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Error Bounds for Discrete Geometric Approach

Lorenzo Codecasa' and Francesco Trevisan?

Abstract: Electromagnetic problems spatially discretized by the so called Dis-
crete Geometric Approach are considered, where Discrete Counterparts of Consti-
tutive Relations are discretized within an Energetic Approach. Pairs of oriented
dual grids are considered in which the primal grid is composed of (oblique) paral-
lelepipeds, (oblique) triangular prisms and tetrahedra and the dual grid is obtained
according to the barycentric subdivision. The focus of the work is the evaluation
of the constants bounding the approximation error of the electromagnetic field; the
novelty is that such constants will be expressed in terms of the geometrical details
of oriented dual grids. A numerical analysis will confirm the theory.

Keywords: Cell Method; Finite Integration Technique; Discrete Counterparts of
Constitutive Equations; Convergence Analysis; Error Bounds

1 Introduction

The fundamental geometric structure on which electromagnetism is based, allows
to formulate Maxwell’s laws in a discrete manner with respect to a pair of oriented
and interconnected grids, one dual to the other, leading to the so-called Discrete Ge-
ometric Approach (DGA) for computational electromagnetics. This idea has a solid
physical and mathematical foundation, reflected in the scientific work of E. Tonti
with the Cell Method [Tonti (2002); Tonti (1998); Tonti (2001); Heshmatzadeh and
Bridges (2007); Cosmi (2001); Ferretti (2003); Ferretti (2004b); Ferretti (2004a);
Ferretti (2005)],, the work of T. Weiland regarding the Finite Integration Technique
[Weiland (1977); Weiland (1985)] and the work of A. Bossavit with the understand-
ing of the geometric properties of the Finite Element Method Bossavit (1998).

Integrals — like circulations or fluxes — of the electromagnetic field quantities, re-
ferred to as Degrees of Freedom (DoFs), with respect to nodes, edges, faces and
volumes of such a pair of oriented dual grids, are the working variables in DGA.
The physical laws of electromagnetism can be straightforwardly written as exact
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Balance Equations in terms of the DoFs. This step, in the discretization process
of Maxwell’s laws, is quite clear and widely accepted within the electromagnetics
community and it is a common modus operandi of other physical theories.

On the other hand, in recent years, most of the research in DGA has been focussed
on the computation of the Discrete Counterparts of the Constitutive Equations; such
discrete counterparts of the constitutive equations are approximate equations trans-
forming the DoFs associated with geometric elements of one grid into the cor-
responding DoFs associated with geometric elements of the other grid. Discrete
Counterparts of the Costitutive Equations have to guarantee the stability and con-
sistency of the overall discrete formulated electromagnetic problem consisting of
the pairing of the exact balance equations together with the approximate Discrete
Counterparts of the Constitutive Equations.

It has been shown [Codecasa, Minerva, and Politi (2004); Codecasa and Trevisan
(2006); Codecasa, Specogna, and Trevisan (2007); Codecasa and Trevisan (2007)]
that specifically developed piece-wise uniform vector base functions can be prof-
itably used within energetic functionals, yielding Discrete Counterparts of the Con-
stitutive Equations ensuring stability and consistency of discrete equations for any
pair of oriented polyhedral dual grids. This methodology has been referred to as
Energetic Approach.

A further step has been recently performed, by demonstrating in [Codecasa and Tre-
visan (2010)] the convergence of an electromagnetic problem spatially discretized
by DGA when the Discrete Counterparts of the Constitutive Equations are obtained
by means of the Energetic Approach with respect to a pair of oriented dual grids.

Such a novel result provides to the DGA a sound mathematical background and
constitutes the starting point of this paper. However the constants, derived in [Code-
casa and Trevisan (2010)], bounding the approximation error of the electromagnetic
field have simply a theoretical relevance, without any indication on their numerical
extent. This is unlike what is provided by other discretization methods, in particular
by the Finite Element Method (FEM), in which constants bounding the approxima-
tion error can be derived in terms of the geometric details of the meshes.

In this work, the significant case is considered in which the primal grid consists
of (oblique) parallelepipeds, (oblique) triangular prisms and tetrahedra and the
dual grid is obtained from the barycentric subdivision of the primal grid [Bossavit
(1998)]. The novelty content of this work lies in the computation of the analytical
values of the constants bounding the approximation error of the electromagnetic
field by expressing them in terms of the geometrical properties of the pairs of ori-
ented dual grids. A simple numerical example confirms the theoretical analysis.

The rest of this paper is organized as follows. In Section 2, the spatial discretization
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of an electromagnetic problem by the DGA is discussed briefly. The Energetic Ap-
proach for discretizing the Constitutive Equations is recalled in Section 3. The main
convergence result of the discretized equations is reported in Section 4. Step-wise
uniform vector functions attached to edges and faces for the Energetic Approach
are introduced in Section 5, and their geometric properties are outlined. Constants
bounding the approximation error of the electromagnetic field are derived in terms
of the geometric properties of the pairs of oriented dual grids in Section 6. Finally,
numerical results are given in Section 7.

