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Derivation of a Bilayer Model for Shallow Water
Equations with Viscosity. Numerical Validation

G. Narbona-Reina!, J.D.D. Zabsonré 2,
E.D. Fernandez-Nieto' and D. Bresch *

Abstract: In this work we present a new two-dimensional bilayer Shallow-Water
model including viscosity and friction effects on the bottom and interface level. It
is obtained following [Gerbeau and Perthame (2001)] from an asymptotic analysis
of non-dimensional and incompressible Navier-Stokes equations with hydrostatic
approximation. In order to obtain the viscosity effects into the model we must have
into account a second order approximation. To evaluate this model we perform
two numerical tests consisting of an internal dam-break problem for both, one and
two dimensional cases. In the first one we make a comparison between the model
obtained and the Navier-Stokes simulation.

Keywords: Shallow Water equations, bilayer models, viscosity, friction, capilla-
rity, Finite Volume methods.

1 Introduction

The goal of this paper is the derivation of a new viscous bilayer Shallow Water
model. We also present some numerical test with the aim of checking its validity.
So we shall compare the solution obtained by this new model with the Navier-
Stokes solution.

The Shallow Water (SW) equations are usually used to simulate a large number of
geophysical and engineering applications as ocean circulation, coastal areas, rivers,
etc. But sometimes these equations are not sufficient to model specific situations
as, for instance, the flow involved in the Strait of Gibraltar. In this physical domain
two layers of water with different properties are founded, the denser Mediterranean
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and the Atlantic water. So in this case we must consider a model of at least two
layers. For this purpose we can find several derivations of one and two layers SW
models to tackle these kind of situations in one and two dimensional case.

Usually there are two effects that are neglected in Shallow Water models: the vis-
cosity and the Coriolis force. On the one hand it is important to remark that the
viscous effects are essential to obtain an accurate approximation in dam-breaks
problems or hydraulic jumps situations, as we can see in [Gerbeau and Perthame
(2001); Marche (2005)]. On the other hand the Coriolis force plays an important
role in geophysical fluid dynamics applications. To include this force in equations
does not add any meaningful difficulty for the deduction of the model. Nevertheless
its effects are of major importance in these kind of applications, see for example
[Lucas (2007); Wacher and Givoli (2006)]. The objective is to find a bilayer model
as complete as possible that takes the Coriolis force into consideration, includes the
viscosity effect, friction -at the bottom and at the interface- and tension effect -on
the surface and the interface-.

The pioneer work performed in [Gerbeau and Perthame (2001)] has been consi-
dered as a basis to develop the deduction of our model. In this work a viscous
Shallow Water model is obtained for the one-dimensional one-layer case by per-
forming the asymptotic analysis of the Navier-Stokes equations where friction ef-
fect at the bottom has been taken into account. When only first order approximation
is considered the viscous terms doesn’t appear in the equations, so moving on to the
second order is needed to get the viscosity effects. The authors also put in evidence
the difference between two approximations through an application to a dam-break
problem.

In [Marche (2005)], a viscous one layer 2D Shallow-Water system is derived.
The originality of that work is the introduction of a surface-tension term through
the capillary effects at the free surface and quadratic friction term at the bottom.
These terms have been useful to establish the existence of global weak solutions in
[Bresch and Desjardins (2003)].

With regard to bilayer models we must mention the work performed in [Peybernes
(2006)] and those developed in [Audusse (2005)].

In [Peybernes (2006)], it is deduced a bilayer viscous Shallow-Water model which
takes into account the friction at the interface. But instead of asymptotic analysis
development, several simplifications are used in the boundary conditions to deduce
the final system. The energy of the system is also obtained under restrictive hy-
pothesis on the data.

In [Audusse (2005)], a derivation of a multi-layer Shallow-Water model is per-
formed to extend the case of one layer established in [Gerbeau and Perthame (2001)].
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In this work, using the hydrostatic pressure and the kinematic boundary conditions,
the author derives momentum equations of the form:

Ho He,
o / udz + oy u2dz+ ghgdch =
Hy— g Hy—y

= %azu(Ha(t,X)) - %azM(Hafl(tvx))

and use at the leading order a finite difference method with respect to the vertical
variable when the equation is an interface equation to deduce the friction term:

U o+l — Uq
hoc+1 +hy '
Another works related to the derivation of 2D Shallow-Water model can be find in
[Ferrari and Saleri (2004)] and in [Garcia Rodriguez (2005)].

In [Ferrari and Saleri (2004)] the authors include the atmospheric pressure in the
derivation. In [Garcia Rodriguez (2005)] a non-viscous two-layer Shallow Water
system is deduced following [Gerbeau and Perthame (2001)]. Linear friction con-
ditions have been taken into account on the interface and on the bottom.

pou(He) = 1 ey

The deduction of the bilayer model developed in the present work has been obtained
by integrating the three dimensional Navier-Stokes equations with Coriolis force
and by using the asymptotic analysis to get the viscosity effects. We have also
considered the friction effects on the surface and at the bottom and the tension
effect on the surface and at the interface.

We would like to remark that the friction term usually carries some difficulties
in its treatment (both in the model deduction and for the proof of the existence of
solution). So we can find several definitions to avoid these troubles. Often one takes
non linear friction terms, for example in [Song, McFarland, Bergman, and Vakakis
(2005)] the tangential displacement has been considered in the definition of the
friction traction or a more complex expression can be found in [Ozaki, Hashiguchi,
Okayasu, and Chen (2007)] where a microscopic study has been tackled to set
it. In [Marche (2005)] a non linear friction under the form —7|v|%v is considered
at the bottom. So, in a equivalent way we could define the interface friction as
—Yvi —va|(vi —v2).

In [Zabsonré and Narbona-Reina (2009)] we have performed the theoretical ana-
lysis of the model presented in this work, obtaining the existence of weak solutions.
In order to get it we have not been able to control the interface friction of quadratic
form, so we have defined

hihy

j , = —EB(hy,h —w), Blh,h)=5——F—, 2
fric(vi,v2) EB(h1,ha)(vi —v2) (h1,hy) %hﬁ-%hz (2)
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with p; the density of each layer and & a positive constant. So to be in agreement
with these results we have considered in this paper the linear definition of the fric-
tion term (2).

