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Nonlinear Vibration of the Double-Beams Assembly
Subjected to A.C. Electrostatic Force

Shueei-Muh Lin1

Abstract: In this study, the mathematical model of double-beams assembly sub-
jected to the a.c. electrostatic force is established. This is helpful for designing
sensors and actuators. The boundary condition of this system is nonlinear and time-
dependent. Obviously, this system is very complicated. A new solution method is
here developed to derive the analytical solution. Because the a.c. electrostatic
force includes the static and harmonic forces, the system is divided into the non-
linear static and dynamic subsystems. The exact static solution is presented. In the
other hand, the boundary conditions of the dynamic subsystem are nonlinear and
time-dependent. First, using the balanced method the system with time-dependent
coefficients is transformed into one with time-independent coefficients. Further, the
analytical solution of the transformed dynamic subsystem is derived. It is found that
there exists great difference between the linear and nonlinear spectrums. Moreover,
the effects of several geometry and material parameters on the frequency spectrums
of this system are significant.

Keywords: nonlinear; coupled beam; analytical solution; vibration; electrostatic
force

1 Introduction

Advances in electromechanical systems are resulting in new applications ranging
from mechanical mass or charge detectors to biological imaging [Kang et al., 2009].
Obviously, the investigation about the frequency shift is very interesting for design-
ing sensors and actuators. Hassanpoura et al. (2007) investigated the influence of
the concentrated mass on the natural frequency of a beam-type resonator. Kang et
al. (2009) investigated the ultrahigh frequency nanomechanical resonators based
on double-walled carbon nanotubes with different wall lengths. Prabhakar et al.
(2009) studied the frequency shifts due to thermoelastic coupling in flexural-mode
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single beam as a resonator. The Galerkin technique was used to calculate the ther-
moelastically shifted frequencies. Forke et al. (2008) investigated the electrostatic
force coupling of MEMS oscillators for spectral vibration measurements. For mea-
suring vibration, the sensor output signal was designed to be linearly dependent
on the amplitude of acceleration. In other words, the electrostatic coupling force
was Fe = 0.5V 2dC/dz where V is the voltage and the spatial derivative of the ca-
pacitance, dC/dz, was proportional to the distance z. For this purpose, the comb
electrodes were configured with linearly varying finger lengths but in a differential
arrangement. Obviously, the above investigations are linear.

In addition to the above applications, the electromechanical system is also applied
to the atomic force microscopy. The Kelvin probe force microscopy subjected to
the a.c. electrostatic force is currently used to measure contact potential difference
and topography of sample on a nanometer scale [Lin, 2007a,b, Lin and Lin, 2009].
This probe is simulated by a cantilever and subjected to nonlinear time-dependent
boundary condition. Moreover, some literatures investigated the linear system with
the time-dependent boundary condition [Lee and Lin, 1996 and 1998; Huang and
Shih, 2007; Lee et al., 2008a,b, Lin, 1998, 2002, and 2009a,b]. The above literatures
are for a single beam.

Further, the double-beams assembly is broadly adopted in civil, mechanical, and
aerospace engineering, such as cranes, resonators, spectrometers and interferome-
ters. Some literatures are devoted to this field. Oniszczuk, Z. (2003) investigated
the forced vibration of an elastically connected simply supported double-beam sys-
tem. Gao and Cheng (2005) investigated the active vibration isolation of a two-
beams assembly with a piezoelectric actuator. De Rosa and Lippiello (2007) in-
vestigated the free vibration of double-beams by using the differential quadrature
method. Sadek et al. (2007) presented the computational method for solving op-
timal control of a system of parallel beams. Zhang et al. (2008) investigated the
linear vibration and buckling of a double-beam system under compressive axial
loading. The two coupled beams were simply supported and continuously joined
by a Winkler elastic layer. Li and Hua (2008) studied the vibration of an elasti-
cally damped connected three-beam system. Obviously, these investigated systems
are linear. So far, no literature is devoted to the investigation of the double-beams
assembly subjected to the nonlinear a.c. electrostatic force.

