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Size-Dependent Behavior of Macromolecular solids I1:
Higher-Order Viscoelastic Theory and Experiments

D. C.C.Lam', L-H Keung' and P. Tong’

Abstract:  Additional molecular rotations in long chained macromolecules lead
to additional size dependence. In this investigation, we developed the higher order
viscoelasticity framework and conducted experiments to determine the higher order
material length scale parameters needed to describe the higher order viscoelastic
behavior in the new framework. In the first part of the investigation of high order de-
formation behavior of macromolecular solids, the higher-order viscoelasticity theo-
ries for Maxwell and Kelvin-Voigt materials, and models of higher-order viscoelas-
tic beam deflection creep are developed in this study. We conducted creep bending
experiments with epoxy beams to show that the creep deflection behavior followed
the conventional Kelvin-Voigt viscoelastic behavior when the beams are thick and
that higher-order size dependences are present in both the time-independent elastic
and time-dependent creep deflection when the beams are thin. The higher-order
viscoelastic creep bending model with a higher-order material length scale param-
eter, [, was shown to be in good agreement with the data. Furthermore, /; is
chain-based, instead of mechanism-based. Since each macromolecular solid has
only a single set of chains, only a single /, is needed to characterize its higher or-
der behavior in the newly developed higher order viscoelasticity framework. The
new single /, higher order viscoelastic theory can be used to describe viscoelastic
nanomechanical behaviors in nanostructured macromolecular solids.

Keywords: polymer, creep, viscoelastic, size effect, strain gradient

1 Introduction

Conventional descriptions of material behaviors are strain-based (Doi 1996). Chain
rotation is the molecular mechanism underpinning strain-based deformation in macro-
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molecular solid. Experiments have shown size-effects are present when strain gra-
dients are non-negligible. Experiments showed that nanofibers 260 nm in diameter
have an elastic modulus of 47 GPa while nanofibers 375 nm in diameter have an
elastic modulus of 15 GPa in bending (Gu et al., 2005). Similar increases in the
bending elastic modulus were reported by Cuenot et al. (2000) and Ji et al. (2006).
Lam et al. (2003) and McFarland et al. (2005) experimentally found that the ef-
fective elastic modulus increased with the inverse square of the beam thickness.
The increase in the elastic modulus was obtained when the data were analyzed
using the conventional strain-based beam bending model. When the higher-order
strain-gradient beam bending model with the higher-order bending parameter, by,
was used, the elastic modulus was shown to remain constant. The high-order beam
bending parameter, by,
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is dependent on Poisson’s ratio, v, the strain gradient material length scale pa-
rameters and ly, /i and o, which are associated with dilatation gradients, stretch
gradients and rotation gradients, respectively.

1.1 Molecular rotation and length-scale parameters

The size effects can be readily explained by higher order mechanics (Lam et al.
(2003); Wang and Lam (2010)) with /, as the new material length scale parame-
ter characterizing the size dependence. The higher order mechanics models have
successfully explained the size-effects observed in bending beams and in nanocom-
posites. Despite the success of the mathematical higher order mechanics model, the
molecular origin of the size-effects is lacking. This gap is filled by the breakthrough
study detailed in part I of this series (Wei and Lam; 2010). The molecular deforma-
tion of beams in bending and tension were examined for three different polymers
over a range of molecular weights using molecular models. The study showed that
when the beams were strained uniformly in tension, the elastic modulus remained
constant across different beam thicknesses. The behavior in bending was different.
Experimental results indicated that the effective elastic moduli of beams in bend-
ing were increased by the strain gradients along the thickness direction. Molecular
simulations revealed that the deformation energy during bending originated from
molecular rotations. The increase in the effective elastic moduli was associated
with increase in molecular rotations of the chains when rotation gradients are non-
negligible. This means that the size-observed effect is not underpinned by a new
mechanism, but is a new association of molecular rotations with rotation gradients.
The association was tested by examining if /5, the higher order material length scale
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parameter characterizing the rotation gradient behavior, shared the same inverse de-
pendence on the segmental molecular weight as elastic modulus has. Simulation
results confirmed that /, exhibited the same molecular weight dependence.

1.2 Higher-order viscoelastic behavior

For the first time, the molecular origin of the size effect in macromolecular solids
was confirmed and validated. By using molecular mechanics, we were able to gen-
erate a new mathematical, physical and molecular framework relating the elastic
deformation mechanism, the higher order elastic deformation mechanism, conven-
tional mechanics and the higher order gradients mechanics together. However, a
key element in the macromolecular behavior of higher order mechanics is miss-
ing. Along with time-dependent elastic deformation, macromolecular solids also
deform viscoelastically. If the higher order elastic deformation has the same molec-
ular chain rotation mechanism as the conventional strain-based elastic deformation
mechanism, the higher order viscous part may also share the same chain sliding
mechanism as the conventional viscous part.