The drag coefficient B is also used in [Ishii and Hibiki (2006)] and allows us to
control the friction term. Note that in [Chueshov, Raugel, and Rekalo (2005)] the
authors study a system of 3D Navier-Stokes equations in a two-layer thin domain
with an interface condition

(V,'a314§~ —k(u}- — u?))‘m:o =0 i,j = 1,2. (3)

This condition is the same kind condition appearing in the Primitive Equations of
the Coupled Atmosphere and Ocean which describes the atmosphere/ocean inte-
raction.

The paper is organized as follows: In Section 2 we develop the derivation of the
model. First we write the equations in non-dimensional variables, later we perform
the hydrostatic approximation to obtain the Shallow Water equations and finally we
study the asymptotic analysis of two layers. In the last part of the section we state
the final systems found and we include some remarks about them.

Section 3 is devoted to show some numerical test in which we notice the improve-
ment obtained in the solution when considering viscous Shallow Water model in
front of considering the first order one. In Test 1 we compare them with a so-
lution of the Navier-Stokes equations for an internal dam-break problem in one-
dimensional case. In the second test we present a 2D circular dam-break problem
comparing the solutions of the models deduced in this work.

2 Derivation of the bilayer viscous Shallow Water model

In this section we perform the derivation of the model proposed in this paper. We
start from the Navier-Stokes equations in a periodic domain Z(t) € R3.

We consider a two layer environment of inmiscible fluids including three boundary
regions. We assume that the bottom is defined by the function b(x), and we denote
by n12(¢,x) the interface and the free surface is given by 71(¢,x). The vertical
direction is denoted by z and by x we denote a point in a domain y C R?. So the
global domain is Z(t) = 2 (t) U 2»(t) UT, UT 2(¢) UT(¢), being:

Di(t) ={(x,z) eR*/x € x,b(x) <z< Mmalt,x)};

D(t) ={(x,2) e R¥/x € x, mo(t,x) <z<n(t,x)};

T ={(x2) eR*/xe x,z=b(x)}; 4)
1—‘1_’2 = {(X,Z) c RS/X eEx,z= 1’]172(t,x>};

Iy ={(xz) eR’/xe x,z=n(,0)};
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From now on, subscript 1 will correspond to the layer located below and subscript
2 to those located on the top. We denote by & (t,x) = 1y 2(¢,x) — b(x) the thickness
of the layer 1 and by h(f,x) = n(¢,x) — 11 2(¢,x) the thickness of the second one.
See Fig. 1.

N =b+hy+hy

N,,=bthy

hy

/_kﬁ_\

X

Figure 1: Domain.

We consider u; = (v;,w;) the velocity of each layer, p; the density, u; denote the
dynamic viscosity and p; is the pressure, for i = 1,2. With this notation, the Navier-
Stokes equations for each layer i = 1,2 state as:
—
{ p,-a,ui -+ p,-u,-V)ui —div (Gl‘) +2pi Q X u;j = —p;ge;; (5)
div (u;) =0.

We have included the Coriolis force given by the term 2p,~£_2) x u; where Q=
Q(0,cos 0,sin 0), being 6 the latitude. The stress tensor is defined as 0; = 24;D(u;) —
pild where D(u) = V”%VL” is the strain tensor. Finally g is the gravity constant. We
denote by subscript n the normal component and by 7 the tangent component, that
is, d = d,n +d.7 for all d € R?. In order to obtain a well-posed system we impose
the following conditions on the boundaries:

* On the free surface z = 1(z,x):

We assume the pressure to be constant. One usually neglect the atmospheric
pressure effect but here we have considered it. If we denote by n, the unit
normal vector to 1 (,x) towards the increasing z and by k the mean curvature
of the surface (x = div (ny)), the tension effect on the surface is given by:

0, - Ny = 0K - g, (6)
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being o, constant.

Finally we impose the kinematic condition for the surface:
N +vz- Vi =ws. (7

* At the interface z = 11 2(7,x):

First we consider the conditions related to the movement of the interface that
is advected by the two flows, i.e., the kinematic condition that we write as:

OMa+vi-Vinp=w; i=1,2. ®)

At the interface we consider the friction effects between the two layers and
the continuity of the tension force. These conditions concern the tangent and
normal components of the stress term respectively in the following sense. We
consider the friction term between the two layers with coefficient y done by
—y(u; —up) , so we impose:

(0i-nip)r ==y —uz); i=1,2. 9

We now consider ki » = div (n;2) the mean curvature at the interface being
n1 the unit normal vector to I'y > pointing from layer 1 to layer 2, so we
have:

(01-112)n = (02-112)n+ ((01 — 02)K12-112)n, (10)
being oy constant.

* At the bottom z = b(x):
We consider a Navier condition with a friction coefficient o:
(01-1p) e = ot(ur), an
and a no-penetration condition:
up-ny =0; (12)

being n;, the unit normal vector to I';, pointing to the increasing z.

To obtain the model, first we shall write these equations under a non-dimensional
form, secondly we shall develop the vertical integration in each layer to obtain the
Shallow Water system. Finally we shall perform the asymptotic analysis studding
both first and second order approximations. Therefore, two models are proposed
depending if the viscous and friction terms are included or not.
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2.1 Dimensionless equations

Before changing equations to non-dimensional variables, we shall write the Navier-
Stokes equations and the boundary conditions in a explicit form. First we look at
the Coriolis term that reads:

Qxu = Q(w;cos 0 — (v;sin0)ey, v;sin Bey, —v;cos Oey ). (13)
If we write the equations for each component of the velocity, we have:

Pi0vi + piviVvi + piwid.vi + 2p:Q(wicos Bey + (v;) sin 0)—

(14)
—2udiv ¢ (Dy(vi)) — Wi02vi — WiV (9w;) + Vipi = 0, i=1,2;
pidwi~+ piviViw; + piwid.w; — 2piQv;cos ey — WiAw;i—
(15)
— ;0 (div ;) — 21;02w; + 9, p; = pig. i=1,2;
and
div v +dw; =0 i=1,2. (16)

Now, we explicitly write the boundary conditions concerning tension and friction
terms using the definition of the stress tensor when needed.