In this study, the mathematical model of the double-beams assembly subjected to
the a.c. electrostatic force is established. The analytical solution for this system is
derived. Moreover, the effects of several geometry and material parameters on the
frequency spectrums of this system are investigated.
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2 Governing equations and associated conditions

In this study, the nonlinear dynamic model of the double-beams assembly subjected
to the a.c. electrostatic force at the end of beam is established as follows:

The governing equation of the first beam is

(EI)1
∂ 4W1

∂x4
1

+(ρA)1
∂ 2W1

∂ t2 = 0 (1)

The corresponding boundary conditions are

At x1 = 0:

W1 (0, t) = 0 (2)

∂W1 (0, t)
∂x1

= 0. (3)

At x1 = L1:

∂ 2W1 (L1, t)
∂x2

1
= 0, (4)

(EI)1
∂ 3W1

∂x3
1

= Fe (t,W1 (L1, t) ,W2 (L2, t)) , (5)

where the electrostatic force is nonlinear and expressed as

Fe =
1
2

∂C
∂ z

[Vac sin(Ωat)]2 ∆= Fs +Fa (6)

where ∂C/∂ z is the spatial derivative of the capacitance between the two beams in
which C is the capacity and z is the distance between the two parallel plates and

Fs =
∂C
∂ z

V 2
ac

4
, Fa =−∂C

∂ z
V 2

ac

4
cos(2Ωat). (7)

It should be noted that Fs is considered as the static external force and Fa is the
harmonic excitation force with the frequency of 2Ωa. For a parallel-plate capacitor
at the ends of the two beams the spatial derivative of the capacitance is

∂C
∂ z

=
−ε0A

2 [d0 +(w1 (L1, t)−w2 (L2, t))]
2 (8)

where A is the capacitor area, d0 is the distance between the tips of two beams and
ε0 is the vacuum permittivity.
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In the other hand, the governing equation of the second beam is

(EI)2
∂ 4W2

∂x4
2

+(ρA)2
∂ 2W2

∂ t2 = 0, (9)

At x2 = 0:

W2 (0, t) = 0, (10)

∂W2 (0, t)
∂x2

= 0, (11)

At x2 = L2:

∂ 2W2 (L2, t)
∂x2

2
= 0, (12)

(EI)2
∂ 3W2

∂x3
2

=−Fe (t,W1 (L1, t) ,W2 (L2, t)) . (13)

In terms of the following dimensionless parameters

bi j =
(EI)i
(EI) j

, cac =
ε0AV 2

ac

4(EI)2
, d̄0 =

d0

L2

li j =
Li

L j
, mi j =

(ρA)i
(ρA) j

, w(ξ ,τ) =
W (x, t)

L
,

ξ =
x
L

, τ =
t

L2
2

√
(EI)2
(ρA)2

, ωa = ΩaL2
2

√
(ρA)2
(EI)2

, (14)

the dimensionless governing differential equation of the first beam is

∂ 4w1

∂ξ 4
1

+b21m12l4
12

∂ 2w1

∂τ2 = 0 (15)

The dimensionless boundary conditions are

At ξ 1 =0:

w1 (0,τ) = 0, (16)

∂w1 (0,τ)
∂ξ1

= 0. (17)
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At ξ 1 = 1:

∂ 2w1 (1,τ)
∂ξ 2

1
= 0, (18)

b12
∂ 3w1 (1,τ)

∂ξ 3
1

= cac [−1+ cos(2ωaτ)] fe (τ) , (19)

where fe (τ) = 1/
[
l21d̄0 +(w̄1 (1,τ)− l21w̄2 (1,τ))

]2.

