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On the Approximation Methods for the Solution of a
Coefficient Inverse Problem for a Transport-like Equation
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Abstract:  We present the solvability of a two space dimensional coefficient in-
verse problem for a transport-like equation and investigate the approximate solution
of this problem with the use of centered difference formulas and a symbolic approx-
imation method. Since this inverse problem is overdetermined, which is the main
difficulty in studying of its solvability, it is replaced by a related determined one by
using some extension of the class of unknown functions.
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1 Introduction and the Statement of the Problem

Let Q= {(x,¢) :x€ D CR? ¢ € (0,27), dD € C*} be a bounded domain and in
the domain Q, consider the transport-like equation

U, COS @ + iy, SIN @ + UK (x, @) — u(x)u =0, (1

where K (x, @) = f>(x) cos ¢ — f1(x) sin ¢ (for the explanation of why the function K
is taken in this form, see [Amirov, Yildiz, and Ustaoglu (2009)] and the references
therein). We study the solvability and approximation methods for the solution of the
following coefficient inverse problem, where the data for the solution of equation
(1) are specified on a part of the boundary of the domain Q : I'} = dD x (0,27).

Problem 1 Given the function K, determine a pair of functions (u,l) from the
equation (1), provided that u(x,@) > 0, u(x, 9) is 2xw-periodic in ¢ and the trace
of u(x,) is known onT'y, i.e. ulr, = uy.

We construct two solution algorithms for the approximate solution of this prob-
lem with the use of the centered difference formulas and a symbolic approximation
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method. Computational feasibility of these algorithms is presented by some nu-
merical experiments. The solvability and numerical solution of Problem 1 have not
been investigated previously, and this work presents two approximation methods
to solve this coefficient inverse problem. The studies on the numerical solution
methods of inverse problems for differential equations is important and there is an
interest to develop new feasible methods (see, e.g. [Beilina and Klibanov (2008);
Huang and Shih (2007); Ling and Atluri (2006); Ling and Takeuchi (2008); Liu
(2008, 2009); Liu and Atluri (2008); Marin (2008); Marin et al (2008)]). More-
over, inverse problems for transport equations are of importance in applications
and used in many measurement problems, objectives of which are to determine
the conditions on the boundary or the scattering and absorption properties or the
measure of the medium, and have variety of applications in theory of nuclear re-
actors, geophysical imaging and medical imaging such as tomography, etc. (see,
e.g. [Anikonov, Kovtanyuk, and Prokhorov (2002); Anikonov (2001); Case and
Zweifel (1967); Isakov (2006); Li et al (2009); Natterer (1986); Stefanov and
Uhlmann (2003)]). The transport equations are used in the study of problems
involving the propagation of particles within a medium or vacuum and governs dif-
fusion processes such as scattering of light, near infrared lights, which has impor-
tant applications in imaging, etc. (see, e.g. [Anikonov, Kovtanyuk, and Prokhorov
(2002); Huang et al (2009); Mai-Cao and Tran-Cong (2008); Natterer (1986)]).

Here, we have to note that the coefficient ¢ in equation (1) depends only on x
and hence Problem 1 is overdetermined (the term overdeterminacy is explained in
Section 1.1). This fact is the main difficulty in studying of its solvability, so we
propose a way to overcome this difficulty for Problem 1 (see Section 1.1 and 2).

Since u > 0 in Q, we divide the equation (1) by u(x, ¢) and introduce a new un-
known function v = Inu, so we obtain the following first order differential equation
in Q

LY = vy, cos Q@+ Vy, Sin@ + VoK (x, @) = pu(x). ()

Therefore, we can reduce Problem 1 to the following inverse problem of finding
the right-hand side of the equation (2).

Problem 2 Given the function K, determine a pair of functions (v,lL) from the
equation (2), provided that v (x, Q) is 2n-periodic in ¢ and the trace of v (x, Q) is
known on Ty, i.e. V|r, = Vo, where Vo = Inuy.

Remark 1 Problem 2 is related to a certain problem of integral geometry (see
[Amirov, Yildiz, and Ustaoglu (2009)]). Assume that a family of regular curves
is given by curvature such that curvature of the curve passing from each point x
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€ D, in any direction ® = (cos @,sin@) (¢ € (0,2x)) is K(x,9) = fo(x)cos ¢ —
f1(x)sin @ and for any point x € D and any direction ® = (cos @, sin @), there exists
a unique sufficiently smooth curve passing through the point x in the direction ®
with endpoints on the boundary of D. Suppose the lengths of these curves in D
are upper-bounded by the same constant and denote the family of these curves by
{T'}. Then the problem of integral geometry (IGP) is formulated as follows: "Find
a function U(x) in a domain D from the integrals of 1 (x) along the curves of the

Sfamily {T'}."