2 Spatial discretization of electromagnetic problems by DGA

A time-domain electromagnetic boundary value problem is considered in a bounded
spatial region Q and in a time interval [0, 7]. The electromagnetic field is described
by the electric field e(r,t), the electric displacement d(r,t), the magnetic induction
b(r,t) and the magnetic field i(r,t). These quantities are functions of the position
vector r and of time instant ¢ and are ruled by Faraday equation, Ampére-Maxwell
equation, and constitutive equations. Linear, non-dispersive, in general, anisotropic
electromagnetic media are considered. Thus the electric constitutive equation is

d(r,t) = €(r)e(r,1) €))

in which the permittivity €(r) together with its inverse 7(r) is a double tensor,
assumed to be symmetric, positive-definite and the magnetic constitutive equation
is

h(r,t) =v(r)b(r,t), 2)

in which the reluctivity v(r) together with its inverse p(r) is a double tensor, as-
sumed to be symmetric, positive-definite.

For the sake of simplicity, magnetic walls boundary conditions are considered.
Generic initial conditions for d(r,7) and b(r,t) are assumed.

The electromagnetic problem is spatially discretized by DGA as follows. Firstly the
Q spatial region is covered by a pair of oriented dual grids ¢, ¢ [Weiland (1996);
Tonti (2002), Bossavit (1998)]. The primal grid ¢ has n nodes, [ edges, f faces and
v volumes. Each of these geometrical elements is given an orientation. The dual
grid ¢ has i = v nodes, [ = f edges, f = I faces and ¥ = n volumes. Each of these
geometrical elements has the orientation induced by the corresponding geometrical
element of the primal grid ¢ [Tonti (2002)].

Secondly, the electromagnetic field quantities are discretized into integral quantities
associated with geometric elements of the pair of dual grids ¢, ¢ yielding the
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following arrays: the [ x 1 array v(t), which approximates the [ x 1 array' p.e(r,t)
of the circulations of the electric field e(r,¢) along the edges of ¢; the f x 1 array
¢(), which approximates the f x 1 array® psb(r,t) of the fluxes of the magnetic
induction b(r,t) through the faces of ¢; the f x 1 array (), which approximates
the [ x 1 array? pjd(r,t) of the fluxes of the electric displacement d(r,) through
the faces of &; the [ x 1 array f(¢), which approximates the f x 1 array* pzh(r,t) of
the circulations of the magnetic field i(r,t) along the edges of 4.

Thirdly, Faraday and Ampére-Maxwell equations are discretized [Tonti (2002)]
substituting pee(r.t), prb(rt), prd(r,t), psh(r,t) respectively with v(t), @(t), ¥(t),
and f(t) in the exact equations satisfied by p.e(r,t), prb(r,t), pyd(r,t), peh(r,t).
Boundary conditions, being magnetic wall boundary conditions, are included in a
natural way in discretized Ampére-Maxwell equations [Tonti (2002)]. Initial con-
ditions are written in terms of @(¢) and ().

Lastly, constitutive equations are discretized. Electric constitutive equation is dis-
cretized into matrix equation

y(r) =Ev(t), 3)

in which E is an [ x [ matrix, of inverse H, representing the discrete counterpart of
the €(r) tensor. Magnetic constitutive equation is discretized into matrix equation

f(r) =No(1), @)

in which N is an f x f matrix, of inverse M, representing the discrete counterpart
of the v(r) tensor.

The discrete electric constitutive equation is only approximately satisfied by p.e(r,t)
and pd (r,t). In a similar way, the discrete magnetic constitutive equation is only
approximately satisfied by psb(r,t) and pgh(r,t). The problem of discretizing con-
stitutive equations by approximate equations is crucial in DGA. It it here faced by
the energetic approach previously proposed by the Authors [Codecasa, Minerva,
and Politi (2004); Codecasa and Trevisan (2006); Codecasa, Specogna, and Tre-
visan (2007); Codecasa and Trevisan (2007)].

' Symbol p, acts on a vector field yielding an array of circulations along the edges of ¢.