Similarly, the dimensionless governing equation of the second beam is

∂ 4w2

∂ξ 4
2

+
∂ 2w2

∂τ2 = 0 (20)

The corresponding dimensionless boundary conditions are

At ξ g2= 0:

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (21)

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (22)

At ξyg 1:

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (23)

∂ 3w2 (1,τ)
∂ξ 3

2
=−cacl2

21 [−1+ cos(2ωaτ)] fe (τ) (24)

3 Solution method

3.1 Change of variables

Based on Eqs. (6-8), the external electrostatic force is divided into the static and
dynamic ones. Therefore, the responses of the double-beams assembly include the
static and dynamic parts as follows:

w1 (ξ ,τ) = w1s (ξ )+w1d (ξ ,τ) , (25)

w2 (ξ ,τ) = w2s (ξ )+w2d (ξ ,τ) , (26)
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where wis is the static solution and wid is the dynamic one, wid0 cos(2ωaτ). Substi-
tuting Eq. (25) into Eqs. (15-24), one obtains

∂ 4w1d

∂ξ 4
1

+
d4w1s

dξ 4
1

+b21m12l4
12

∂ 2w1d

∂τ2 = 0 (27)

at ξ g1= 0:

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (28)

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (29)

At ξxg 1:

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (30)

b12
∂ 3w1d (1,τ)

∂ξ 3
1

+b12
d3w1s (1)

dξ 3
1

= cac [−1+ cos(2ωaτ)] fe (τ) (31)

It should be noted that the solutions { ∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ)} are coupled.

Moreover, the system is nonlinear. Therefore, it is very difficult to solve. How-
ever, if the system is subjected to the static external force only, the corresponding
boundary condition is

b12
d3w1s (1)

dξ 3
1

=−cac fes (32)

where fes = 1/
[
l21d̄0 +(w̄1s (1)− l21w̄2s (1))

]2. Based on this condition, the sys-
tem composed of Eqs. (26-30) can be divided into the static and dynamic ones as
follows:

The transformed static system of the first beam in terms of {w1s,w2s}:

d4w1s

dξ 4
1

= 0. (33)

The boundary conditions are

at ξ g1= 0:

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (34)
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∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (35)

At ξxg 1:

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (36)

b12
d3w̄1s (1)

dξ 3
1

=−cac fes (37)

The transformed dynamic system of the first beam in terms of {w1s,w2s,w1d ,w2d}:

d4w1d0

dξ 4
1
−4ω

2
a b21m12l4

12w1d0 = 0 (38)

The dimensionless boundary conditions are

At ξ g1= 0:

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (39)

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (40)

At ξxg 1:

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (41)

b12
d3w1d0

dξ 3
1

cos(2ωaτ) = cac fes + cac [−1+ cos(2ωaτ)] fe (τ) (42)

Multiplying Eq. (41)gy cosg2ωaτ and integrating it from 0 to the period T, 2πvyωa,
Eq. (41) becomes

b12
d3w1d0

dξ 3
1

= cac fes−
cac

π

(
f̃e1− f̃e2

)
, (43)

where

fe (χ) =
1[

l21d̄0 +([w1s (1)+w1d0 (1)cos χ]− l21 [w2s (1)+w2d0 (1)cos χ])
]2 ,
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f̃e1 =
∫ 2π

0
fe (χ)cos χdχ, f̃e2 =

∫ 2π

0
cos2 (χ) fe (χ)dχ.

In the same way, the transformed static system of the second beam in terms of
{w1s,w2s}:

d4w̄2s

dξ 4
2

= 0. (44)

The dimensionless boundary conditions are

at ξ g2= 0:

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (45)

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (46)

At ξyg 1:

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (47)

gg
d3w̄2s (1)

dξ 3
2

= cacl2
21 fes. (48)

The transformed dynamic system of the second beam in terms of {w1s,w2s,w1d ,w2d}:

d4w2d0

dξ 4
2
−4ω

2
a w2d0 = 0 (49)

The dimensionless boundary conditions are

At ξ g2= 0:

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (50)

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (51)

At ξyg 1:

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (52)
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d3w2d0

dξ 3
2

cos(2ωaτ) =−cacl2
21 fes− cacl2

21 [−1+ cos(2ωaτ)] fe (τ) . (53)

Multiplying Eq. (52)gy cosg2ωaτ and integrating it from 0 to the period T, 2πvyωa,
Eq. (52) becomes

d3w2d0

dξ 3
2

=−cacl2
21 fes +

cacl2
21

π

(
f̃e1− f̃e2

)
(54)

3.2 Exact static solutions

The coupled static system is composed of Eqs. (32-36) and (43-47). One assumes
the static solutions are