In this paper, we developed a higher order viscoelastic framework and higher order
bending models for beams. Creep deflections of beams with different thickness
were then examined using nanometer-precision instrumentations to show that the
size-dependence is also present in the time-dependent creeping regime. The de-
velopment of the framework, beam models, experimental designs and results are
detailed in the section below.

2 Strain gradient viscoelasticity

In the first part of this paper, a brief summary of strain gradient visoelasticity theory
is given. Beam bending solutions for a Maxwell material and a Kelvin-Voigt ma-
terial for load relaxation after deflection, creeping deflection at constant load and
oscillatory loading are developed using the theory.

Higher-order theories of plasticity and elasticity, which include contributions from
strain gradients, have been developed by many authors. Lam et al. (2003) de-
veloped a linear elastic bending theory for plane-strain beams. In this part of the
paper, the foundation of higher-order viscoelasticity is first summarized. Solutions
for oscillations, relaxation and creep are developed for Maxwell and Kelvin-Voigt
materials.

In the derivation of strain gradient theory for viscoelasticity, we shall use the same
set of strain/stress decompositions and definitions used in strain gradient elasticity.
In this theory, the strain tensor is €;;; and the second-order deformation gradient
tensors are the dilatation gradient vector, ¥;, the deviatoric stretch gradient tensor,
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Nijk> and the symmetric rotational gradient (curvature) tensor, . There are six inde-
pendent components in €;;, three in ¥;, seven in 1);j;, and five in y;;, which gives
a total of 15 independent components in the second-order deformation gradient
tensors. The stress measures, the work-conjugates to the strain measures, are the
classical stress tensor, 0;; and the higher-order stresses, p;, 7;jx and m;;. A sum-
mary of the strain gradient elasticity theory and the constitutive relations for linear
elastic center-symmetric isotropic materials is given in Appendix I.

For linear isotropic viscoelastic materials, the constitutive relations in differential
equation forms (Fung and Tong, 2001) can be written as
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where Gi’j, g ; are the stress and strain deviations, and Ps and Qs are polynomials of

the time-derivative operator.

For a spring and a dashpot in series (Maxwell model), the polynomials of the oper-
ator are
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where 1 and 1, are the viscosity coefficients,  and p, are the first shear mod-
uli, and w1 and u i, are the second shear moduli associated with strains and strain
gradients, respectively. The viscosity coefficients have the dimension of time.
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3 Bending Theory for Plane-Strain Beams
3.1 Approach

In the development of a bending theory for plane strain beams (Lam et al., 2003),
the mid-plane of the thin plane-strain beam (an infinitely wide plate) is the x-y
plane of a Cartesian coordinate system with the width direction along the y-axis.
The beam thickness is much smaller than the length and width. The displacement
along the width direction is ignored and the beam deformation is assumed to be in-
dependent of the width coordinate, y. Only the normal tractions are applied on the
top or bottom surfaces of the beam and the body force is ignored. In the derivation,
the bending stress resultants are first defined in terms of the stress measures. Then,
the bending equilibrium equations and the prescribed force boundary conditions are
derived. Afterwards, a new set of bending deformation measures is proposed to es-
tablish the bending constitutive relations using Taylor expansions of displacements
with respect to the beam thickness.

3.2 Equilibrium Relations

In deriving the equilibrium relations and force-prescribed boundary conditions, we
define the stress resultants with higher-order stress measures as
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where N is the axial stress resultant per unit width, Q is the shear stress resultant
per unit width, and M is the moment per unit width in the beam. New higher-order
stress resultants per unit width, N”, and the higher-order moment resultant per unit
width, M", are introduced to account for the higher-order effect. The resultant shear
stress, Q, and the moment, M, now contain higher-order stress terms.

We consider only the deformations along the length and thickness directions of the
beam and assume that the beam deformation is independent of the coordinate, y.
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Combining the equilibrium equations in Eq. (C1), we obtain the boundary condi-
tions from Eq. (C2) and the stress resultant definitions Eq. (C3)
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where g = §j,/> + G 1,/2- Equation (13) can be re-written as
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In Eq. (12)-(14), we ignore the variation of u and w through the beam thickness in
the inertia terms. The solution of Egs. (12)-(13) satisfies the equilibrium equation
(C1), and the top and bottom boundary conditions, Eq.(C2).

The stress resultants at the traction prescribed boundaries are derived from Eqgs.
(57) and (58) of Lam et al. (2003) as
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where N is the prescribed total axial force in units of N/m; Q is the prescribed
shear force in units of N/m; M is the prescribed moment per unit width in units
of N-m/m; N” is the prescribed higher-order axial force in units of N-m/m; and
M" is the prescribed higher-order moment per unit width in units of N-m?/m. The
quantities #'s, g’s, 7 and P's are defined in Egs. (57) and (58) of Lam et al. (2003).
With pure bending, both N and N”, which correspond to pure tension, are both zero.