2 Symbol Py acts on a vector field yielding an array of fluxes through the faces of &.

3 Symbol p 7 acts on a vector field yielding an array of fluxes through the faces of ¢.

4 Symbol p; acts on the vector field yielding an array of circulations along the edges of ¢.
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3 Energetic approach for constructing discrete counterparts of constitutive
equations

In the energetic approach, discrete counterparts of constitutive equations are con-
structed primal volume by primal volume. Precisely let ¢, ¥ be the pairs of dual
grids obtained by restricting the pair of dual grids ¢, ¢ to the single volumes Q¥ of
¢ withk=1,...,v. Let I¥, £F withi = 1,..., I* be respectively the edges of ¥* and
the faces of 9%, with k= 1,...,v. Let Zf-‘, fﬁf with i = 1,..., f* be respectively the
faces of ¥* and the edges of 4%, withk =1,...,v. Let lf be the edge vector of the
edge Fﬁ-‘ withi=1,...,[* Let sf-‘ be the face vector of the face Zf.‘ withi=1,..., f*

Similarly let lf be edge vector of edge ff? withi=1,..., f* and let ff‘ be face vector
of face flf‘ withi=1,...,I% Let r* be the node of ¥%, withk=1,...,v.

3.1 Discrete counterpart of the permittivity tensor £(r)

Let v¥(¢) and p¥e(r,t) be the [¥ x 1 arrays respectively of the approximate and of
the exact circulations® of the electric field along the edges of ¥*. Let W(r) and
pJ’;d (r,t) be the [¥ x 1 arrays respectively of the approximate and of the exact®
fluxes of the electric displacement through the faces of &*.

Let wfk(r), with i = 1,...,I¥, be bounded vector functions satisfying the following
geometric properties

/kwfk(r)-t(r)drz&j, =1, 0, 5)

%

l"]

Y wit(nel=1, 6)

1

sf?:/ wk(rdQ, i=1,...,1% (7)
Qk

in which §;; is the Kronecker’s delta symbol and / is the identity double tensor. Let
matrix E¥ be introduced, whose elements are

Ej; :/ wi(r) - ()W (r)dQ, i,j=1,...,1" )
Qk
in which the permittivity tensor &(r) is evaluated at the node r* of ¥

Matrix E in (3) can now generated from matrices EX, with k = 1,...,v, as follows.
Let TX be the /¥ x I matrix whose element t{‘j is 1 if the i-th edge of ¥* is the j-th

> Symbol pf acts on a vector field yielding an array of circulations along the edges of .
6 Symbol pj’; acts on a vector field yielding an array of fluxes through the faces of ¢
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edge of ¢ and is 0 otherwise. Then matrix E is constructed as
LT

E=Y) TV E'T.
1

3.2 Discrete counterpart of the reluctivity tensor v (r)

Let ¢*(¢) and p’;b(r,t) be the f* x 1 arrays respectively of the approximate and
of the exact fluxes’ of the magnetic induction through the faces of ¥*. Let f(r)
and pXh(r,t) be the f* x 1 arrays respectively of the approximate and of the exact
circulations® of the magnetic field along the edges of ¥*.

Let wlf k(r), withi=1,..., f*, be bounded vector functions satisfying the following
geometric properties

/kW{k(l”)'n(}’)dZ:(sij, i?jzlv"'afkv (9)

YK

fkj

Ziwlfk(r) Qs =1, (10)

1

ﬂf:/W‘fk(r)dQ, i=1,../~ (11)
Q

Let matrix N¥ have elements

1

NE = /Qk w5 ) VW (A, i =1, (12)

in which the reluctivity tensor v(r) is evaluated at the node r* of ¢*.

Matrix N in (4) can now generated from matrices N¥, with k = 1,...,v, as follows.
Let P* be the f¥ x f matrix whose element pf-‘j is 1 if the i-th face of ¥* is the j-th
face of ¢ and is 0 otherwise. Matrix N is constructed as

_ S kT kpk
N_;kP NFP-,

4 Convergence formulae for electromagnetic problems discretized by the DGA

Regularity conditions on material properties and electromagnetic field are assumed
as in [Codecasa and Trevisan (2010)]. Thus it is assumed that the spatial domain
Q can be partitioned in a finite set of subdomains Q;, with i = 1,...,s, in each of

7 Symbol p’; acts on a vector field yielding an array of fluxes through the faces of ¥*.
8 Symbol p§ acts on a vector field yielding an array of circulations along the edges of .
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which both the tensors €(r), v(r) and their inverses n(r), u(r) are bounded and
Lipschitz continuous. That is, if A(r) is any of such tensors, constants M4 and L,
exist such that

[[A(r)]|2 < Ma,
[|A(r1) —A(r2)||2 < Lalri—ra2|, ri,r€Qii=1,...,s,

hold, in which || - || is the spectral norm, recalled in Appendix A. Similarly, it
is assumed that for all time instants 0 < < T, the fields e(r,?), h(r,t), b(r,1),
d(r,t), together with their time derivatives are bounded and Lipschitz continuous
within each subdomain Q;, with i = 1,...,s. That is, if a(r,t) is any of such fields,
constants M, and L, exist such that

la(r,t)] < M,, (13)
\a(rl,t)—a(rz,t)|§La\r1—r2\, I”],FzGQi,iZI,...,S, (14)
hold.