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ) (55)

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ) (56)

Substituting the solution (54a) into the boundary conditions (33-35), one obtains

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), C2 =−3C3 and w1s (1) =−2C3 (57)

Similarly, substituting the solution (52b) into the boundary conditions (44-46), the
coefficients are

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), C̄2 =−3C̄3 and w2s (1) =−2C̄3 (58)

Further, substituting the solutions (54-56) back into the boundary conditions (36)
and (47), two implicit relations are found

6b12C3 =
−cac[

l21d̄0−2
(
C3− l21C̄3

)]2 , (59)

and

6C̄3 =
cacl2

21[
l21d̄0−2

(
C3− l21C̄3

)]2 . (60)

Based on these relations, the coefficients {C3,C̄3} will be determined. So far, the
static solutions {w1s,w2s} have been derived.
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3.3 Dynamic solutions

The dynamic solution of Eq. (37) is expressed as

w1d0 (ξ1) = α1V1 (ξ1)+α2V2 (ξ1)+α3V3 (ξ1)+α4V4 (ξ1) (61)

where

V1 (ξ1) =
1
2

(coshεξ1 + cosεξ1) , V2 (ξ1) =
1

2ε
(sinhεξ1 + sinεξ1) ,

V3 (ξ1) =
1

2ε2 (coshεξ1− cosεξ1) , V4 (ξ1) =
1

2ε3 (sinhεξ1− sinεξ1) , (62)

ε = l12
(
4ω

2
a b21m12

)1/4
.

Vi are the fundamental solutions of equation (37) and satisfy the following normal-
ized condition

V1 V2 V3 V4
V ′1 V ′2 V ′3 V ′4
V ′′1 V ′′2 V ′′3 V ′′4
V ′′′1 V ′′′2 V ′′′3 V ′′′4


ξ1=0

=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (63)

Substituting the solution (58) into the boundary conditions (38-40), the coefficients
are

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), α3 =−V ′′4 (1)

V ′′3 (1)
α4,

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ). (64)

Further, substituting Eq. (61) into (42), the implicit relation is found

b12α4

[
−V ′′4 (1)

V ′′3 (1)
V ′′′3 (1)+V ′′′4 (1)

]
= cac fes−

cac

π

(
f̃e1− f̃e2

)
(65)

In the same way, the dynamic solution of Eq. (48) is expressed as

w2d0 (ξ2) = β1V̄1 (ξ2)+β2V̄2 (ξ2)+β3V̄3 (ξ2)+β4V̄4 (ξ2) (66)

where

V̄1 (ξ2) =
1
2

(cosh ε̄ξ2 + cos ε̄ξ2) , V̄2 (ξ2) =
1

2ε̄
(sinh ε̄ξ2 + sin ε̄ξ2) ,
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V̄3 (ξ2) =
1

2ε̄2 (cosh ε̄ξ2− cos ε̄ξ2) , V̄4 (ξ2) =
1

2ε̄3 (sinh ε̄ξ2− sin ε̄ξ2) , (67)

ε̄ =
√

2ωa.

V̄i are the fundamental solution of equation (48) and satisfy the following normal-
ized condition

V̄1 V̄2 V̄3 V̄4
V̄ ′1 V̄ ′2 V̄ ′3 V̄ ′4
V̄ ′′1 V̄ ′′2 V̄ ′′3 V̄ ′′4
¯V ′′′1 ¯V ′′′2 ¯V ′′′3 ¯V ′′′4


ξ2=0

=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (68)

Substituting the solution (63) into the boundary conditions (49-51), the coefficients
are

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), β3 =−V̄ ′′4 (1)

V̄ ′′3 (1)
β4,

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (69)

Further, substituting Eq. (66) into Eq. (53), another implicit relation is found

β4

[
−V̄ ′′4 (1)

V̄ ′′3 (1)
¯V ′′′3 (1)+ ¯V ′′′4 (1)

]
=−cacl2

21 fes +
cacl2

21
π

(
f̃e1− f̃e2

)
(70)

Multiplying (62) by l2
21 and adding it to (67), one gets the relation between the

coefficients

β4 = δα4 (71)

where δ =−b12l2
21

[
−V ′′4 (1)

V ′′3 (1)V
′′′
3 (1)+V ′′′4 (1)

]
/
[
− V̄ ′′4(1)

V̄ ′′3(1)
¯V ′′′3 (1)+ ¯V ′′′4 (1)

]
.