1 _
* Free surface. We take the normal vector ny = ——— < Vil ), SO
I+Vam)?2\ 1
the tension condition state at follows:
(—Z‘UQDX(\Q) +p2+0n K)VXTI + ,UZ(VxWZ + anZ) =0;
(17)
_HZ(VxW2 + anZ)Vxn + 2.“2&2""2 —p2— ok =0.
¢ Interface. In this case the normal vector is
_ 1 < —Vinip >
N2 = = 1 )
V1I+(Vin2)
obtaining for the tension condition:
2Dy (v) — p1)[Vania|* =201 (Vowi + 0.v1) Vi o+
+2u19.w1 — p1 = (2Dx(v2) — p2+ (01 — 02) K1 2) |Vl 2P — (18)

— o (Vawy 4 0:v2) Vil 2 + 2120wz — p2 + (00 — 02) K 2.



34 Copyright © 2009 Tech Science Press CMES, vol.43, no.1, pp.27-71, 2009

For the friction condition we must consider the tangent vector T = (71, T2),
that we define as follows:

= (Wm) = ! ( —Vim )
Vol N 0 )7 VP Ve \ —IVamal?
(19)

So, the conditions for i = 1,2 are:

1
2,ui(VxWi +0vi) = —y(vi —v2);

vV 1+|1Vx771,2’
V 1+ |Vxnl,2|2

+21;0:wiVini2) = Y((vi —v2) + (w1 —w2)Vani2).

(= 2uDx(vi) Vi 2 + pi(Vewi + 0vi) (1 — [Vami )+

(20)
* Bottom. In the same way, we consider the normal vector
1 _
ny = —— < Vib > So for the no-penetration condition we ob-
1+[vp2 \ 1
tain:
—viVib+w; =0. @21

For the other one we take 7 = (71, 72) being

1 Vib ) 1 ( —V.b >
T = —=— o , = , 22
) ( 0 2 VP VL \ —IVab 22
and the condition state as:

1

VI+ Vb

U (VXW1 + 8Zv1) = 0vy; (23)

1
W (ZH]DX(V])be — .LL] (VxW] + aZV] )(1 — ‘be|2)—

—2ulazw1be) = —OC(Vl +W1be).

(24)

We introduce now a small parameter € = % where H and L are two characteris-
tics dimensions along the edges OZ and OX respectively. We also introduce some
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others characteristic dimensions: V for the horizontal velocity, W = €V for the ver-
tical component of the velocity and P = V? for the pressure. Next, we consider the
following dimensionless variables, we use the overline notation to denote them:

x=1Lx z=HZ
vi=Vv; w; = eVw;

L_

VL \% \%
Re;=— Ro=—+ Fr=—
‘T YT T GH
Yy=Vy oa=Va

E_ E____
K=—-K K12:Z 1,2
alziila 12172

€
b=Hb.

where we have denoted by Re the Reynolds number, Ro the Rossby number and Fr
the Froude number.

Thus, the equations get as follows (we drop the “overline” notation for the sake of
clarity):

1 1 '

Pi0vi + PiviV.vi + piwid.v; + pi—ew;cos Bey + pi— (v;) L sin O —

2 11 Ro 1 Ro @7
_Ediv +(Dx(vi)) — Rie,-?azzvi - R—eivx@zwi) +V.pi=0;

1 1
— Pi——V;COS 96’1 ——Aw;—
plgRO ' Rei o (28)

1 11
2 _ . .
81 Wi+ Szazpi - _pl 82 Fr2’

Pioiwi + piviVwi + piw;dw;

11 . 11
_;F@aZ(dIV xV,‘) — 2?Riel

div ,v; + d.w; = 0. (29)

In the same way the boundary conditions must be modified, we specify them next.
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e Conditions at the free surface:

o +vy-Vin = wy;

1 1
—-2—D \Y —_—
( Res x(Vz)+pz+oczK> xn+Rez

1 1
< € 7VxW2 anZ) xT +2
e Res

¢ Conditions at the interface:

IMi2+va-Vilio =wy;

IMia+vi-Vilio =wi;

CMES, vol.43, no.1, pp.27-71, 2009

1 1
Vow, + ?EanZ =0

8W2—p2—0€21€ 0.

1
(28 —V Wi +2 8 v1) Vinia+2—0dw —
’ Re;

1 1 1
= — <2£2RCQVXW2 +2RCQ8ZV2> Vxnl,Z +2R78281W2 — P2+

+(o — o) K1 25

1 1 1
— (Vawi+ = 0vi) = —=y(vi —v2)y /1 +€2|Vimi 2%
Rei( wi+ gzazv) SY(Vl v2)4/ 1+ €2 Vini 2|

1 1
—2§ ( z)Vxﬂ12+7(Vsz+ avt)( £2|Vxn1,2|2)+

i

1
+2—0wiVi 2 =
Re,-

1
= EY((VI —v2) + &2 (w1 —w2) Vi 2)1/ 1+ €2 Vimi 0|2

(30)

€2y

(32)

(33)

(34)

(35)

(36)

(37
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¢ Conditions at the bottom:

V1 Vib+w =0; (38)

1 1 1 /
E(VXW1 + ?aZVI) = E(xv1 1+82|be‘2, (39)

1 1 1
2R761DX(V] )be — E(wal + ?aZV])(l - Ez‘be|2)—

1 1
—2—0w Vb = —a— (v +€*w V,b)y /14 2|V, b2,
Re; £

2.2 Hydrostatic approximation

(40)

We assume € to be small and we take the formal expression of the system at &(&2),
keeping the terms of order zero and one. Thus, the hydrostatic system state as
follows:

€

. 1 1 .
Pidvi+ pidiv x(vi @ v;) + pid; (viw;) + €pi——w;cos Be; + pi— (v;)~ sin O
) 11 1 Ro Ro (41)
_Reidiv «(Dx(vi)) — ??@aﬁvi - ]Teivx(azwi) +Vipi=0;
€ : cos 6 ! 2 (div yv;) —2 ! d*w;+ 0 ! (42)
—€pi-vicos ey — ——(div yv;) —2——d w; i =—Pigm 5>
p Ro ! Re; © o Re; ¢ P p Fr?
div yv; + d,w; = 0. (43)
And boundary conditions:
¢ Conditions at the free surface:
oM +v2Vin = wy; (44)

1 1
—27DX(V2) +prt+ ok | Vin+—Vw, =0; 45)
Rep Rey
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dvy = 0O(¢);

(46)

1 1
—— VN +2—0adwy —pr— ok =0. @7
R€2 Rez
Conditions at the interface:
IMia+va-Vilio =wy; (48)
IM2+vi-Vini2=wp; (49)
1 1
—2—0nVii2+2——0dwi —p1 =
R€11 R€11 (50)
= —2R729zvzvxm,z + 2R72(9ZW2 —p2+ (o —n)xi2;
L i = e fric(vi,v); 51)
Re v = efric(vi,v2);
| v L o+ 49 P
—Z{QQDx(Vi) M2+ Rlei( wit 5 0:vi) +2E wiVin 2 — )
_Eazvi|vxnl,2|2 = —Ef”'C(thz)-
Where we have denoted by fric(vy,v2) = —y(v; — v2) the friction term bet-

ween the two layers.