The uniqueness of the solution of a problem of integral geometry by reducing it
to an equivalent inverse problem for the differential equation was firstly proved in
[Lavrent’ev and Anikonov (1967)]. Reduction of an integral geometry problem for
general curve class to an inverse problem for transport equation and the solvability
of this problem was investigated by Amirov in [Amirov (1986)] and the solvability
of the IGP is proved via solvability of Problem 2 in [Amirov, Yildiz, and Ustaoglu
(2009)]. Historically, the Radon transform (see [Radon (1917)]) is assumed to be
the basis of the integral geometry problems and particularly in the second half of
the last century, theory of these problems is developed by several researchers (see
[Amirov (2001)] for a reference list) and from the practical point of view, problems
of integral geometry have many important applications, especially in geophysics,
astronomy and medicine (see, e.g. [Amirov (2001); Lavrent’ev, Romanov, and
Shishatskii (1986)]). In particular, the reconstruction of a function from its line or
plane integrals is the main problem in the computerized tomography and some of
the applications related with the computerized tomography can be seen in problems
of seismology, flaw detection, microscopy, X-ray tomography, etc. (see, e.g. [Nat-
terer (1986)]). Moreover, integral geometry problems are closely interrelated with
the inverse problems for kinetic equations which are also important both from theo-
retical and practical points of view (see, e.g. [Amirov, Golgeleyen, and Rahmanova
(2009); Yildiz (2009)]).

1.1 Overdeterminacy

As it was indicated above dependence of the unknown function ¢ only on the vari-
able x (which is the classical case in integral geometry) leads Problem 1 to be an
overdetermined one. In fact, the underlying operator of the IGP is compact and its
inverse operator is not bounded. Hence, proving the general existence results for the
IGP and Problem 2, and therefore for Problem 1, is impossible and we need some
special conditions on the data Vg (1) for the existence of the solution (for example
Vo (1) must has some quasianalytic character (see, e.g. Chapter 6, Section 17 in
[Courant and Hilbert (1962)] and Chapter 6, Section 1 in [Lavrent’ev, Romanov,
and Shishatskii (1986)])), so here the term "overdeterminacy" is used in this sense.
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It is worth noting that in the theory of inverse problems, usually "overdeterminacy"
means that the number of free variables in the data exceeds the number of free vari-
ables in the unknown coefficient or right hand side of the equation (u(x)), and this
is not the case for our problems.

Because of the overdeterminacy, in establishing the solvability of the above prob-
lems, the initial data can not be arbitrary; they should satisfy some nontrivial "solv-
ability conditions" (see p. 4 in [Amirov (2001)] and Theorem 1.4 on p. 18 in
[Romanov (1974)]). It should be noted that the set of functions v (o) for which
IGP (Problem 1) is solvable is not everywhere dense in any of the spaces L, (I'}),
C™(T';) and H™(T'y). Furthermore, since the data in problems of integral geom-
etry are of quasianalytic character, in particular, this implies that it is impossible
to avoid overdeterminacy of the problem by specifying the data on a part of the
boundary rather than on the whole boundary. Even though finding the solvability
conditions for the mentioned overdetermined problems was possible, since the real
data in practice usually have some errors and thus fall out of the data class for which
the existence of a solution is established, these conditions would not be satisfactory
from the practical point of view.

Let us propose the procedure of the method for establishing the solvability of
Problem 1 (this method of investigating the solvability of overdetermined inverse
problems was firstly proposed by Amirov in [Amirov (1986)] (see also [Amirov
(2001)])). The overdetermined Problem 1 was reduced to Problem 2 above and on
using some extension of the class of unknown functions p, the latter is replaced
by the determined Problem 3 (see Section 2). This is achieved by assuming the
unknown function y depends not only upon the space variable x, but also upon the
direction ¢ in a specific way, i.e. U(x, @) satisfies a certain differential equation
(ﬁ,u = 0) where Problem 2 with the function u(x, @) becomes a determined one
and the sufficiently smooth functions pt depending only on x satisfy this equation.
Since this equation is not uniquely determined, the class of unknown functions p
extends so that Problem 2 becomes a determined problem for the new class and all
sufficiently smooth functions in x belong to the class. With the use of this method,
the construction of the equation Ly = 0 (which is one of the crucial part of this
method) and some space in which the problem is uniquely solvable are given in
Section 2. It should be noted that u(x, @) cannot be arbitrarily dependent upon @,
because in the opposite case the problem would be underdetermined.