In brief, the independent stress resultant measures for bending are the moment, M,
and the higher-order, moment, M". The shear force, Q, is associated with M and M”"
(Eq.(13)). The equations detailed in this section are used in the following section
for development of the bending equations.
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3.3 Deformation and Constitutive Relations

The deformation measures and constitutive relations for thin beams can be estab-
lished by expanding the displacements as a power series of the beam thickness,
h,

u:Zu,-(x,s,t)hi; v=0; w:Zw,-(x,s,t)hi, (19)
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Here s = z/h and z is the coordinate in the thickness direction. The expansion of
the non-vanishing strains and strain gradients are given in Eq. (A1) of Lam ef al.
(2003) with
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to ensure that the strains and strain gradients are only of order 1 or smaller as &7 — 0.

Then, the non-vanishing stresses and higher-order stresses, and the expansion of

the second boundary equation of Eq. (C2) and the first and second equilibrium

equations of Eq. (C1) in terms of displacements are given in Appendix D.

Defining the curvature, k, and the curvature gradient, kj,, respectively, as

K=—wo(x); K'=—wy(x), (21)

we obtain, for bending of beams only, the constitutive equations for the non-vanishing
stresses and higher-order stresses in terms of the curvature and the curvature gradi-
ents (Appendix D).

The constitutive relations for beam bending are obtained by substituting Egs. (D15)-
(D18) into Eq. (C2). This gives the constitutive relations as
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in which Dy is the conventional bending rigidity and Dy, D, D3 and by, are the
higher-order bending parameters, which characterize the thickness dependence of
beam bending. The bending equation (14) can be written as

—DoD1(§X)+Do(D3 —Dz)a;;? +67=Pha;wzo- (25)
From Egs. (16)—(18), the boundary conditions become
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where M" is zero for a zero applied higher-order moment. The displacement bound-
ary conditions are
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at the fixed end. They are
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at the simply supported end; and they are
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at the free end.
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3.4 Relaxation and Creep of Simple Maxwell Materials

In the subsequent discussion, we shall consider the relaxation and creep problems
with the inertia effect neglected.
*wy 2%wy

ot +DQ[D3() DQ(I)]*ZO (32)

~DoDi() 5 dxb

For a cantilever beam clamped at x = 0, the boundary conditions [assuming M"(0,¢) =
M"(1,¢) = 0] are

’ " aZW 84 /I/
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for relaxation problems; and
*wo 85
—Dy[Dy—=— 5.3 0(1,6) - L 5.5 1,0]=0 (35)
for creep.

For conventional simple Maxwell materials, there are two parallel springs, one with
a series damper and one without, associated with the strains. We call them the first
and second springs, respectively. We have
d d Ui, d
ull 1 36
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where p and p; are the first and second spring constants (shear moduli), and ;1
is the viscosity coefficient of the damper in series with the second spring. For
materials with strain gradient effects, we assume a separate, but similar, spring set
for the strain gradients, i.e.,
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Here, to simplify the solution, we have assumed that the viscosity coefficient of the
second strain gradient spring is t1;7. In this case, we have
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in which
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depend on the material length scale parameters.
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The corresponding moment and shear force equilibrium equations are
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The fourth boundary condition of Eq. (33) can be written as

ul) J aZW()(l,t) h? o* W()(l,l‘)

Tn(+ D)o [Go—5 5 — 550 a—

| =0.

(39)

(40)

4D

(42)

(43)

(44)

45)



Higher-Order Behavior of Macromolecular Solids 83

3.4.1 Relaxation

For relaxation, the deflection, wy, is given in Eq. (E1), which is the solution of Eq.
(43) with the boundary conditions Egs. (33) and (35). The deflection is independent
of t. The shear force, given in Eq.(E6), is derived from Eq. (45) with the initial
condition at t = 0,

ox3 20 Gy ox°

(93W0 h2 G()h 85W0> (46)

Q= —(Go+G1) (

If we neglect the term proportional to 4> for thin beams in Eq. (43), the deflection
given in Eq. (E1) reduces to

32, 1
wo(.t) = 555 (1= 3 )wo(0). @7)

Solving the moment and shear force equations
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It is of interest to note that there is no size dependence in the exponentially decaying
time function in relaxation of simple Maxwell materials that satisfy Eq. (35).

3.4.2 Creep

For creep, the transversal shear force and the moment are independent of time such
that

Q(X,I)ZQ; M(X,I)Z(X—I)Q_, (51)

where Q is the applied shear force at the free end. The deflection, wy, is in the same
form as Eq. (E1) in which wy(/,7) is now a function of time. The initial condition
for wo(1,¢) is similar to Eq. (46) with Q replaced by Q.