Assumptions are also made on the pair of dual grids ¢, ¢. It is assumed that
the Q; subdomains, with i = 1,...,s, are exactly obtained as unions of volumes of

the primal grid ¢. Moreover any chosen pair of dual grids ¢, ¢ is such that the
following disequalities

l|pke(r,t) || < ReA/|QK| max \/||e(r)|], max|e(r,t)], k=1,...,v, (15)
reQk reQk

Ipfd(r.1)| I < Runy/[Q max /[0 (r)[[a max |d(r,0)|, k=1,...,v, (16)
reQk reQk

Hp’;b(r,t)HNkSRN |QK| max +/||v(r)||2 max |b(r,0)|, k=1,...,v, (17)
reQk reQk

1Pz h(r,1)| |y < Rm Q) max /| (r)ll2 max |a(r,)], k=1,....v (18)
I 14

hold, in which the notation in Appendix A is used and the constants Rg, Ry, RN
and Ry are independent of the pair of dual grids ¢, 4. With these assumptions
the following results are obtained in [Codecasa and Trevisan (2010)], in which /Ay,
denotes the maximum diameter [Quarteroni and Valli (1994)] of the volumes of 4.

Theorem 1 (Error bound for integral quantities) For 0 <t < T, itis
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in which

Se = Ru\/ My |Q|(LeM, 4+ MeL,) + Rg /Mg |Q|L,,

Si = RNv/My| Q| (LyMy, +MyLy) + Rviy /My, |Q| Ly,

S = Re\/Me|Q|(LyM,;+MyL;) + Ru\ /My |Q|L,

S; = Rmy/ Myu|Q|(LvMj, +My,L;) +Rn/ My |Q|L; .

These equations establish bounds for the approximation error of discrete quantities

in DGA. Bounds for the approximation error of the electromagnetic field can also
be derived. Introducing the fields

m(r)v(r) = Zivé‘(t)wfk(r), reQf k=1,...,v
1

(M) = Y efowl (), re@f k=1, v,
and, using the notation of Appendix A, it results in

Theorem 2 (Error bound for field quantities) For 0 <t < T, it results in

|7 (P)V(t) — e(r,)|]e < <Ie+ \/sg+sg+T\/s§.+sg> I

)0 =0l < (1245253 47 [55+57 )

in which

I, = (Re+ 1)\/M|Q|L,,

I, = (RN + 1)\/Mv’.Q|Lb.

5 Vector base functions for the considered pairs of oriented dual grids

As shown in [Codecasa and Trevisan (2010)] a general condition for which (15)-
(18) are satisfied is to choose the pairs of dual grids in such a way that each primal
volume is geometrically similar to a volume in a finite set. However the constants
RE, Ry, Ry and Ry, obtained in this way, which bound the approximation errors
of the electromagnetic field quantities have only a theoretic relevance, since they
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Figure 1: The three typologies of QF volumes are shown: (oblique) parallelepiped
(a), (oblique) triangular prism (b) and tetrahedron (c). The pair of edge f’fx and face
¥k corresponding to the same dual volume Q¥ with i = n*(a) are also evidenced.

are not expressed in terms of the geometric properties of the pair of oriented dual
grids.

Hereafter the significant case of primal grids ¢ composed of tetrahedra, (oblique)
triangular prisms and (oblique) parallelepipeds and dual grids ¢ is considered in
details. The dual grid ¢ is obtained by the barycentric subdivision of ¢ [Bossavit
(1998)]. Error bounds are derived in terms of the geometrical details of such ori-
ented dual grids ¢, 4.

Let Qf be the volumes of ¢*, with i = 1,...,n*. For each volume Qf‘ a triple
of edges is introduced given by the edges of ¥* which are parts of edges of Qf
Such edges are named I’ k, with & = 1,...,3n¥, and are independently oriented

with respect to the edges of ¢*. Similarly for each volume Qf a triple of faces
is introduced given by the faces of ¥* which are parts of the faces of Qf . Such
faces are named X, with o = 1,...,3nk. Tt is assumed that edge I, and face £X,
indexed by the same «, correspond to the same volume Qf, are not coplanar. and
are oriented in such a way that /%, - §*, > 0, [¥, being the edge vector of % and §¥,
being the face vector of £¥,, as shown in Fig. 1. Let i = n*( o) be the function which
associates to each edge f’& and face i’fx the corresponding volume Qf‘

Let K¥ be 1/8, 1/12, 1/24 according to the volume QF is respectively an (oblique)

parallelepiped, an (oblique) triangular prism or a tetrahedron. Besides let CA‘]O‘C be 1
or 2 according to the face i’fx is respectively a parallelogram or a triangle. Let T#
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be the 3n* x I* rectangular matrix whose elements are

o Ik

.= — O
ST R
I*(o) being the index of the edge F;‘k (@) of ¥ corresponding to edge F" , and let P¥

be the 3n* x f* rectangular matrix whose elements are

Aksl;

Pai = |§k k‘ 6fk

|s
f*(o) being the index of the face fok (@) of ¢* corresponding to face i’fx.