1.2 Some Definitions

Let us denote the set of real-valued functions v(x, @) that are 27-periodic in @
and three times continuously differentiable on Q with respect to all arguments by
C3(Q). Here, 27-periodicity of the function v € C3(Q) with respect to argument
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@ in the domain Q means that D*v(x,0) = D*v(x,27), where D% = D% D% Dg?
and o; > 0 are integers such that 0 < oy + o¢p + o3 < 3. Let us introduce the scalar
product

(0,2)12= /Q (V2+ Vg 20y + ViyZay + VpZg + Vi o2y + ViygZisg + Vo2 ) dQ

in C3(Q), where dQ = dx;dx2d@. Set ||v]12 = [(v,)12]"/%

Let H,(Q) and HY(Q) be the completions of C3(Q) with respect to the norms
|- 12 and |- || Hm(@) (m = 1,2,3) respectively (for detailed information about
the space H™, see, e.g. [Lions and Magenes (1972); Mikhailov (1978)]). Let
Co={v:y|r, =0, y € C3(Q)} and the spaces ﬁﬁ(ﬂ) and H™(Q) be the com-
pletions of C3) with respect to the norm || - ||; 2 and || - || gm(q) (m = 1,2,3). Let us
select a set {wy,wa,ws,...} C wa which is complete and orthonormal in L,(€2). We
may assume that the linear span of the set {w;}>" | is everywhere dense in H T (Q).
Indeed, since the space Hl”2 (Q) NH,(Q) is seperable, there exists a countable set
{@;}72, € C3, which is everywhere dense in HT,(Q) and this set up can be ex-
tended to a set which is everywhere dense in LZ(Q), if necessary. The set {w;}",
is obtained by orthonormalizing the latter in L (Q).

Let I'(A) be the set of all functions v (x, @) € Ly(Q) such that for any v € I'(A)
there exists y € Ly(Q) such that (v,A™1)1, ) = (¥, M)1,(@) holds for every 1 €
Cy(Q), where A* is the differential expression conjugate to A in the sense of La-
grange, A is a differential expression of third order (A = LL, see the following
section) and C7(Q2) is the set of all functions defined in  which have continuous
partial derivatives of order up to all k < oo, whose supports are compact subsets of
Q (see, e.g. [Lions and Magenes (1972)]). So Av =y in the generalized func-
tions sense. Take a subset ['(A) C I'""(A) such that for any v € I'(A) there exists
a sequence { v} C C; such that v; — v weakly in L»(Q) and (Avg, Vi), (0) —
(A, V), (q) as k— . It can be seen that the inclusions HF(Q) CT"(A) ﬂIfI{fz(Q) C
['(A) C L,(Q) hold.

2 The Determined Problem and the Solvability Result

With the use of the proposed method in Section 1.1, the second order differential
expression L, which is defined in Q, can be constructed as

d%v 0

V=500 = 1"

3)

d . d d d d B
where 5= (sing) <8x1 +f2% —fl) — (cos @) <8xz _flﬁ —f2>. Let A=
LL.
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Remark 2 Suppose that, a priori the function V{ is known, which represents the
exact data of Problem 2 related to a function [l depending only on x. Then, utilizing
Vg, a solution fi to IGP can be constructed. If the problem has a unique solution
then fi and |1(x) coincide. At the same time, knowing the approximate data v with
va — DSH I < €&, an approximate solution W (x,®) can be constructed such
that ||u — NHHLZ(Q) < Ce. Note that, if U depends only on x and v does not satisfy
the "solvability conditions", the solution u* depending only x does not exist. Here
the data are specified on 'y and C > 0 is independent of v and V. In other words,
a regularising procedure is constructed for Problem 2.

Let us replace the equation (2) by the following one (where u depends also on the
variable @)

Lv = u(x,0), “4)

and consider the following determined problem.

Problem 3 Given the function K, determine a pair of functions (v,lL) from the
equation (4), provided that v(x, @) is 2x-periodic in @, V|r, = Vo, and the condi-
tion Ly = 0 holds.

Here the equation Ly = 0 is satisfied in the generalized functions sense, i.e. for
each n € C5(Q), (u, (ﬁ)*n)Lz(Q) = 0, where (L)* is conjugate to L in the sense
of Lagrange. If vy € C3(I"}) and dD € C°, then one can obtain homogenous data
on I'; instead of nonhomogeneous data by considering a new unknown function
D = v — G, where G is the function from the set C3(Q) such that G|r, = vy (see,
e.g. Theorem 2 on p. 130 in [Mikhailov (1978)]). If we denote ¥ again by v for
the simplicity, then the equation (4) is reduced to

Ly = u(x,@) +F, &)

where F = —LG. So, Problem 3 can be reduced to the following one (see p. 20 in
[Amirov (2001)]).