Conditions at the bottom:

v Vb +w =0;

(33)
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1
R7ﬁ82V1 = EO0Vy; (54)

1 1 1 1
2R781Dx(vl)vxb - E(wal + ?azvl) + E@gﬂ ’be|2—

—2R761(9ZW1be = —EOCV1 .

(55)

2.3 Shallow Water system and asymptotic analysis

To obtain the Shallow Water equations, we assume that the height is small with
respect to the length of the domain, that is, € < 1. We first integrate the equations
for each layer. Then we shall perform the asymptotic analysis of the system by
introducing an asymptotic regime hypotheses over the physical data.

We shall obtain the system at first order, but we will must analyze the second order
to obtain a system with viscosity.

We first perform the integration of the layer 1.

We want to obtain the pressure value, so from equation (42) fori = 1:
1 1 1 . 1 5,
(9Zp1 =—pP1 ﬁ + EP1 Rio Cos 9\/161 + ]T@aZ(le le) + 2R7e]az wi. (56)

To get p;, we integre this equations from z to 11 2, with z € (b, 71 2),

"z

1 1
(z—Mip)+epi Ro cos e / vidz+

p1(2)—pi(M2) =—pi—
Fr? : Mo (57)
+R—el(div V1= div iy, ,) —|—2R—el(8zw1 — OWi|=n,,)-

By using the divergence free condition we obtain the following expression for pi:

1 1 z
p1(z) =pi(Mm2)—p 72(1 —M12)+ €pP1——cos e / vidz—
X Fr Ro M2 (58)
_E(div 1= div g, ).
Now, we integrate the system equations from b to 7. For the equation (43) and
using conditions (49) and (53), we have:

m

2
atm,2+divx/ vidz = 0. (59)
b
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If we integrate the equation for the horizontal velocity (41), and we use the condi-
tion (49) it gives:

M2 . M2 1 N2
p18,/ vldz—i-pldlvx/b (v1®v1)dz+£p1R—ocosee1/b widz+

. N2 n 1 . M2 N2
+p1—s1n9/ (v1) dz—2ﬁdlvx/b Dx(vl)dz—i-Vx/ pidz+
1 b

st Vet — P (M) Vet (60)
1
Ezﬁgévmsz_ﬁa

1
—2—Dx(v1)|Z:beb +p1(b)Vib =0.
Rel

€2 Re; Re;

1
+21Tele(V1)|Z:nL2Vx771,z - Vawi|z—n,,—

Due to condition (52), we can write
1 1 1 1
2R761Dx(v1)\22ﬂ1,2vxn172 - ?Eazvl|zzn|,z - ITelewl\Zan,z =
1 1 1 ©b
= Efric(vl,VQ) + 2R78182W1‘Z:m£vxn172 — Rielazvuzzm"2|vxnl’2|2'

And thanks to condition (55), we have

1 1 1
7251) (V1)|Z7bv b+ 8 V1= b+ V Wl|=p =

i 1 (62)
:Eavllz +—8v1‘z b’V b| —2 8w1‘z bV b.

So, we get for the first layer the following equation:

M2 . M2 M2
p18,/ vidz+ p1div /b (v1®v1)dz+£p1—cosee1/ widz+

n
+p1—sm9/ Iz )rdz—2 d1V / Dy (v dz—l—V/ prdz—

—p1(M2)Vini 2+ p1(b) Vs b+ (23 w1 — V1 Vil 2) o=n,, Valli2—

1 1 1
—5(28 w1 — 8Zv1 be)|2:bvxb + Efrzc(vl , VQ) + EOCV] le=b = 0.

(63)

Now, we calculate the integration for the upper layer in the same way that for layer
one. From equation (42) for i = 2 we have:

1 1 1 . 1
o,pr = —pzﬁ + esz—O cosBejvy + R—ezaz(dlv xV2) +2R—ez8z2w2. (64)
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We integrate this equations from z to 1 with z € (11 2,7) to obtain the value of ps,
we have also used the condition (47):

1 1 n I . .
P2(z) = —pzf(z— n)— €p2 3~ COS e, /Z vy — R—ez(dlv V2= +div 1) —
—eopK. (65)
Integrating from 1 » to 1 the divergence equation, we obtain:
. n
8,(11 — 1‘]1,2) 4+ div x/ vy = 0. (66)

M2

Now, we integrate equation (41):

n _ n 1 n
p28,/ vzdz+p2dlvx/ (v2 ®@vy)dz+ €py— cos 9@1/ wodz+
M2 M2 Ro M2

1 n | n n
—|—p2f sin 6 (Vz) dz — 2R7le X DX(V2) +V, p2dz+

2 €2 M2 N2

1 ! (67)
+2R72D’C(V2) = VATl = g ViW2le=n —p2(mVan—

1 11 1
_ZRiesz(Vz)k:m‘szn] 2 + 2 Re, 2o, C V20e=mi, T EVXWZIZZW1,2+
+p2(M12)Vam2 =0.

We use conditions (52) and (45) to get:
_2R762Dx<v2)|zznl.zvxnl 2 + R —0 2V2|z=112 + R7e2VXW2|Zz’“v2 =
(68)

1 1 )
ZITezazwz\Z:n,ngm,z + Rfezémzzn,l Vi 2|

1.
= —gfrlc(vl,vz) —
and

1 1
27D (VZ)IZ nvxn - V W2|z=n pZ(n)Vxn = 0 KV,n. (69)
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So the equation for the second layer state as follows

1 n
(vz®vz)dz+8p2R—ocos961/ wodz+

n n
Pzaz/ vodz+ podiv x/
n M2

12 M2

1'en()ld 2L i nD()Vnd
+pP2——sIn % 7—2—d1v v )+ padz—
Ro N2 Re; ! N2 ! ! N2 (70)

1
“Res (20;w2 + 9vaVani 2) o=, , Vi 2+ p2(M12) Vi 2—

1
—Efric(vl )+ opkVn =0.