Substituting the relation (68) back into (62), the characteristic equation in terms of
α only is derived

b12α4

[
−V ′′4 (1)

V ′′3 (1)
V ′′′3 (1)+V ′′′4 (1)

]
= cac fes−

cac

π

(
f̃e1− f̃e2

)
(72)

where the coefficients become

f̃e1 =
∫ 2π

0
cos χ fe (χ)dχ, f̃e2 =

∫ 2π

0
cos2 (χ) fe (χ)dχ,
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fe (χ) =
1l21d̄0 +

 [
w1s (1)+α4

[
−V ′′4 (1)

V ′′3 (1)V3 (1)+V4 (1)
]

cos χ

]
− l21

[
w2s (1)+δα4

[
− V̄ ′′4(1)

V̄ ′′3(1)V̄3 (1)+V̄4 (1)
]

cos χ

] 2 .

(73)

In conclusion, via Eq. (69), the coefficient can be easily calculated by using the
method given by Lin [ ]. Substituting these coefficients back into Eqs. (58) and
(63), the analytical dynamic solutions are found.

4 Numerical results and discussion

The effects of several parameters on the frequency spectrums of the double-beams
assembly are investigated here.

 Figure 1: Geometry and coordinate system of the double- beams assembly sub-
jected to a.c. electrostatic force.

Table 1:
b21 = 0.5, l12 = m12 = 1 b21 = 1, l12 = 2, m12 = 1

mode ω2 j(#) ω1 j(#) ω1 j(*) ω1 j(#) ω1 j(*)
1 3.5160 4.9724 4.9724 0.8790 0.8790
2 22.0345 31.1615 31.1615 5.5086 5.5086
3 61.6972 87.2530 87.2530 15.4243 15.4243
4 120.9019 170.9811 170.9811 30.2254 30.2254
5 199.8595 282.6441 282.6441 49.9649 49.9649

(*): determined via the relation (A-11)
(#): the method given by Lin (2005)
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Figure 2: Influence of the a.c. frequency ωac on the dynamic tip amplitudes of the
double- beams assembly with very large bending rigidity ratio [real line: for the
first beam; dashed line: for the second beam].

At first, the free vibration of the independent beam is discussed in the Appendix.
Considering the definitions of the dimensionless parameters (14), the relation be-
tween the dimensionless natural frequencies of these two beams is expressed as
Eq. (A-11). This relation is verified in Table 1. Figure 2 shows the spectrum of
two beams subjected to the a.c. electrostatic force. The bending rigidity of the first
beam is ten thousand times of that of the second one. It is implied that the first
one is almost rigid and the second beam becomes an independent one subjected to
the a.c. electrostatic force. Figure 2 demonstrates that the static and dynamic de-
flections of the first beam are negligible because it is almost rigid. Moreover, there
exist many resonant points of the second beam. According to the natural frequen-
cies of a beam listed in Table 1, if the second independent beam is excited by the
external harmonic linear force, there should exists the resonant point at its natural
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frequency only. It should be noted that because the harmonic electrostatic force
is Fa = −0.25(∂C/∂ z)V 2

ac cos(2Ωat), the a.c frequency Ωa is equal to 0.5ω1 j or
0.5ω2 j, in the linear viewpoint the resonant phenomena will occur. Figure 2 shows
that in addition to these linear resonant phenomena there exist many resonant points
due to the nonlinear a.c. electrostatic force.

Figure 3 shows the spectrum of two coupled beams with the same geometry and
material properties and subjected to the a.c. electrostatic force. Obviously, there is
great difference between the spectrums shown in Figures 2 and 3. For the case with
the distance d0 = 0.5 in Figure 3 there are a large resonant domain (1.740, 2.820)
and a little one. There does not exist other resonant points which are different to that
shown in Figure 2. If the distance d0 = 0.8, the first resonant domain significantly
contracts.