Lemma 1 The following relations hold

| | = K*Ca e, 56, (19)
3nk A

Zat]gziKkngfl& =5 (20)
1

3nk

Y pLRMCEL, =T, @1

1

Proof. For an (oblique) parallelepiped it is

u ok A~k k ok 13"k ok ok 1 &
Za(K Co)faiSe) = gza aiSa = gSszv
1 1

3nk 3nk

For an (oblique) triangular prism, limitedly to the parallelepipeds £¥, and the corresponding
%, itis

ok AN 1
(RCo) (e 5a) = ¢ 61|

k k
L Iekék ~k ok _137[ ~k ok _164{
Za( oc)(tocisoc) - 6 Za aiSo = 6 Si 5
1 1
3nk 3nk



Error Bounds for Discrete Geometric Approach 165

For an (oblique) triangular prism, limitedly to the triangles £X and the corresponding %,
and for a tetrahedron it is

A AL 1 ~
(R*Ca) (e $6) = 75 12190

and the thesis follows. [

5.1 Discrete counterpart of the permittivity tensor €(r)

The following step-wise uniform vector functions are introduced

RO g
~ek . Ak re n(a)
Wy (r) - ’Qn(a)‘

Ak
0 erQn(a).

Lemma 2 The vT/ka(r) vector functions satisfy the following properties

ISARIS

ek — n(a) . k

/f‘]&ﬂf!k(v)v% (r)t(r)dr—w5aﬁ, (X,B—l,...,3n, (22)
3nk

Zawak(l")(@il& =1, (23)
1

RiChst, = [ wbnae, a=1...34" on

Proof. If n*(a) # n*(B), since O () and fl’r‘,( p) are disjoint, the left hand side of (22) is
zero. Otherwise if n* (o) = n*(B) then

[k Ok ok Ak ok

[ g = el B
A ~ - A o ~

thoat, P £ [ )|

which is zero if a # B, since flfx sfg =0, and is |[%, ﬂﬁﬁ(a)\/|f’&|, as a consequence of
Lemma 1, if a = . Thus (22) is proved.

Let r € Qf The sum in the left hand side of (23) has only three non-zero terms for the
values @, &, 03 of the index & such that n*(a;) = n*(0) = n¥(a3) = i. Thus, from
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ek N N :
tj{le deAfgnlti]?n ofAk W 5{ r), from Lemma 1, and since §g, , §g, ., §g, are parallel respectively to

lo xla3,l xlal,l xlaz,ltfollows
k ~ ~ ~k ~&
& ~ek 7k §§1 ® l(xl 341{12 d laz 5053 ® laa
Zawa (Nely= i o e
S Toy S5 gk
1 Say Say oy Sog " bag

ByxB)el, (xBoly (5 xB)ok,
(B ) By By Tl ) Ty (B < Boy) T,

in which the last equality for fk l’&z, lk can be directly verified, and (23) is proved.
Lastly, by recalling the definition of Aek( ), (24) straightforwardly descends. [

Functions w¢*(r) are now constructed in terms of functions W% (r) as follows

From Lemma 2 it straightforwardly follows

Theorem 3 Vector functions wé(r), withi = 1,...,1%, satisfy properties (5)-(7).

Proof. From the definition of w¢*(r) it follows

3nk

/rk W (1) -1(r) dT = ;aff;i /Féi W (r) -1(r) dT

J

Z Zﬁtﬁ, [ 00 ) ar

rkak< 5
Snk |Fk ﬂgk( )|5
A T *
CrEN

ﬂk( )|Ak o
ST

Eq. (25) descending from (22). Eq. (5) is thus proved.
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From the definition of w¢*(r) and from (23) it follows

k ik 3k
Z ® lk Z Aek az ®lk
1
3nk i} Ik -
= Za fo (r) ® Zl‘talll
1 1
3nk

Eq. (6) is thus proved.
Lastly from the definition of wfk(r), from (24) and from (20) it follows

/ ek dQ / Z Aek
/ Aek
(x loi

72 PRRECESE =55 i=1,.. 1%

Eq. (7) is thus proved. [

Functions w"’k (r), with i = 1,...,1¥, can thus be used in the energetic approach for
constructing the EX matrices. It is noted that

EF = TFTEFTX (26)
in which EX are 3nf x 3nf matrices whose elements are

El‘;ﬁ = /Qk fok(r) 'S(rk)v@%k(r)dﬂ, a,p = 1,...,3nk

5.2 Discrete counterpart of the reluctivity tensor v(r)

The following step-wise uniform vector functions are introduced

KT, | g
LAGER AN e
0 r¢ QF
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Lemma 3 The vT/{;k(r) vector functions satisfy the following properties

6N QY g

Sk nt(a) k

W (1) n(r)d = ———=—— 045, o,B=1,...,3n", 27

L o, P00 s S @B @
3nk .