Problem 4 Given the functions K and F, determine a pair of functions (v, 1) from
the equation (5), provided that v(x, @) is 2n-periodic in @, V|r, = 0, and the con-
dition Ly = 0 holds.

Theorem 1 (Amirov, Yildiz, and Ustaoglu (2009)) If fi(x), f>(x) € C*(D), and
forallx € D, fix, + fox, > 0 and F € HY (Q) then Problem 4 has a unique solution
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(v, 1), such that v € T(A) NHF(Q), u € Lr(Q), and the inequality ”vHIfIfr(Q) +
11l ) < CUIF Iy 0) + HF‘PHLz(Q)) holds, where C > 0 depends on fi, f, and the
Lebesgue measure of D and D is the closure of D.

Considering its relation with Problem 4, we investigate and present two approxi-
mation methods for the solution of Problem 1.

3 Finite Difference Approximation and Symbolic Approximation

Let us consider the following auxiliary Dirichlet type boundary value problem.

Problem 5 Find a function v which satisfies the third order partial differential
equation

Av =7, (6)

provided that v (x, @) is 2x-periodic in ¢ and V|r, = 0, where Av = LLv and
F =LF.

3.1 Finite Difference Approximation

We investigate finite difference approximation to the solution of Problem 1 on Q =
D x (0,27), where D = (a,b) x (c,d) and a, b, c, d are real numbers. By using the
centered-difference formulas in (6), we obtain the difference equations;

—dfk)f)i—l,j—hk—] +dék)f)i 1,j— lk+d(k)1~)i—],j—l,k+l —(dé) ﬁ )—eéi’j"‘))
Bt (@A 20 g (0 R

+d§k)f)i—l,j+1k 1—d(k)13i 1j+1k_d( )Ui—l,j+l,k+1 (dé) (”k) éi’j"‘))

Dijorgr + (@ 42650 o N g, (@) - e - eé”k))v,, 1k+1
0G4 (2(d a1 ) o) g g
¥ 4 T9), L (2 1 d® o) R g
Gy (@ = o g TG () g0 i)
Uz,+1k+(d§)+eg’Jk)+eé”k))U,]+1k+1+d( )Ul+1j 1hk—1— dé)f)i—i—l,j—l,k

~d ik = (@ =T LB+ (@ =26 )

e

- k i jk ik k) ~ k) ~
-vi+l,j,k+(d§ )+€§” )+€( 4 ))Um k1 — di )vi+1,j+l,k71 +dé )vi+1,j+l,k

k) ~
+d§ )vi+1,j+l7k+1 = Fi jks ™
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where
4 = oo gxzw (sin? (@) — cos? (9,)), d¥) = — S ae <08 (@) sin (94).
dgk) =% ) cos((pk)sin((pk), dd = —@ sin” (),
dgk) =— (A; )2 cos” (¢y) , dék) = 2mna; €08 (@) sin (9),
e = 2Ax, o (f105€08 (20) + foijsin (26y)).
M) = —o A(p 7 (f2i,j €08 (20,) — f1ijsin (29y)),
(70 = s (i jeos (9) + farsin (@) (fai708 (@) — fiz jsin(9,),
4(1 M= (Aip) <m ((f2i41,) = fim1,j) €08 (@) — (friv1, — fri1,) sin (@) sin (@)

— a5 (P ji1 = faij1)€os (@) = (fiijr1 — fiij-1) sin(@y)) cos (@)

—2(fai,;sin (@) + fiijcos (@) + (fai,jc0s (9;) — fii,jsin (‘Pk))z) ,

el = b ((Faic0s (9,) — fiisin (9,)) cos ()

(fzusm(fpk) + f1i,jc0s (@) sin (@),
eg ™) = sig ((faic08(94) = fiijsin (@) sin (@)
+3 (fai,jsin (@) + fii,j€0s (9r)) cos (¢)
egi’j’k) = —gag; (/11,708 (20;) + f2i jsin (29,)),
ey = sz (faijoos (29;) — fiijsin (20y)),
eg’j’k) = ﬁ (2sz ((f2ij+1 = faij—1) sin (@) + (frij+1 — frij—1) cos (@) cos (@)

—aar (Pt = foicr,)sin (@) + (fiiv1,j = frie1,)) cos (@) sin (@)
—2(f1i,jcos (@) + faijsin (@) (faijcos (@) — fiijsin (@),

(i=1,2,..,0, j=172,...J, k=1.2,..K).