2.3.1 Asymptotic analysis

We assume the problem to be in an asymptotic regime by supposing the following
hypothesis over the data:

1
Re, — EMoi =00, 0; =€, Y=EN. (71)
€

We make the development of the unknowns up to order 2:

vi =W t+evl+0(e?); vy =) +evl+O(e);
wi :w(l)—i-ew}—i—ﬁ’ £2); wz:wg—kewé—%ﬁ(sz); 72)
pr=pl+ep+0(€);  pr=pd+epy+0(e?);
n=n’+en'+0(e); ma=n),+eni,+0().
So from now on we denote frico(vi,v2) = —¥(v] —19). For the development of
h1, we have into account that 11 > = hy + b, so we can write
hy = WY +ehl 4+ 0(&?), (73)
where h(l) = 77?}2 —band h} = 7711,2 — b. In the same way we can write
hy = h9+ehy + O(?), (74)

being h) = n° — Tl?,z and hé =n'- niz, remember that N = 1y 5 + ho.
We can approximate k2 = A1 2 + 0(€?) and k = A,n + O(&?).

Now we perform the asymptotic analysis for the two layers. Firstly we study the
first order approximation where the viscosity terms do not appear. The second order
approximation is derived to obtain a viscous system. Due to the bilayer situation we
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must consider the influence of two friction terms, one on the bottom and other one
on the interface. In [Gerbeau and Perthame (2001)] one can find how to make the
correction of the velocity in order to obtain a modified coefficient for the friction at
the bottom. But in our case there is a friction term at the interface to be taken into
account, so we have performed a correction in both velocities to derive model.

1. First order approximation.
Layer 2.

If we consider the terms of the principal order (€9), we obtain from (41), (51) and
(54) that:

2y, = O(¢):
v lz=mi2 = 0(€); (75)
azvl\z:h =0(e).

From here, we deduce that v; does not depend on z at first order so we can write:
0 0
vi(t,x,z) = v (t,x). (76)

Under this hypothesis, we can rewrite the expressions above up to order one to
obtain the final equation for layer 1 at first order. First, we write (59) as:

ant, +div (k) =0, (77)

and from (58) we obtain the pressure:

1

ﬁ(Z—n?,z)‘FP?(n?,z)- (78)

Pl =—pi

But the term appearing in (63) involves the integral of the pressure, so we calculate
it from (78):

1 1
Vi [z = IV D) + Ve =)+ 1 VAP (79)

If we take these values into equation (63), considering only principal order terms,
we obtain:

, L.
P10 (M2 = b))+ prdiv o(Miy = b)Y @) + P sinO(1iy = b) (V) +

1 1
+ (77?,2 - b)Vx(p?(n?,z)) +P(1)(71?,2)Vx(n?,2 —b)+ FP1 ﬁvx(b - 71?,2)2—

— pY (D) Vanl s + p(b)Vib + frico(vi,v2) + ogr) = 0. (80)
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Now we simplify the pressure terms. We use the definition of p(l) (78) to write

—p?(n?,z)+p?(b)= —p1 FZ(b 7712) (81)

From (50) up to first order we have p9 = p9 + '(¢).

So the final equation reads:

P10, (HVY) + prdiv (kv ®v1)+P1751n9h°(V1) + V(P (ni)) )

1 1 1
+§p1ﬁv (h ) +p1 h \% b+f}’lCQ(V1,V2)+O(()V1 =0.

Layer 2.
Following the same way, we obtain the equations for the second layer.

Thus, from equations (41), (51) and (45) we can write:

9%vy = O/(e):;
8Zv2‘zz,m = ﬁ(&‘); (83)
aZVZ‘Z:n = ﬁ(e)

So we can deduce that v, does not depend on z at order zero:

W(1,x,2) =9(t,x), (84)
That allows us to write (66) as

0:h9 +div (h9v9) =0 (85)

and from the pressure (65),

R0 = —prag(c— 1) + (). (86)

We integrate (86) to obtain the pressure term in equation (70):

0

n 1 1
0 __ 0

So, the equation for the layer 2 at first order is:

. 1 . 1 1
p20;(KV9) + padiv (A5 @19) + P2 sin ORY (V) * + P2 ﬁvx(hg)%
(88)

1
+pa5hVanys — frico(vi,va) =0.

Fr
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Remark 2.1 The equation for layer 1 given by (82) includes the value of the pre-
ssure of the second layer. Now, using (86) we can write the equation for 2| as
follows:

. 1 . 1
P19 (K)W)) + prdiv «(h)v] @) + pi Ro S0 On) ()" + PZWh?Vxhg‘F
(39)
1 1 1 .
+§p1 7 V.(h)? +p 2 ROV b — frico(vi,v2) + o) = 0.

2. Second order approximation: Correcting the friction terms.

As we can see, there are no viscous terms involved in the equations above. To
obtain a viscous system we must take into account the second order approximation.
We perform the equivalent correction for the bottom friction presented in [Gerbeau
and Perthame (2001)] but for the bilayer case.

We purpose an additional correction for the friction term at the interface in the
equations obtained. For this aim first we are going to develop the second order
approximation for each term in both layers equations, later we shall perform the
velocities correction and we shall state the final model.

Layer ;.
Now we consider the approximation up to order 2 for the unknows:

Vi :v(l)—i-ev%,

p1=p}+epj,
— (90)
Ma2=n>+en,,
hi = h9 +ehl,
and we back to the equations writing them up to second order. First, for (43):
dhy +div (7)) = O(€2). 1)

Now, we want to get an expression for v; with the aim of determine its average. We
take equation (41) to principal order:

. 1 )
P10 + pidiv (v @ vi) + p1d;(viwy) + pi E(vl)LsmG—

1
- Euma}vl +Vip1 =0. (92)
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Thus,

1 1 .
gﬂmazzvl = P19} + PV +pi E(V?)l sin@ + V(P (n72))+

1
+p1—5 Va2 +O(e). (93)

17=>%
Fr?