The solution is given in Eq. (E8), which is the creep relation between the deflection
and the applied shear force at the tip of the beam.
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If the term proportional to 42 in Eq. (43) is neglected for thin beams, the creep
relation reduces to
PO

1- e
3Go M+

B wmm| (52)

Wo(l,t)z

Similar to relaxation, there is no size dependence in the exponentially decaying
time function when simple Maxwell materials that satisfy Eq. (41) creep.

3.5 Simple Kelvin-Voigt Materials

For conventional simple Kelvin-Voigt materials, there are two springs in series, one
of which has a parallel damper and one has no parallel damper, associated with the
strains. We have

o 0 P o\ !
Q3E/P3§:IJHI (H"()t) [uﬂn <1+”at>] (53)

where u and p; are the first and second spring constants (shear moduli), and ;1
is the viscosity coefficient of the damper in series with the second spring. For
materials with strain gradient effects, we assume a separate, but similar, spring set
for the strain gradients, i.e.,

J 9 J I
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for j =0, 1, and 2. As before, we have assumed that the viscosity coefficient of the
strain gradient spring with a damper is t1;7.

With materials satisfying Eq. (41), Eq. (32) reduces to
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The corresponding moment and shear force equilibrium equations are
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For both relaxation and creep, the deflection wy is in the form of Eq. (E1). The
initial condition at ¢ = O for the Kelvin-Voigt model is

Pwo  h* . Pwy

0="(C0 g5 "% 5

(58)
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in which wy is independent of ¢ for relaxation while Q(= Q) is independent of ¢ for
creep. The fourth boundary condition of Eq. (33) can be written as

) P*wo(l,r) B2 d*wo(lr),
(1+TIE)[GOT— 30 OhT] =0. (39)

3.5.1 Relaxation

For a sudden deflection of wy(/) at x = [, the solution that satisfies the boundary
conditions of Egs. (33) and (34) is the same as that given in Eq. (E1) with wo(l,1) =
wo(1). From Eq.(57), we determine the solution for Q as given in Eq.(F3).

If we neglect the term proportional to 4> for thin beams in Eq.(43), the deflection
is the same as that given in Eq.(47). The relaxation relation reduces to

oM 3 +
0= x(x,t) = 1—3G0[1+£exp(_“‘u”1 L)]wo(l). (60)

Similar to Maxwell materials, there is no size dependence in the exponentially
decaying time function in the relaxation of simple Kelvin-Voigt materials satisfying
Eq.(41).

3.5.2 Creep

For a sudden applied shear force, Q, at x = [, the solution that satisfies the boundary
conditions, Eqgs. (33) and (34), is the same as that given in Eq.(47). Equation (57)
gives the creep relation between the tip deflection and the applied shear force as
shown in Eq. (F5).

Again, if the term proportional to 42 in Eq. (43) is neglected in thin beams, the
creep relation reduces to

Y t
WO(Z7I)_T%[1+E_ECXP(_E)]’ (61)

and after substitution of variables, we have

wo(l,1) <1_v+3l%> LI (J‘l’), (62)
ZQ,% h? Ho M1 M m

As for relaxation, creep has no size dependence in the exponentially decaying time
function for simple Kelvin-Voigt materials that satisfy Eq. (41).
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4 Experiments

Epoxy beams made from a mixture of Bisphenol-A epichlorohydrin resin and 20
phr of diethylenetriamine hardener were fabricated. The beam thicknesses were
controlled by spin casting the degassed epoxy onto low-adhesion glass plates with
spacers (between 20 — 300 um) to control the gap size. The cast sandwich as-
semblies were cured at 100°C for 3 hours and cooled slowly to room tempera-
ture following a previously established procedure (Lam and Chong, 1999). The
glass plates were then removed from the cured epoxy plates. Identical parallel cuts
were made on the beams to form identical rows of cantilever beams and adhesively
mounted onto glass substrates. The beams were loaded at lengths between 20 to 40
multiples (I/h) of the beam thicknesses to minimize the anchor effects. The loads
were applied using a nanoindentor (Hysitron Triboindentor) fitted with a pyramidal
Berkovich tip. The nanoindentor had a load resolution from 100 nN with a dis-
placement resolution under 1 nm. In our experiments, beams were deflected up to
1000 nm for applied loads between 20 to 60 uN. The local indentation effects on
the overall deflection were small and were ignored.