In the above equations, /, J, K are positive integers, Ax; = (b—a)/(I+ 1), Axy =
(d—c)/(J+1)and Ap =27 /K are step sizes for x1, x and @ respectively. D; jx is
the approximation to the solution v (x1;,x2;, ¢;) = V(a+ iAxy,c+ jAxy,kA@ ) and
frij = filx1i,x2)), foij = fi(x1i,%25), Fijk = F (X10, X2, @.). Since v (x, @) is 27-
periodic, ; jo = D; jx and D, jx+1 = ;1. The condition v|r, = 0 in Problem 5
is discretized as

Do jk = D141,k = Diok = Digp14 =0,
(=01, I+ 1, j=0,1, J+1, k=1,2,...,K).
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This system of linear equations can be written in the matrix form

AD =b,

(®)

where the block tridiagonal matrix A is in the following form

r Agl) Agl)
Ag2) ASZ)

0o AY

0

0 0
AP
0
LAl
0o Ay al

1JKx1JK

here the sub-block matrices Agi),Agi) and Agi) (i=1,2,...,1) are also block tridiag-
onal and they can be represented as follows.

I B, —l—Cii’l)
B, —C

Al 0

[ B3+ c§””
—By

[ By Y
By

0

By+Ci 0 0 ]
B+ C%i,Z) Byt Céi.,Z)
By—ciP 0 :
. By 4+l
0 B~ B+ |,
B, 0 0 1
By+C? B,
—By 0 ;
: . Bs
0 —By Bs+Cy |,
—By 0 0 1
Bs—C{? —B,
By 0 )
: .o — B,
0 By B3— Cgi’J) 4 Ik xJK

where the nonzero entries in the matrices By = (b1n), B2 = (bampn), B3 = (b3mn)
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and By = (ba,) are

blk,k = _2d4(1k) - 2d§k)7 bzk,k = d(k)v b3k,k = dz(lk)v b4k.k = dék)ﬂ
k = 1,..K)
k k k k k
blk.k+l = _Zdé ) _2d§ )7 b2k.k+l :dé )7 b3k.k+l :d?() )’ b4k1k+l :dg )7

k = 1,..,K—1)
k k k k k
blk,k I 2d§ )+2d§ )’ bzk‘,kfl = _dé )’ b3k,k—l = _dg )’ b4k‘k—1 = —d§ )’
(k = 2,..,K)

and by, , =2d\" +2d\" by, =24 — 24 by, = —d\V boy, =d) b, =

—dgl), b3y, = d§ ) b4l = E ), = d( ). The nonzero entries in the matrices

i = (), &5 = (e ) and c D= (D) (= 1,2,000, j=1,2,.0,0)

are

c%’ki )= —2egi’j ) cgki ) = Zeg’j ) —i—eg’j 4) cglki ) = ZeEi’j *) —i—egi’j ’k),
(k = 1,.,K)

S VS I I T O G I R Y T E I )
(k = 1,.,K—1)

= 2 D =, D =
(k = 2,.,K)

cg:i)ﬂ = egi’j’k), (k=1,...K—-2), ci’ﬁz = —egi’j’k), (k=3,....K)

and CSIK) 1 — _e:())i7j71) ngvi() e:())i:j 2) gllK) — 2 (7]1 ) A(Livjvl)_ gi:jal)’ CY[’({)LI —

gvj K l) CE[;JZ) egl ] K) C(lKJl) 2 ( 7] K) +e( 7] K) gvj K) Cgl.i() — egv]vl) _ eé’?.}:l)’

cg;(Jl) _ (71 K) +eéu K) Cg;JK) _ e(l 7J,1)_eg i,j;1) Cgl;fl) _ egd K)o gd )

In equatlon (8), ¥ is the column matrix, each row of which consists of an unknown
D; j x with the order

D1,1,1, 01,12, 01,1k, D12,1, 01225 -, D12.k5 -, D171, D172, -0, D1 gk,

D111, 01,125 01,1k, 0121, 0122, -, D12,k - D171, D172, -, D1k,

V71,1,01125 - 01,15, 0121, 01225 s V12 K5+, 01,01, 01,92, -, D1g K )

and b is the column matrix, which consists of the values .7; ;.
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By solving the matrix equation (8), we get the approximation ¥; j; at I x J X K
mesh points of Q. So, the approximate values of u can be easily obtained by set-
ting ii; j x = exp(V; jx + Gi jr), where G; jx = G(x1;,Xx2j,¢;). With the use of the
centered difference formulas in (5), the difference equations