Y i (nest=1, (28)
1

RFCET :/kaf)ék(r)dQ, a=1,...31, (29)

Proof. If n*(a) # n*(B), since QY (o 2nd o (p) &re disjoint, the left hand side of (27) is

zero. Otherwise if n* (o) = n*(B) then

& = A1 ALk
|ZkNQk | RKCK]
/ W) en(rdr = e g = PP
Z,&ﬂgﬁk(a) |ZOC| |an(ﬁ)|

which is zero if o # B, since lAi; sfg =0, and is |£X, ﬂﬁﬁk(a)|/|i]&\, as a consequence of
Lemma 1, if o« = 3. Thus (27) is proved.

Letre Qf . The sum in the left hand side of (28) has only three non-zero terms for the values
ay, 0, o of the index & such that n* (o) = n*(0) = n*(0) = i. Thus, by recalling the
definition of /() and Lemma 1,

3k ok o ¥ ok o ok
Afk A~k _ Socl ® lOC] S(Xz ® 1062 sOtg ® o3 _ I
Zawa(r)®sa_ % T i P
! Sy tey Son oy Sz “tag

and, proceeding as in the proof of Lemma 2, (28) is proved.

Lastly, by recalling the definition of ng(r), (29) straightforwardly descends. n

Vector functions v?/{ ¥(r) are now constructed in terms of functions W/ (r) as fol-

lows

T 3nk it . )

Wi (r)zzawa (r)pgis i=1,...,f"
1

From Lemma 3 it straightforwardly follows

Theorem 4 Vector functions w!' k(r), withi=1,..., % satisfy properties (9)-(11).

i
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Proof. From the definition of W'lf k(r) it follows

169

' A fk
./Zk r)dE = Z pa,/ 15(r) -n(r)dz
J
3 Vl fk
= ; palZﬁpﬁj[:Aka (ﬁ)'oc (r)-n(r)dx
3t 26 NQ |
_ Ak Ak n*(a)
= ZaﬁpmpBJT of (30)
1 o
Nk Ok
B ‘Ea ﬂan(a>|ﬁk ﬁk _5
- & aifoaj — %)
T 2% o
Eq. (30) descending from (27). Eq. (9) is thus proved.
From the definition of w{ 'k(r) and from (28) it follows
L Sk k LA Sk k k
Z,WZ (r)®sz = ,-Zawa (r)ﬁocz@‘gz
1 11
o G
= Zawa (}") ® Z,ﬁazsl
1 1
3nk k «
= ZaWa (r @y =1
1
Eq. (10) is thus proved.
Lastly from the definition of w{-‘ 'k(r), from (29) and from (20) it follows
k Sl (
JRCAGIEE / Lol (pga0
P [0
a ou
Z PRRFCRIS, =TF i=1,... f.
Eq. (11) is thus proved. n
Functions wlf k(r), with i = 1,..., f¥, can thus be used in the energetic approach for

constructing the N¥ matrices.
It is noted that

NF — PKTRFp

€29
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in which N* are 3n% x 3n* matrices whose elements are

A " "
Neg Z/kaé (1) V(W (rdQ, a,B=1,...,3n",

6 Derivation of constants in error bounds

Assumption for choosing the pairs of dual grids are now introduced. For each pri-
mal volume, each triple of edges incident into one node, is such that the modulus
of the angle formed by any of the edges of the triple with the normal to the plane
formed by the other two edges is less than a chosen angle ¥y, < /2. Such condi-
tion can be obtained using common grid generators. Hereafter it is shown that for
such a pair of dual grids the disequalities (15)-(18) hold, Rg, Rug, Rn and Ry being
estimated using the results in Section 3.

6.1 Evaluation of the Rg and Ry constants

The constant Rg, defined in (15) is evaluated as follows.

Theorem 5 It results in

_ 3
E cos Oy

Proof. Let v¥() be the array of elements v¥(¢) of the circulations of e(r,t) along the edges
T%, with i = 1,...,0%, and let 9*(¢) be the array of elements ¥ (¢), of the circulations of
e(r,t) along the edges [, with & = 1,...,3n*. Then it is

so that

V() g = 190l ge

3nk 3nk
/Qk <Za ﬁ’&(z)v@ﬁ‘(r)) -e(r*) (Zﬁ 7 (t)w;k(r)> dQ.
! 1

From Lemma 1 and from the assumption on the pair of dual grids it is

Iekék ~k
o (k)] < & CalSal ) o o)
o, | el
nk(a)
ik ~k
B

t)|.
< o5 Oy Maxe(r,1)|
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Thus it is
3nk . "
A N
Lo el () < o maxle(r.1).
so that
k k
< .
VOl = gV 1@ max e (r)] | maxe(r, )]
from which the thesis follows. n

The constant Ry in (16) is estimated as follows.