5 Results

The deflection behavior of the epoxy beams was checked to ensure that they were
Kelvin-Voigt viscoelastic beams. The creep deflection from a representative test
is shown in Figure 1. Agreement between the experimental data and the model
(Figure 1) confirmed that the tested beams were Kelvin-Voigt viscoelastic beams.
The deflection curves for beams with different thicknesses loaded at //h = 20 and
Q=30uN are shown in Figure 2. If the deflection behaved classically without added
size-dependence, the curves at identical //h would collapse onto a single curve.
Instead, the thin beams have lower normalized deflections than the thick beams
have in Figure 2. A close-up plot (Figure 3) shows that the slope of the deflection
in the initial elastic regime also has an inverse dependence on the beam thickness.
This suggests that the beam stiffness in Figure 2 has an added inverse dependence
on the beam thickness in both the elastic and time-dependent regimes.

The thickness dependence is eliminated after the deflections are normalized (Fig-
ure 4) using / = 34 um. The plot showed that the initial fast-rising portion of the
deflection where L¢ ,, dominated, i.e., the elastic portion, has collapsed. The creep-
ing portion in the second stage has also collapsed onto a single curve with the same
[. In fact, all curves from start to finish collapsed onto a single curve (Figure 5)
using the same /, for all beam thicknesses in the elastic and the creeping regimes.
The collapse confirmed that the constants, (o ¢, 11 r¢,and1 ¢, have the same the
thickness and /, dependence.
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Figure 1: A normalized creep deflection
curve for a 268 micron thick beam co-
plotted with a conventional Voigt model
(solid curve).
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Figure 5: A deflection curve normalized using /=34 microns.

6 Discussion

In Part I of this series, molecular rotation is identified as the underlying deformation
mechanism for /> and that it shares the same deformation mechanism as the strain-
based elastic deformation. Moreover, it is a parameter characterizing the extended
association of the deformation mechanism from strain to rotation gradients. The
single [, results ascertained in this investigation is a natural consequence of this
extension view of /.

In the viscoelastic regime, the deformation behavior of the macromolecular solid is
characterized by multiple material constants, i.e., o, U1, and 171. If [, is tied to spe-
cific material constants, then there would be different [, for each spring and dashpot
constant since each maybe tied to their respective effects, which can include align-
ment (Fleck et al., 1994), surface (Cuenot, Frétigny, and Demoustier-Champagne,
2004) or the supramolecular effects (Arinstein, Burman, and Gendelman, 2007).
Instead, this study showed that g 4, i1 4,and 11 -, have identical /. This suggests
that /5 is not tied specifically to a physical mechanism, but is a characteristic mul-
tiplier of rotation gradient deformations. In other words, the relationship between
strain (or strain rate) and stress for a specific mechanism is already characterized
by its set of material constants, and the relationship is simply extended to rotation
gradients (or gradient rates) by /. The extension is a new association, and not a
new mechanism. The association is fundamentally chain-based and is not deforma-
tion mechanism-based. Since there is only one set of chains within a single solid,
there is only one /; for the solid. /; is unique to the chemistry and the molecular
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structure of the chain, and is not unique to the deformation regime of the solid.

7 Conclusions

Molecular rotation was identified as the deformation mechanism behind higher-
order elastic deformation of macromolecular solid. Higher-order viscoelasticity
framework and creep bending models were developed based on the hypothesis that
the elastic and viscous material constants shared the same higher order material
constant. Experimental results from creep tests on macromolecular beams in this
study showed that a single chain-based /; controlled both the elastic and viscoelastic
higher-order deformation of macromolecular polymers. This means that irrespec-
tive of the number of springs and dashpots in the strain-based phemenological con-
stitutive law, only a single [, is required to transform strain- and strain rate-based
viscoelastic law into higher order viscoelastic constitutive law for macromolecular
solids.

Appendix A Summary of strain gradient theory for linear elasticity

In the strain gradient elasticity theory, the second-order deformation gradient ten-
sors are the dilatation gradient vector, ¥, the deviatoric stretch gradient tensor, 1); jx,
and the symmetric rotational gradient (curvature) tensor, ;;. These strain measures
are defined as

1
&j = E(aiuj +ajui)7 Y= aismm,

1
Nijk = §(9i8jk + 0 + OkEij)

1
~13 (85 (Ok€mm + 20mEmk) + 8 (Oi€mm + 20mEmi) + i (0 €mm + 20memj)] ,

1
Xij = E(eipqapeqj + €jpgOpqi), (A1)

where 0, is the forward gradient operator, u; the displacement vector, J;; the Kro-
necker delta and e;j; the alternating tensor; and €;; is the strain tensor with six
independent symmetric components. There are three independent components in
Yi, seven in 1);, and five in y;; mean that there is a total of 15 independent com-
ponents in the second-order deformation gradient tensors. The stress measures, the
work-conjugates to the strain measures, are the classical stress tensor, 0;; and the
higher-order stresses, p;, 7;jx and m;;.
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For linear elastic center-symmetric isotropic materials, the constitutive relations are
2 2 2
0ij = A8ij€um + 218 pi=2Ul5Emmis  Tijk = 2UI Mk,  mij =20l %, (A2)

where A and p are Lame’s constant and the shear modulus, respectively, and [, (n=
0,1,2) are the three additional length scale material parameters associated with the
dilatation, deviatoric stretch and rotation gradients, respectively.