Dip1,jk— Vic1jk Vi j1k—Dij1x

PAx; cos (¢;) + A%, sin (@, )
Vi ;. -, j k— i [i
# DU DL (108 (9) — i sin(90) = Ry B (10

(i=1,2,..0, j=1,2,..0, k=12,...K)

are obtained, where fi; ; , is the approximation to i (x1;,%2j, @) = p(a +iAxy,c +
JAx2,kA@ ) and F; j ;. = F(x1;,x2j,¢;). By using the approximate values ; jx and
known values f; ;, f2i j and F; ; x, equation (10) is used to approximate the function
W. So the approximation to the solution (u, i) of Problem 1 is obtained and the
algorithm, which is used to compute these approximate values, is the following:

Algorithm 1 (Finite Difference Approximation)
INPUT  : Functions fi (x1,x2), f2 (x1,x2) and G (x1,x2,Q),
real numbers a,b,c,d, integers I,J,K.

OUTPUT : Approximation ii for u and [i for L at I x J x K mesh points of Q.
Step 1 Set step sizes Ax; = %, Axy = %, Ap = 27”

Set inner and boundary mesh points (x1;,X2j, ;) = (a+iAxy,c+ jAx, kAQ);
Step 2 Construct the column matrix b, consisting of F; j r,

Construct the block tridiagonal matrix A,

Solve the system of linear equations AD=b,

Set ii; j . = exp(V; jx + Gijx) Output (i; j )
Step 3 Compute [i from (10) using D Output (fi; ;)
End.

3.2 Symbolic Approximation
Computation of approximate solution Vy of the Problem 5 is made by writing it in
N

the form Vy = Y (i javijx+ Bijiwijk) N, where the function n defined in D
i,j k=0

is selected such that it vanishes on the boundary and outside of D. {v%k}zv

i,j,k=0
N . R
and {w;jx}; ;o are complete systems in L, (Q) where v; jx = xjx; sin(k¢) and
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Wijk = x’ixé cos(k@). Unknown coefficients o; jx and B; ;. i,j,k=0,...,N, are
determined from the following system of linear algebraic equations;

N

. z}{: ) (A (oijwviju+Bijawijx) M, Vi’,j’,k’n)Lz(Q) = (Fvigan) g, (D
1,],Kk=
N

. z}(: ; (A (etijrviju+Bijiwijx) 777Wi’.,j',k'7‘l)L2(Q) = (ﬁawi',j',k’ﬂ)h(g) , (12)
1,],K=

where i, ',k = 0,...,N. The approximation to u is obtained by setting Uy =
exp(Vw + G) and by using Vy in (5) we obtain u, and the algorithm to obtain
symbolic approximation (Uy, i) to the solution of Problem 1, is given below.

Algorithm 2 (Symbolic Approximation)
INPUT  : Functions fi (x1,x2), f2(x1,%2) and G (x1,x2, @), integer N.
OUTPUT : Uy and 1y, symbolic approximations to u and [L.
Step 1 Construct the left side of (11a) and (11D)
Procedure SysA(i', j' k') fori,j,k=0,...,.N
Left := Left + (A (0 javijx+ Bijawijk) M, Vizj',k””l)Lz(Q);
Procedure SysB(i', j',k') fori,j,k=0,...N
Left:= Left+ (A (ai,j,kvi,j,k + ,3,'7j7kw,~7j’k) n, W"'7J"7k’n)L2(Q)"
Step 2 Construct the system of equations (11)
Procedure SYS Set :={}, F := —LG, % := LF, fori,j'’,k =0,...,.N

Set := Set U {SysA (.0 K) = (. vipam) gy

SysB(i', j',K) = (Z, Wi’7j/,k’n)L2(Q)};
Step 3 Solve the system of equations (11)
Solve (SYS,{aiji},{Bijs}) fori,jk=0,.,N
Vv =V + (0 jxvi e+ Bi,j7kwi7j,k) n;
Uv=exp(W+G), uy=L(Wy)—F Output (Uy, 1y)
End.