Lemma 4 Let H* be the inverse of matrix Bk, with k = 1,...,v. The elements of
A are

Lk v (1)
e [ [ Wal(r) W L _ K
Haﬁ—/m(,ek@z&)'"(’k)(kkég dQ, a,p=1,....31"

Proof. The product EXHF has elements

3nk
T ok 1k _ k
IaﬁfzyanHyB, o,B=1,....3n"
1

If n*(a) # n*(B) then no 7 exists such that nf(a) = n*(y) and n*(B) = n*(y). Thus it
cannot be £f,, # 0 and ﬁ’;ﬁ # 0 and Iog = 0 holds. If n*(a) = n*(B), then from (23), (24)
it is

Ak Ak
i ] p)|
ok Ak ok k L 1 k A k ill;
1 3nk « Z\][;
_ pkAk k ek k
i
= RAChst-e ()
nk(B)
~ T 6k

Thus if o # B, since sA’fx ZAE =0, then faﬁ = 0 holds. Otherwise if o = 3, then from Lemma
1, fyp = 1. .
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Theorem 6 It results in
3
cos Uy

Proof. Let §*(¢) be the array of elements ¥ (¢) of the fluxes of d(r,t) through the faces
Pk, withi=1,...,I%. Let §*(¢) be the array of elements

ok .I%kékfk
N Ik oo
Wl&(t):(T;k()Pwﬁ(a)(t)v azl,-..,?’nk_
Lk(o

Then, from Lemma 1 it results in

3nk 3nk ok Ak ok
PN n K C K
Y fai W () = Y fai S € k()

1 1

or equivalently
(o) = T ()
Then, by applying Theorem 9 in Appendix A, with A = EX and Q = T*, it follows

3nk A fk ~k 3nk W (r) N ([)
_ Wo (r) W (1) k W "V
i L (Za e B P Y iy vl R

From Lemma 1 ad from the assumption on the pair of dual grids it is

19 () e < 1195(2)

wik(r % |c’<1<’<\sa|
o D ko) < el Ta e ol max |d(r,1)|
KC |gz ol Bl reQk
i,
< |%Hs“|max\d(r 1|
l Sa reQk
d(r,t)|.
*cosﬁM%’ﬁ ()]
Thus it is
3k A fk
Wa (r)A
—— ) < d(r,t
Yo ficx w’&()’ cov 5, max|d ()|
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so that
~ k k
<
19 0) e < oo/ 19 max [ oma ()|
from which the thesis follows. [

6.2 Evaluation of the RN and Ry constants
The constant Ry, defined in (17) is evaluated as follows.
Theorem 7 It results in

B 3
cos Uy

Proof. Let ¢X(¢) be the array of elements @¥(t) of the fluxes of b(r,t) through the faces
ko withi=1,... ,Afk, and let ¢*() be the array of elements @ (¢), of the fluxes of b(r,t)
through the faces Z]fx, witha=1,..., 3n¥. Then it is

¢ (1) =P ot (r)
so that

. 3nk 3nk
19 Ol = 19" 0)le = | [, (Za ¢g<r>wé"<r>) V) (Zﬁ ¢g<z>w;§"<r>) a
1 1

From Lemma 1 and from the assumption on the pair of dual grids it is

ok Pk
. [k RACLI | &
| @b (Wl (r)] < =722 (3% | max b(r,1)]
IQ o)
Il’&\lsal
= max |b(r,t
T ma ()
< b(r,t)|.
S — ﬁ‘;‘;‘{k" (r,1)]
Thus it is
3nk . &
D, ()W < b(r,1)|.
;arpa() o (r) cosﬁMf§?2’§| (r,0)|
so that
k
164 ()l < o /19 max TV omax ()1
from which the thesis follows. u

The constant Ryy, in (18), is estimated as follows.



174 Copyright © 2010 Tech Science Press ~ CMES, vol.59, no.2, pp.155-179, 2010

Lemma 5 Let M¥ be the inverse of matrix NK, with k= 1,...,v. The elements of
MF are

~ek ek
ok W (r) (kK Wﬁ(r) _ k
M = /»«(chg) “(r)<1€kég dQ, a.B=1,...,3n

Proof. The product N*M¥ has elements

3nk
IaB:Z VayMyg, o, B=1,...,3n".
1

If n* () # nk(B) then no y exists such that n* (o) = k(}/) and n*(B) = n*(y). Thus it
cannot be Ngy #0and M’ ;é 0 and /g = 0 holds. If n* () = n¥(B), then from (28), (29)
it is

po ok Ak K k VY o ok B
Ioc[i = ZyK ala - V(r ) |Qkk ‘ ®sy :u(rk) |Qkk |
1 nk(y) "
ik ok
_pkpk ik 1 ok B
=R*CET,, - v (b <Zka| . Vry@s dQ) u(r")lék ‘
1 n*(B)
AL ALk 1 3nk fk §k
= Rl Iy V(M) o [ [ X, 9 () 08 ) dap(t) <L
Q] Jar \ 4 Q)]
" &
:chgla.vk(rk)u(rk)m]{ |
nk(B)

s ALk
Rl -5

== T.
|Qn1\<ﬁ)|

Thus if o # B, since [, -§ =0, then fop = 0 holds. Otherwise if & = B, then from Lemma
Ll =1. "