Appendix B Linear Isotropic Viscoelasticity in Convolution Integral Form

The constitutive relations for linear isotropic viscoelastic materials in convolution
integral form are

as (x,7 € (x,T)
z mm o) . ij\ & Bl
oij(x,1) = /)L P dT—G—//.LXt )7ar dt, (B1)
t .
pi(x,7) =213 / o (X, — T)Wdr, (B2)
377: k( )
T =21} / wy(x ]81 dr, (B3)
J ij\ &
m;j =213 / o (X, — f)md‘c, (B4)
o at
where A and the p are relaxation functions. A simple viscoelastic model is
2v
)L(er) - 1 _zvu(xaT)a (BS)
‘U()(X, T) = Hi (X7 T) = “Z(Xﬂ T)a (B6)

in which the Poisson ratio, v, is independent of time.

Appendix C General Equilibrium Equations

The general equilibrium equations along the directions of length and thickness of
the beam are

d1 (011 —dip1 — A1 Tii1)
1 1 %u
+05| 013 — Ealmlz —dip3—201T113 — 59317132 —hT33 | = Poa

1 (C1)
| o33+ 591m32 — dip1 —201T133 — d3p3 — 031333

3w

1
+d <613 + Ealmlz — 31T113> =P5a
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The traction-prescribed boundary conditions on the top and bottom surfaces of the
beam are

033 — d1p1 — d3p3 — 301 T133 — A3T333 = G2, (C2)

1 1 h
o13 — EalmIZ —0d1p3—201T113 — 53377132 -3 =0, Vz= i§7
m3+27133 =0, p3—T333 =0, (C3)

where G/, is the prescribed normal force-traction on the top and bottom surfaces
in units of N/m?. The prescribed force-tractions on the surfaces normal to the
x—axis and the boundary conditions at the edges of the top and bottom surfaces of
the beam are given in Eqgs. (57) and (58) of Lam et al. (2003).

Appendix D Bending Deformations and Constitutive Equations

For plain strain beams, the non-vanishing stresses and higher-order stresses are

0. <[ 1—v du v owin]
611—2Qc(8t)2[1—2v8x+1—2v ds ]h

0. <[ 1—v dwiyy v du; i
033 =20:(5- )120 |:1 —2v Jds + 1—-2v ax:| h (D1)
Jd. & [dwi  du; i
613:Qc(at>z(‘,)[ax+ Q;I}h
o2 =Y(011 + 033)
d.w 0 [du; Idwip] ;
loQg(E)lg)g [ax ds }h (D2)
d. & 9 [Juipr  Idwipa]
loQg(at)l_Zéas[ ox T os ]h
B [% d . d [dwi duir]
nmyy _4Qg(8t)l§‘)ax[ax s ] D3
B2y O [dwin duia] v
myy = — 4 Qg5 ;‘)33 ox ds
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and

50x 5 Js

5 0s2

8 ) = [8 <2 8ul- 28WH_1> B 1 82u,-+2] hi'

> Tg /4 8wl 8 duj 19%wiy2 i
Tll3_lng(a ): z;() 8x(15 ox 15 os >_5 ds? ]h
_ = [0 (10w 8 dwit) 4 ui (D4)
T133 = lng l;)[a(sax_ls ds ) 15 952 }h’
= [0 (1dw; 29ui+1 29%wia] ;.
1333 = 1Qg E)[ax<5 dx 5 ds >_5 0s2 ]h
Ty = — (1;1114-1133) 023 = (7133—1-1'333)7
where
P d
0c(2) = 02 )/P( 2.

(D5)
Q(a) 03(2)/P(2) = Qo o) B o) = o) [Bs( 5,

t

for By=P; =P, and Q¢ = Q1 = O».
The expansion of the second boundary equation in Eq. (C2) gives the O(h') equa-
tion:

aWl al’ti—‘rl
QC <8x * ds >

5 812\ Pw; (217 Pwiya (15 1607 5\ P
Q3 [(‘15) 9 +<5 l) nas \8 15 Th) G0y

=0, (Do)

where i = 0,1,2,.... Similarly from the first and second equilibrium equations,
Eq.(C1), we obtain, respectively,

Q i 2(1 — V) (92141' 1 82w,-+1 I azqu
¢ 1-2v dx2  1-—2v 0Jxds 0s?