0 4 8 12 16 20

-0.4

-0.2

0

0.2

0.4

: d0 = 0.5, w1s = 0.0026, w2s = - 0.0026
: d0 = 0.8, w1s = 0.0010, w2s = - 0.0010

real line: w1d

dashed line: w2d

ωac

wid

 

Figure 3: Influence of the a.c. frequency ωac and the distance d0 between two
beams on the dynamic tip amplitudes of the double- beams assembly with the same
geometry and material properties [real line: for the first beam; dashed line: for the
second beam].
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   (c) 

 Figure 4: Influence of the a.c. frequency ωac and the bending rigidity ratio b12 on
the dynamic tip amplitudes of the double- beams assembly [real line: for the first
beam; dashed line: for the second beam].

Figure 4 demonstrates the influence of the bending rigidity ratio b12 on the spectrum
of the coupled beams. It is observed from Figure 3 and 4a that for the bending
rigidity ratio b12 = 1.2 the first resonant domain change slightly and the second one
becomes two resonant points. When bending rigidity ratio is changed to be b12
= 0.1, as shown in Figure 4b, the first resonant domain becomes several resonant
points. When bending rigidity ratio is decreased to be b12 = 0.01, as shown in
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(c) 
 Figure 5: Influence of the a.c. frequency ωac and the beam length ratio l12 on the

dynamic tip amplitudes of the double- beams assembly [real line: for the first beam;
dashed line: for the second beam].

Figure 4c, the first and second resonant domains change further.

Figure 5a shows the influence of the length ratio l12 on the spectrum of the coupled
beams. It is observed from Figures 3 and 5a that for the bending rigidity ratio l12 =
0.9 the first resonant domain separates obviously and the second one becomes two
resonant points. Moreover, it is observed from Figures 5a and 5b that the resonant
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domain changes with the electrostatic coefficient. Further, if the length ratio is
increased to be l12 = 2, as shown in Figure 5c, its spectrum is significantly different
to that in Figure 5b.

5 Conclusion

In this study, the mathematical model of a double-beams assembly subjected to
the a.c. nonlinear electrostatic force is established. The analytical solution for this
system is presented. It is discovered that there is a large resonant domain for this
system with two same beams. The spectrum of the system significantly changes
with the bending rigidity ratio, the length ratio and the distance between two beams.
Due to the variations of these parameters, the resonant domain will shift and even
separate many resonant points. Moreover, it is well known that for a linear beam
is excited by the harmonic force, the resonant point occurs at its natural frequency
only. However, because the a.c. electrostatic force is nonlinear, there results in
many resonant points in addition to these linear resonant phenomena.
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Appendix

The relation between the dimensionless natural frequencies of the two beams

The free vibraton model of the first beam is expressed as

∂ 4w1

∂ξ 4
1

+b21m12l4
12

∂ 2w1

∂τ2 = 0, ξ1 ∈ (0,1) (A-1)

at ξ1= 0:

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (A-2)

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (A-3)

At ξx= 1:

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (A-4)

∂ 3w1 (1,τ)
∂ξ 3

1
= 0. (A-5)

The free vibraton model of the second beam is expressed as

∂ 4w2

∂ξ 4
2

+
∂ 2w2

∂τ2 = 0, ξ2 ∈ (0,1) (A-6)

at ξ2= 0:

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (A-7)
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∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (A-8)

At ξy = 1:

∂Ψ

∂ξ
−β1Ψ =−β1 f1(τ)− f ∗1 (τ), (A-9)

∂ 3w2 (1,τ)
∂ξ 3

2
= 0. (A-10)

The jth dimensionless natural frequencies of the two beams are defined as {ω1 j,ω2 j}.
Obviously, the relation between these natural frequencies is

ω
2
2 j =

(
b21m12l4

12
)

ω
2
1 j, j = 1,2,3, . . . (A-11)

According to the method given by Lin (2005), the exact dimensionless natural fre-
quencies {ω1 j,ω2 j} of two independent beams are determined and listed in Table
1. Moreover, the relation (A-11) is verified here.