3.3 Implementation of the Approximation Algorithms

We have made some numerical experiments related to the proposed approximation
algorithms for the solution of Problem 1 under different boundary conditions and
the functions f; and f>, and implementation of Algorithm 1 and 2 is presented on
the following example.
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Example 1 Consider the problem on the domain Q = (0,1/2) x (0,1/2) x (0,2x),
where fi (x1,x2) = f> (x1,%2) =2(x1 +x2) and
(exp (exp(x2)?(cos @ +sin@)),
x1=0,x€[0,1/2], 9 € (0,27)
exp (exp(xz + 1/2)*(cos @ +sin@)) ,
x1=1/2,%€[0,1/2],¢ € (0,27)
exp (exp(x)?(cos @ +sin@)),
x =0,x1 €10,1/2],9 € (0,27)
exp (exp(x; + 1/2)*(cos @ + sin@)) ,
L X2=1/2,X16[0,1/2},(/)6(0,271')
are given. Under these conditions, it can be easily verified that the pair of functions
(u, 1), where

uo (x17x2) (p) =

u(xy,x, Q) = exp(exp()q+xz)2(cos(p+sin(p)),
fx,x) = 4(x+x)exp(x +x2),

is the exact solution of Problem 1. The obtained results from Algorithm I and 2 are
compared with the exact solution in Figures 1-3. In the computations, we choose
the function G € C3(Q) (see Section 2) as G (x1,x2,9) = exp(x] + x2)*(cos ¢ +
sin@) —x1x2 (1/2 —x1) (1/2 — x2) and for the symbolic approximation we take

n=n(x1,xz):{ x1x2(1/2—)8’)(1/2—x2), Eﬁ:zzizg .

(b)

Figure 1: Finite difference approximation at ¢, = 7/4; (a) Approximate values of
u; (b) Approximate values of (.
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Figure 2: Symbolic approximation at ¢ = m/4; (a) Approximate u; (b) Approxi-
mate L.

(a) {b)

H =
P LT R S = - T

=

0.5
0.3 0.4

*

0.10-2

Figure 3: Exact solution at ¢ = 7/4; (a) Exact u; (b) Exact (.

MATLAB program is used for Algorithm 1 and MAPLE program is used for Al-
gorithm 2, and the computations are performed on a PC with Intel Core 2 T7200
2.00 GHz CPU, 1 Gb memory, running under Windows Vista. In finite difference
approximations we take / =J = 10 and K = 8 (see Figure 1) and the presented
symbolic approximations in Figure 2 are computed for N = 2. Since u is a function
of three variables, the comparison of the results are presented at a selected value ¢
(¢ =m/4).

The results of computational experiments show that the proposed approximation
methods in Section 3.1 and 3.2 are feasible to solve Problem 1 numerically.



On the Approximation Methods for a Coefficient Inverse Problem 297

References

Amirov, A. Kh. (1986): Existence and uniqueness theorems for the solution of an
inverse problem for the transport equation. Sib. Math. J., vol. 27, pp. 785-800.

Amirov, A. Kh. (2001): Integral Geometry and Inverse Problems for Kinetic Equa-
tions. VSP, Utrecht, The Netherlands.

Amirov, A.; Golgeleyen, F.; Rahmanova, A. (2009): An inverse problem for the
general kinetic equation and a numerical method. CMES: Computer Modeling in
Engineering & Sciences, vol. 43, no. 2, pp. 131-148.

Amirov, A.; Yildiz, M.; Ustaoglu, Z. (2009): Solvability of a problem of inte-
gral geometry via an inverse problem for a transport-like equation and a numerical
method. Inverse Problems, vol. 25 (095002).

Anikonov, D. S.; Kovtanyuk A. E.; Prokhorov, I. V. (2002): Transport Equation
and Tomography. VSP, Utrecht, The Netherlands.

Anikonov, Yu. E. (2001): Inverse Problems for Kinetic and other Evolution Equa-
tions. VSP, Utrecht, The Netherlands.

Beilina, L.; Klibanov, M. V. (2008): A globally convergent numerical method for
a coefficient inverse problem. SIAM J. Sci. Comp., vol. 31, no. 1, pp. 478-500.

Case, K. M.; Zweifel, P. F. (1967): Linear Transport Theory. Addison-Wesley,
Reading, Mass.

Courant, R.; Hilbert, D. (1962): Methods of Mathematical Physics. vol 2: Partial
Differential Equations. Interscience, New York.

Huang, C.-H.; Shih, C.-C. (2007): An inverse problem in estimating simultane-
ously the time dependent applied force and moment of an Euler-Bernoulli beam.
CMES: Computer Modeling in Engineering & Sciences, vol. 21, no. 3, pp. 239—
254.