0 202 w13 22 L)\ (9w dtwirs
Qs [_ <_+l°> o " <_15_l°> < 9005 T oxas )

L 26 o\ Qw15 A5 9tuina
) (2420 =0, (D
<8 T3 +l°> 29 \8 15 ) o 0, @7)
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0 0 82w,+ 1 Puiy  2(1—-v)%ui»
‘ot dx2 " 1-2v 9xds 1—2v  9s?

J 112 4112 a4W,' l% 2112 2 84ul~+1
i [ 0 S & 2_1 g2y
+anz[ <8+15> 8x4+<8 15 °> dx30s

528 Hwipa (15 2 Fuis (1B 5\ I*wita
L4 2 13 — 2+ =0
(8 T3t 0) 92952 T\8 15 axdss \570) ga !

(D8)

with the assumption that the inertia force is small and can be neglected. First, from

gs. (D7) and (D8), we can express u3z,us,... and wyp,wy,... in terms of wq,uy,
and up,uy, ... and wi,ws, ... in terms of ug,w; and their derivatives. Then, together
with the O(1) equation of Eq.(D6), we determine u; in terms of wg and wy in terms
of up and the respective partial derivative with respect to x. In turn, we obtain
usz,us,... and wy,wy, ... in terms of wg and the partial derivatives with respect to x
and up,u4,... and wi,ws, ... in terms of ug and its partial derivatives. The results are
as follows:

9 . 9%wy 1-2v d .. 90%ws 1 9%us
0557 = 20— %G5 T 15y axas A
s> 1+v d . 9*wy
__EI—VQC(E) dx*

+0(l()71 12)

+0(I5,11,13,1*)  (D9)

9 Pus 0 201-v)Pu 1w
QC(E) o5 =055 2oy G oy axas) T O
- 0 83w0 3-2v 1—v, 24-v)

{ V25053 ol At s

J . o*
0:(5,) 5} + O 1. 13,1) - (D10)

P+ (1-2v)3]

d . 9%*w, 1-2v d . .90%wp 1 %y
0557 = 20w %G5 T T3y axas l
v d . d%wy 1 1—v, 2(4-v)
=125 52 +2(1—v)2[ PR

d  d*w
Qg(a) 8X40

+0(l()71 12)

P+ (1-2v)3]

+0(ly,11,13,1%)  (D11)
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0 aul_ d . dwy
QC(E) ds —C(3; )ax

2 8P a3w 202 Pwy, B 160 9*u
—Qg(*)[(f_Tsl) ax30 (?1_ 3)Tas22_(§2+ 151 +l§)8x28ls]
8 8w0 1 1—V2 2(4—\/)2 2
a . 3wo

Qg(g)W +0(g, 14,13, h")  (D12)

In Egs. (D11) and (D12), the inertia force associated with w, has been neglected.
Similar results can be obtained for uy,uy, ... and ws, ws, ... in terms of ug. For pure
bending, the axial and higher-order axial stress resultants (Eq.(12)) vanish and give

up=ur=..=wy=w3=..=0. (D13)
For only bending, the curvature, k, and the curvature gradient, xj,, are, respectively
" "

K=—wo(x), K'=—wy(x). (D14)

By combining Egs. (D1) — (D4) and (D9) — (D12), the constitutive equations for
the non-vanishing stresses and higher-order stresses in terms of the curvature and
the curvature gradients become

2.2 h
ol = _?Qci <K— hsaK)

1—v~="or 3 ox
_[1;V1§+2(41;V)1%+(1—2v)l§} (( ))2 Qggta;h o(l’mh’) (D15)
P =2 B30 (2 )k + 0GR 6
D1

P =250,k +’i2%"h>+o<z ) o
G = —Sg‘f_vv)hsl%ngxh O3

T = 1Qg(§t)[15‘zl_vv)x 301(91__ s 28; |+ 0(3h*) o
Ti33 = —151(ltv)h5112Qg(8t)’<h +O0(I7h)

s — lng(at)[ (1+\;)K 10\(/1+_6 )hz zaaK' |+ 012
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d. .k hs?oxh

mip = leg( )[E_Ta | +o(3h)
a e Rk (D18)
mSZ_hSleg(at)[E_? a ] 0(lzh)

After solving the bending problem, the stresses and higher-order stresses can be
obtained from Eqgs. (D4) — (D7). The exception is that o3 and 033 should be
determined by integrating Eq. (C1) from the bottom surface to z, i.e.,

1 1
o3 =0dip3+ Ealmlz +201 1113+ 53317132 + 37133

4
—31/h/2(611 —dip1—diTin)dz
1 (D19)
033 = d1p1 — 531m32 42017133 + d3p3 + 03333 — —barq_p»

2 1
—91/ <613+91M12—31T113> dz
—h)2 2

in which the inertia force is neglected.