From (82), we can write

1 . 1
m(p19) + p1iVel + py Ro S ()" + Vx(Pg(Tl?,z)) +p1 ﬁvxn?,z) =
= frico(vi,v2) — oV (94)
So we can simplify the expression of 812\)1 :

1 1 .
— o192V = —5frico(vi,v2) — %(;v? +0(¢). 95)
€ hy h;

If we integrate this equation from b to z and we use condition (54) we obtain:

Vi =V —i—iaovo(z—b)—i-i(fric (vi,v2) — oY) (Z_b)2+ﬁ(82) (96)
1 lz=b Lot 1 ,LL()] 0o\V1,V2 1 21/1(1) .
From here, we can obtain the average of the velocity v;:
1 rmea W ag ho
= =(1+e2= ) Vijomp + € fri 0(&?). 97
] hl/b 3] ( + 3‘u01)vlz_b+ 6H01frlCo(V1,V2)+ (€7) 97

Note that vi ®vi = Vi Qv+ 0 (82). For the sake of brevity we do not include the
proof, (Cf. [Zabsonré (2008)] for details).

We must calculate the term for the pressure at first order, we back to equation (58):
e 1 — 1
p1(z) = p1(M2) —p1 ﬁ(z —MNi2)+€p R 8 Ovier(z—ni,) + O(€%).  (98)

Thus the integral of the pressure reads:

me 11 11 0 0 o
Vx/b p1= Eplﬁvx(hl) —Esle—Ocoseelvx((hl) vi) + Vi(hipi(n12)).
(99)

Looking at (63), we need to obtain the integral of w(l), so we integrate the equation
of free divergence

N2 4h9)2
/ wldz = n0V,b — ( é) div 9. (100)
b
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And finally, from equation (97) we obtain the velocity at the bottom:

. K _

Vije—p = BVI — 87611101 B frico(vi,vy)+ O(€?), (101)
A

where 8 = f(h;) = <1 +831H(())‘(1)) .

Layer 2.
As in the case of layer 1, we look for the second order to obtain the viscosity terms
in the equation. We define the approximations of second order:

vy = vg + ev%;
P2 = p3 +€py;
(102)

n=n"+en';

hy = h) + eh).
So we obtain for the first equation:
Oyhy +div ((7av3) = O(2). (103)
We write the equation (41) at principal order to obtain v»,

é,uoz&’fvz = p28tv8 + padiv x(vg X Vg) + pzvgazwg + pzﬁ sin 9(1/(2))L

| (104)
0
P25 5Vl +O(e),

and using (88),

1 . 1 .
i <P29t"(2) + P23V + pa - sin0(v) " + PzFrZVmO) = frico(vi,v2), (105)
from where we get

1 1 .
gﬂoz&fvz = h—gfrlco(vl,vz). (106)

Integrating this expression from 77?_2 to z and using (51), we find the expression for
A%

0
~ € . =My
V2 = Vafpmp, + @frwo(w,n)(z ) (1 T > +0(&%), (107)
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that we integrate to obtain the average for the velocity of the second layer:

- 1 /n N 1 Y. )
V= —— V2 =V2l,—p,, + E=—h3 frico(vi,va) + O(g7). (108)
2 T S, 2T e ey 2frico(vi,v2) + O(€7)

Again, v, @V, =V @3 + O(€?).
The divergence condition allows us to know the integral of wgz

0

n
/n =l B~ (hg)zdiv 9, (109)

1,2

and from (65) we get the integral of the pressure:

0

1

n 1 11
Vi P2=5pP2 Fr AL (n9)? 892§FOCOSGeIVX((hg)2Vg)_

nY, 2 (110)

—2ep V. (hdiv 1Y) — eapn V., (B9AMO).

Now we perform the correction for the specifics friction terms. This correction is
based in the same idea that we have developed for the layer 1 to obtain the value of
the velocity vy _, in function of the average vy in equation (101). This will provide
us the correction of the friction coefficient at the bottom.

For this aim we take the definition of the friction term at the interface:

fric(vi,va) = —y(vi —v2), withy>0. (111)
Remember that for the asymptotic assumption we have taken y = £7p, and
frico(vi,va) = = (V0 —19).

On the contrary to the first case we make the correction at the same time for both
layers.

Now we want to get a modified friction coefficient at the interface, the idea is to
find a value of the difference of velocities (v; —v2)|.—y, , in function of the averages
v1 and V; because this is the term appearing in the friction term (111). First we give
the expression of vy in function of Viitn, So we return to (95) that we write now
as:

0y % o

1 1
g.Um&szl :_F?YO(V?_VZ ho 1 +0(€). (112)
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We integrate this equation from z to 1 » getting:

Vi = VNl\z:nl,z - ﬁ}’o( _Vz)(z— m 2)

49

c (2= 1) (113)
0_ 0 0 : 2
- —Vv3)+ ——+0(e
o1 (’)/0(1/1 Vz) (X()Vl) 2h(1) ( )
and we compute the average of vy:
— le o - € 0\~ € 10, ~ 2
vl = _gmhla()vﬂz:b + <1 + 3‘u0170h1> Vig=m, — %hl}’ovzpznm +0(€%).
(114)
Remember that thanks to (101) we have
~ 1 -~
7= <1 +C n ) Pl — = —— (V1 — 72) oy, + O(£2). (115)
3Ho1 76U o
We had too the value for the average of velocity v; in equation (108):
3oz ’ 3Uo2 "
Subtracting the last two expressions we get:
_ e (W 9 SO
ViV = —ahlaovuz pH {13 T (V1 =V2)je=ny,
€%). (117)
We solve the following system for obtaining vi|,—; and (v
1 =S aph® ) Py — K090 (57 — 7> :
3li0 0o 1|z=b 61101 170 2)|=m,
. e (K h o
Vi —Vy) = —%}haovuz y 1+ 3 Y lor — 4+ — (1 —Vz)\z:m_ .
(118)
The results are:
~ eyh®
P1jp = DSTT+D 670 (71— 72), (119)
Ho1
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and
o eoph® RV
(V1—V2)\z:m,z:DmV1+Dﬁ (71 —m), (120)
being
-1 0 0
£ 0 € h} @)
=1+ ——aph?) , =1+ <+ 121
P ( 3H01%1> 37 Mot Moz (1z1)
and
< 1 e’ 0\2 B
p=(p's- (hl)ao%) | (122)
36445,

As we can check that ~'8 > 1 and having into account that we have a second
order approximation, we set:

D=Bs". (123)
So we can rewrite the solutions as:

5 _ gk

ey = B+ B~ D (77— 7). (124)

o1
and
- el
(Vl — VZ)\z:mg = B6 ! 6 vi+0 l(vl —VQ). (125)
o1

We take these values to equations (63) and (70):

~ L~ e 1 ~.0 ..
pﬁ,(hwﬁ) + p1div x(h171®71) - 5[)15008 Oeq (h1)2d1V V1t

1 . M L . -~ _ 1 1 2
+p1FOSIHGh1(Vl) —2£u01d1vx(h1Dx(v1))+Eplﬁvx(hl) —

e 1 ~ 1 ~_ ~
—EPI Ro cos e Vy((h )ZW) + p1 ﬁhlvxb‘F
(126)

1 - - -
+Ep; E cos Oh [(W-be)el — (\TI el)be] +

goph’ evhO
o7 (B 67100 1V1+(V1—V2)> +Boo <m+61£()11(w—m)> -

1

—2e 1oV div 77+ 1 Ve(pi(M12)) = 0.
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~ .~ e 1 ~.0 ..

P20;(hov2) + padiv «(hava @ V7)) — FP27cos Be1 (hy)*div .77+

+ ismeﬁ(fﬁ—ze div (;TD(*))JF1 1y (hy)?—
P2y 2(n2 Ho2d1V x(2Dx(v2 P2 Vel

1 1 ~ ~
—e—pa—cosOe Vi ((h2)*12) — 2e o2 Vi (hadiv (7)) +

2" Ro (127)
eaph
61101 vi+ (V1 vz)) +

1 0.0 -1
+8p2R—0 cosOe1hywy ., — 0 ' <[3
+V.ni2(pa(N12) + 2epoadiv (v2)—
0oV (B9AM°) + £002V,m°AM° = 0,

where we can check now how the coefficients for both friction terms have been
corrected for two layers.

In order to simplify the last two terms in (126), we use the interfaz condition (35)
to write:

P1(M2) +2euordiv o1 = pa(N12) + 2 oadiv 2 — (01 — 02 K1 2. (128)

So if we also include the expression of K, we get:

e Vo div 77+ by V(51 (M12)) = —2&401 Vihidiv 7+
+h V. (—2eo1div 77+ pa(M12) +2€oadiv 72 — (01 — 0tgn ) AcT12)

(129)
— _28H01Vx(h1div xﬁ) + hlvx(ﬁ(m) + 28,“{)2div xﬁ)_

—e( 01 — o) Vi (AT 2).
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Finally the equation for layer 1 reads as:
~ oo~ e 1 ~ 0
P10 (hvi) + p1div (v ®Vy) — §PIECOS Oe; (h1)2d1V Wi+

1 . -~ L . -~ . 1 1 2
+p1R—Osm6h1(v1) —2£u01d1vx(h1Dx(v1))+Eplﬁvx(hl) —

£ 1 ~ 1 ~_ ~ ~
—§p1 E Ccos E)ele((hl)ZW) +p1 ﬁh]be — 2£u01Vx(h1d1v xv1)+

(130)
1 - - -
+EpP| E cos 0hy [(W-be)el — (W el)be] +

(1) 1870h(1)
V1+(V1—Vz)> +Boo <v1+6 rIr. (VI—VZ)> +
Ho1

_ eoph
+6°! (

| B 61101

+h V. (P2 (M12) + 2eloadiv 77) — €( 0o — 02 )1 Vi (AcTi2) = O.

In the same way we work on the last terms in (127) by using (65) to rewrite them
as:
~ 1

e A 1 ~__
pz(mg) +28,l102d1V V2 = pzﬁhz — 8[)2% COosS 961h2\/2 — QK. (131)

So:
Vni2(p2(N12) +2€ep02div (v7) =

__ 1 ~ 1 o~ (132)
= an,z(Pzﬁhz) — €2 COS Oe1Vi(Ni2)hova — eoq)szn?,zAxno-

We can finally write the equation for layer 2 as

~ L~ e 1 ~.0 ..
p28, (hz\TQ) + padiv x(h272®72) - EPZE cos e (h2)2d1V V2t

1 . o~ T . o~
+P2R—O sin Ghz(vz)L —2elopdiv ((haDy(v2)) + p2ﬁ (haVihy +aVini2)—

1 1 ~ ~
—85[)2% cos Gelvx((hz)zﬁ) — 28‘LL02Vx<h2diV xﬁ)—l—

eaph)

1 0,0 -1 L
+8P2§ cos 961h2W2‘Z:m‘2 -6 Y% (ﬁ 61101 1+ (Vl —V2>> o

1 o
—&py-cose1 T Valliz — eahV(An°) =0.
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(133)
Remark 2.2 We can use the equation (131) to write (130) as:

~ ~ e 1 ~

P19 (hiv1) + pidiv (Vi @ Vi) — SP1 - cos ey (h1)*div v+
+ isine;?(f)L—ze div «(mD (*))+l 1y (hy)>—
PlRO 11 Uordwy x(h1Dx(vy ZplFr2 x\1

£ 1 ~ 1 ~_ ~ ~
—ipl E cos Qelvx((fn)ZW) + p1 ﬁhleb — 28[,L01Vx(h1dlv xvl)—i-

1 ~ ~ ~
+Epi - cos O/ (V- Vib)er — (v -e1)Vib]+ (134)

&€ h e A
+67' (B 603011W+ (VI—VZ)> +Bao <v1+ 6‘1—61(201‘ (VI—VZ)) -

~ ~ ~ 1 ~_ ~

—&0p1h1 VA — 8%1h1VxAxb+P2ﬁh1Vxhz—
1 ~ ~ ~ ~

_28p2R7 COS Gelhlvx(hm) — Saozhlvaxhg =0.
o

2.4 Final models

In this section we write the final equations for the two models obtained with dimen-
sion and dropping the cosines terms, having into account that

1
Re,'

= ey, QA =€E0, O;=E0, Y==E&N- (135)

We also divide the second and fourth equations in the systems by p; and p; res-
pectively. For a good writing of equations we introduce some notation about the
coefficients involved in the system. First we define the density relation by r = %,
we explicit the dynamic viscosity as y; = p;v; for i = 1,2, being v; the kinematic
viscosity and finally we take the following definition for the friction and tension co-
efficients: y = ¥pa, 00 = &py, oy = 0;p; with ¥, & and &; being positive constants.
Next we introduce some remarks about the approximations obtained mainly related
to the friction terms.

