) is depicted in
Fig. 4. Similarly, variation of central deflection with Pasternak parameters for dif-
ferent material properties (SCSC; a/h=100; G=0; K2=0) is depicted in Fig. 5. The
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Table 5: Nonlinear central deflection W (E,s*/qa*) of Glass-Epoxy square plates
under uniformly distributed load

Foundation parameters | SSSS | CCCC
Kl | G K2
0 1]0 0 0.4933 | 0.1396
40 | O 0 0.3028 | 0.1092
100 | 10 0 0.1275 | 0.0823
40 | 30 0 0.0893 | 0.0745
40 | 30 10 0.0603 | 0.0488
50 | 50 20 0.0397 | 0.0297

Table 6: Nonlinear central deflection W (E h*/ga*) of Boron-Epoxy square plates
under uniformly distributed load

Foundation parameters | SSSS | CCCC
Kl | G K2
0 0 0 0.2468 | 0.0548
40 | O 0 0.1681 | 0.0473
100 | 10 0 0.1026 | 0.0391
40 | 30 0 0.0855 | 0.0342
40 | 30 10 0.0546 | 0.0305
50 | 50 20 0.0387 | 0.0243

effect of the increase in Winkler and Pasternak foundation parameters is to decrease
the nonlinear deflections of plate. Maximum response occurs for Glass-Epoxy plate
and the minimum for Graphite-Epoxy plate.

The effect of nonlinear parameter of foundation on mode nonlinear deflections has
also been investigated and results presented in Fig. 6. In general, the deflections are
decreased with increasing value nonlinear parameter of foundation. Fig. 7 contains
plots of nonlinear deflection versus applied load for different Pasternak foundation
parameters of CCCC Glass-Epoxy plate under uniformly distributed load. It shown
clearly shown that the nonlinear response of deflections increases with increase in
load parameter.

5 Conclusions

A regularized Shannon delta kernel based discrete singular convolution method is
adopted for the nonlinear analysis of anisotropic plate resting on nonlinear elastic
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Figure 4: Variation of central deflection
with Winkler parameters for different
material properties (SCSC; a/h=100;
G=0; K2=0)
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foundations. The applicability of the DSC method is demonstrated from the linear
and nonlinear solution of plates on elastic foundations. The effects of some ge-
ometric and material properties of plates and parameters of foundations on static
response of plates are investigated. The investigation of the nonlinear dynamic
analysis of anisotropic plates on nonlinear elastic foundations is deferred as future
work by the method of discrete singular convolution and differential quadrature
methods.
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