Theorem 8 It results in

3
~ cosVy

Proof. Let f(¢) be the array whose elements f¥ () are the circulations of /(r,t) along the
edges I¥, with i = 1,..., f*. Let (r) be the array of elements

Bty KECally
VHOR “Mi‘zf;k( (), a=1, 3
K@)
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Then, from Lemma 1 it results in

3nk 3nk ik .k Pk T
N 15 KECE LY
.k N k
Yo Paifa(t) = Y4 Pai~ \ﬂ‘|2a “fi)
1

1 1
Zk 3n
- g (Bunsis) o
=fi ),

or equivalently

() =P (r).

Then, by applying Theorem 9 in Appendix A, with A = N* and Q = P, it follows

. . o 3nk Aek( )fk() 3nk
B0l < B0l = | [ k;a( o )-utr) (;ﬁﬁ

From Lemma 1 it is

Ak ok
W (r) 6] 1 ICaR I
fa ()] < |75 | max [ (r, 1)
k(Ck 2 X
K Ca |'Q' ‘ ‘lfk(a)| reQk
ok |17k
[
< 'f;j”;:‘ max (1)
Sa'la reQk
max |h(r,t)].
< cos Oy reg;,gl (r1)]
Thus it is
3k ack
Wa (r) 7k
—— )| < h(r,t
Zl‘,a ch]&fa() cos o, max [h(r,0)]
so that

3
< k
E Ol < gV 1@ max/lu(r)l2 max|a(r.o)]
from which the thesis follows.

7 Numerical results

175

A rectangular waveguide of section 5cm x 2.5cm and length 10cm is considered.
At one end a TE g electric field is applied. At the other end a PEC termination is
applied. The corresponding time domain electromagnetic boundary value problem
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——4#— Computed Approximation Error

— — — Theoretical Bound for the Approximation Error

% error
w
T

Figure 2: Percent error of the electric field in the energy norm versus the maximum
grid diameter.

has been spatially discretized by means of DGA, the oriented primal grid being
tetrahedral, the oriented dual grid being its barycentric subdivision and constitutive
relations being discretized as in Section 3. The resulting semi-discrete equations
have been discretized with respect to time by means of the FD-TD scheme, in the
time interval Ons <¢ < 0.95ns. The time step has been chosen in such a way that its
effect on the approximate electromagnetic field is negligible. The approximation
error in the energy norm for the electromagnetic field has been evaluated at ¢ =
0.95ns for primal grids having different maximum diameters %y, and ¥y = 1.2rad.
The evaluated percent error, for the electric field, is compared in Fig. 2 with the
theoretical error bound estimated by Theorem 2.
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8 Conclusions

The paper has proposed a novel and original computation of the analytical values
of the constants bounding the approximation error of the electromagnetic field by
expressing them in terms of the geometrical properties of the pairs of oriented dual
grids. A numerical example confirmed the theoretical analysis.
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Appendix A

If A is a symmetric, positive definite matrix of order n and x;, X, are a pair of
column arrays of n rows, then a scalar product and its corresponding norm in the
space of column arrays of n rows are defined by

(X1,X2)A = X] AX)
Xi[|A = X1,X1)A = £/ X] AX].
[Ixi[la = v/ (x1,x1)a = /X[ A

Theorem 9 Let A be a symmetric, positive definite matrix of order m and let Q be
a real, full rank, m x n matrix with m > n. Let it be A = QTAQ. Then for each real
column vector X of m rows

[Ixl[a-r < [1%[[5 (32)

holds, being x = Q7%
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Proof. For each real column vector ¢ of n rows it results in

Qo) (A~

1 1

N

£~ A2Qc) > 0.

[~
[~}

# =(A 1%—A
By expanding the terms in (33) it results in
A =%"A7'% 28" Qe +¢"Q"AQc > 0.
In particular, by choosing

c=A"1Q"%.

it results in

A =%"A % —x"A x>0

from which (32) descends.
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(33)

Let now A(r) be a symmetric, positive definite double tensor defined in a spatial
region Q. If both ||A(r)||> and ||A~!(r)||» are bounded in Q, then in the space
of vector functions square integrable in Q, a scalar product and its corresponding

norm are defined as

(1 () 52(acy = [ 31(0)-Al)a(r)

Q
Ixtllay =/ (1,%1)a¢) = \//QM (r)-A(r)xi(r)dQ.