Appendix E Relaxation and Creep of Simple Maxwell Materials

Relaxation

For relaxation, the deflection w0 is independent of t. The solution of Eq. (43),
which satisfies the boundary conditions of Egs. (33) and (35), is

wo(l,t)

Wo = cosh(al)—1

- W +6(x3l3 sinh(al)

3cosh(ocx)+cosh(ocl‘) —cosh[a(x—1)]—1 +37x2 B ﬁ _ 3x EI)
o33 sinh(al) 202 283 a2

where

20 G 20
=0 R (E2)

h* Gon  h* pon
and wo(l,1) = wo(l) is independent of 7. Then,
d*wy  h? Goj, dwy 3 3 cosh(al)—1,

= =——[1— - l,t E3
B 206G, av T @ TS s MolY (E3)

Equation (45) becomes

-1
< >Q— 3Gy [ 3 +6(:osh(.ocl) -1 woll) (E4)

o212 " o3sinh(al)
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The initial condition at r = 0 is

83W0 ﬁ% aSW()

0=—(G0+G)(55 =306, an
3(1+41)Go (ES)
~ 3 cosh(al)—1 wo(l)

a?l? sinh(ot /)

The solution of Eq. (E4) is

(1) = 250 [1 ; +6C°Sh(°‘l)_l}1 {1+‘:exp (—;)] woll)  (E6)

B | o2 " o3Psinh(al)

which is the relaxation relation between the beam’s tip deflection, wy(l), and the
applied transversal force, Q.
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Creep

For creep, the transversal shear force and the moment are independent of time such
that

Ox,t)=0; M(x,t)=(x—1)0 (E7)

where Q is the applied shear force at the free end. The deflection, wy, is in the same
form as Eq. (E1)in which wy(/,¢) is now a function of time. Equation (45) becomes

)= i) 91 (o 1 Gon 0w
em o [Hn <1+ u) 8t] ( 9F 20 Gy o
3Go [14+1 (14+8) 2 | wo(l,1) (E8)
B [17ﬁ+6w}

a3Bsinh(al)

The initial condition for wy(Z,¢) is similar to Eq. (52) with Q replaced by Q. The
solution of Eq. (E7) is

or 3 cosh(al) —1 Hi Hot
wo(l,1) 3Gy [ o212 +6a3l3 sinh(a!) M+ P H+mm

(E9)

which is the creep relation between the deflection and the applied shear force at the
tip of the beam. The moment equilibrium is

2%wy a . d%*wy
ke —[Go+n(Go+ Gl)jt} 79_)62

=@x-0)0 (E10)

d d
(1+7787)M:M: *(1+UE)D0D1

Appendix F Relaxation and Creep of Simple Kelvin-Voigt Materials

For conventional simple Kelvin-Voigt materials, there are two springs in series, one
of which has a parallel damper and one has no parallel damper, associated with the
strains. Equation (32) becomes

_» [ mp(14+nD) by pinkon(1+1D) ]34Wo
6(1=v) | lu+m(1+nD)  h* pon+pin(1+nD) ] ox*

_hz[ wp(l+nD) by winon(1+nD) ]36Wo —0 (FI)
20 [+ (1+nD)  h* pop+ pin(1+nD) | 9Ix°
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where D is an differential operator of time. With materials satisfying Eq. (41), the
governing equation above reduces to Eq. (55).

Relaxation

For a sudden deflection of wy(/) at x = [, the solution that satisfies the boundary
conditions of Egs. (33) and (34) is the same as that given in Eq. (47) with wo(l,1) =
wo(l). From Eq. (57), we obtain

u 0 d2W0 h2 d4Wo
1 = l)— —Gop— (1
(+ +n8t>Q [Godx2<> "Gt
B 3G0w0( ) (F2)
h(al)—1
l3 [1 o W +6ocz§)ls3sinh(al)

Note that wy is independent of ¢. The solution for Q is

QV)ZSGO(H“)l [1_ 3 +6cosh(.al)—1}

a?l> ol sinh(al)

[1 + HEexp <—“+“1’>] woll) (F3)
21 uron

for the initial condition of Eq.(58).
Creep

For a sudden applied shear force, Q, at x = [, the creep solution that satisfies the
boundary conditions, Eqs. (33) and (34), is the same as that given in Eq. (47).
Equation (57)reduces to

- ) d*wo(l,t) B> . d*wo(l,t)
Q== <1+"at> {GOM_ZOGO}de“}

3Go (1 +n%) wo(l,1)
cosh(al)
A [1 o W +6a*z3smh(az)}

which gives the creep relation between the tip deflection and the applied shear
force,

or 3 cosh(al) —1 uoou t
wolls) = 361 = o T arsmnan | |1 P\ Tq &)

(F4)
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