Huang, M.-J.; Tsai, T.-C.; Liu, L.-C.; Jeng, M.-S.; Yang, C.-C. (2009): A
fast Monte-Carlo solver for phonon transport in nanostructured semiconductors.

CMES: Computer Modeling in Engineering & Sciences, vol. 42, no. 2, pp. 107-
130.

Isakov, V. (2006): Inverse Problems for Partial Differential Equations. Springer-
Verlag, New York.

Klibanov, M. V.; Yamamoto, M. (2007): Exact controllability for the time depen-
dent transport equation. SIAM J. Control Optim., vol. 46 (6), pp. 2071-2095.

Lavrent’ev, M. M.; Anikonov, Yu. E. (1967): A certain class of problems in
integral geometry. Sov. Math. Dokl., vol. 8, pp. 1240-1241.



298 Copyright © 2009 Tech Science Press ~ CMES, vol.54, no.3, pp.283-299, 2009

Lavrent’ev, M. M.; Romanov, V. G.; Shishatskii, S. P. (1986): Ill-Posed Prob-
lems of Mathematical Physics and Analysis. American Mathematical Society, Prov-
idence, R. I.

Li, G. S.; Yao, D.; Wang, Y. Z.; and Jiang, H. Y. (2009): Numerical inver-
sion of multi-parameters in multi-components reactive solutes transportation in an
undisturbed soil-column experiment. CMES: Computer Modeling in Engineering
& Sciences, vol. 51, no. 1, pp. 53-72.

Ling, X.; Atluri, S. N. (2006): Stability analysis for inverse head conduction prob-
lems. CMES: Computer Modeling in Engineering & Sciences, vol. 13, no. 3, pp.
219-228.

Ling, X.; Takeuchi, T. (2008): Boundary control for inverse Cauchy problems of
the Laplace equations. CMES: Computer Modeling in Engineering & Sciences, vol.
29, no. 1, pp. 45-54.

Lions, J. L.; Magenes, E. (1972): Nonhomogeneous Boundary Value Problems
and Applications. Springer, London.

Liu C.-S. (2008): A highly accurate MCTM for direct and inverse problems of
biharmonic equation in arbitrary plane domains. CMES: Computer Modeling in
Engineering & Sciences, vol. 30, no. 2, pp. 65-76.

Liu C.-S. (2009): Solving the inverse problems of Laplace equation to determine
the Robin coefficient/cracks’ position inside a disk. CMES: Computer Modeling in
Engineering & Sciences, vol. 40, no. 1, pp. 1-28.

Liu, C.-S.; Atluri, S. N. (2008): A novel fictitious time integration method for
solving the discretized inverse Sturm-Liouville problems, for specified eigenvalues.
CMES: Computer Modeling in Engineering & Sciences, vol. 36, no. 3, pp. 261-286.

Mai-Cao, L.; Tran-Cong, T. (2008): A meshless approach to capturing moving
interfaces in passive transport problems. CMES: Computer Modeling in Engineer-
ing & Sciences, vol. 31, no. 3, pp. 157-188.

Marin, L. (2008): The method of fundamental solutions for inverse problems as-
sociated with the steady-state heat conduction in the presence of sources. CMES:
Computer Modeling in Engineering & Sciences, vol. 30, no. 2, pp. 99-122.

Marin, L.; Power, H.; Bowtell, R. W.; Sanchez, C. C.; Becker, A. A.; Glover, P.;
Jones, A. (2008): Boundary element method for an inverse problem in magnetic
resonance imaging gradient coils. CMES: Computer Modeling in Engineering &
Sciences, vol. 23, no. 3, pp. 149-173.

Mikhailov, V. P. (1978): Partial Differential Equations. Mir Publishers, Moskow.



On the Approximation Methods for a Coefficient Inverse Problem 299

Natterer, F. (1986): The Mathematics of Computerized Tomography. Wiley Teub-
ner, Stuttgart.

Radon, J. (1917): Uber die Bestimmung von Funktionen durch ihre Integralwerte
langs gewisser Mannigfaltigkeiten. Ber. Verh. Scichs Akad., vol. 69, pp. 262-277.

Romanov, V. G. (1974): Integral Geometry and Inverse Problems for Hyperbolic
Equations. Springer-Verlag, Berlin.

Stefanov, P.; Uhlmann, G. (2003): Optical Tomography in two dimensions. Meth-
ods Appl. Anal., vol. 10, pp. 1-9.

Yildiz, M. (2009): On the solution of a coefficient inverse problem for the non-
stationary kinetic equation. CMES: Computer Modeling in Engineering & Sci-
ences, vol. 45, no. 2, pp. 141-154.