First, we state the system without viscosity, from equations (77), (89), (85) and
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(88), we found the following system that we denoted by (BL1):
8[h2 -l-diV x(hZVZ) = 0;

O (hava) +div 4 (havy @ va) +2Qsin Ohy (vy) 1+
1 ) y
+58Vxhz +gh2Vinip = ¥(vi —2);
(BL1) (136)
8,h1 -l-diV x(hlvl) = 0;

. . 1
d;(hvi) +div x(hivi ®@v1) 4+ 2Qsin Oh (vl)L + Engh%+

(| +8ghiVib+rghVihy = —ry(vi —vp) — 0vy.
In the same way, we consider equations (91), (134), (103) and (133) to write the

viscous model with correction on the bottom and interface friction, (BL2):

orhy + div x(hzvz) =0;

. . 1
0 (hava) +div 1 (hava @ v2) +2Qsin Ohy (v2) ™ + Engh%+

(. Oh ~
+ghoVinio = s Y <B 67\/1‘)1 +(vi— vz)) 4+ 0ohy V. Achy+
1

—i—ﬁtzhzvaxnl,z +2vpdiv x(thx(Vz)) + 2V2Vx(h2diV XVQ);

ohy +div x(hlvl) =0;

(BL2) (137)

. : 1
O (hyvy) +div o (hyvi @ vy) +2Qsin Ohy (vi)*F + Engh%%—

- oh
+ghi Vib+rghiVihy = -8 'yr ([3 67\/1]‘)1 + (v — vz)) —

Yh
—Bﬁ( (V1 +5711’%(V1 — V2)> +0qh VA +
1

L 4+ Vi Ab+2vdiv x(thx(Vl)) +2V1Vx(h1div XVI),
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being

~ —1 ~
B:<1+ah1) , 5:1+Y(r’“+”2). (138)

3\/1 3 Vi \'%)

Remark 2.3 We want to remark that friction terms that we have obtained in (137)
have the same order of the friction and viscosity coefficients. That is to say, if we
suppose that the coefficients v;, 0;, & and ¥ are of order €, with € ~ 1073, then we
next prove that the terms

5’1)7r (Bdhlv] + (v —vz)> , PBo <v1 +5*1r@(v1 —vz)> (139)

6V1 6V1

have order € too. We write them as follows:
71 ~ & 71 ~ ~ 71 ~ d
O YrB—mvi+6 Jr(vi—v2), Béavi+06 Frf—hi(vi—va). (140)
6V1 6V1

So, it is enough to prove that the coefficients given by

5—17[3%, 517, and po (141)
2 3

(1]

have order €.

First we develop B and 8 ':

B B 3# 5_1 B 3vivy
T 3y, +ah’ © 3viva FJrvahy +yvihy

(142)

and we observe that they have order €° because v;,& and ¥ have the same order.
Now we study each term in (141).

Term [1]: Since B and 8! have order €° and v, & and ¥ have order € we deduce
that this first term have order €.

Term [2]: this term has order € because 8" has order €° and ¥ has order €.

Term [3]: for the same reason that for the second one, we find the € order for this
term, because 3 has order €% and & has order €.

Remark 2.4 We have performed the deduction of a bilayer Shallow Water equa-
tions following the work developed in [Gerbeau and Perthame (2001)] for the one-
layer case.
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Then, if we throw out the layer on top, we should get the model for one-layer
obtained by them in that work. So, taking hy = py = 0 in the final system (137):

8,h1 +div x(hlvl) = 0;
1
O (hyvy) +div ((hivi @ v1) +2Qsin Ohy (vi)* + Engh% +gh V,b+ (143)

+rgh1Vxh2 = —,del +2vidiv x(thx(vl)) +2V1Vx(h1div le);

that is just the same correction for the friction that Gerbeau and Perthame have
found but in 2d case.

Remark 2.5 In [Zabsonré and Narbona-Reina (2009)] a theoretical study of a
simplified (BL2) model is performed proving the existence of global weak solution
for the system above but in the particular case when b = 0. To obtain this result,
the following form for the friction coefficient is taken:

hihy

Y= (144)
%hl + %hz

Remark 2.6 The proof of the global weak solution for the (BL2) system is in
course, it shall appear in a forthcoming paper.

3 Numerical assessment

This section is devoted to check the validity of the new viscous bilayer model that
we have derived in the previous section. In the first test we solve a 1D internal dam-
break problem following the work [Gerbeau and Perthame (2001)] and we compare
the numerical solution obtained by solving (BL1) and (BL2) with the Navier-Stokes
equations. In Test 2 we make a comparison of the solution of the models for a 2D
dam-break problem.

The results obtained show us that the new viscous model improves the no vis-
cous one for both unknowns, height and discharge. But as it is already confirmed
in precedent works (see [Gerbeau and Perthame (2001); Marche (2005); Audusse
(2005); Peybernes (2006)]) we notice that the more significant difference relies on
the discharge.

Test 1: An internal dam-break problem.

We present a test for which we compare the solutions obtained for Navier-Stokes
equations with variable density with those given by systems (BL1) and (BL2). In
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the numerical discretization we have defined the friction term at the interface as
follows:
. hihy
frlC(vl,Vz) = —K'B(hl,hz)(\/] — Vz), with B(h],hg) W and k¥ > 0.
h1 + E//lz
(145)

In [Gerbeau and Perthame (2001)] a dam-break test is calculated to validate the
viscous model obtained. In this work we present a similar case but solving an
internal dam-break problem where two flows with different densities are involved,
with the aim of emphasizing the importance of the friction term between layers.

To make the comparison between the approximated Shallow-Water systems and
Navier-Stokes equations, we have computed the non-dimensional problem in each
case without tension terms (i.e. & = 0, for i = 1,2). For the sake of clarity we
specify these problems below.

So for the first order approximation we have:
8,h2 +div x(hZVZ) = O;

, 1 |
9 (hav) +div «(havo @ v2) + > Fr 2V 3+ rZhZVxnl,Z =

=Fo(vi —v2);

BL1utim (146)
(BLLain) Oy +div o (hivi) = 0;

) 1
8[(h1V1)+d1V x(hlvl ®V1) 2F ZV h

1 1
h1V b+r h1V hy = =rfp(vi —v2) — Gov1.

For the second order approx1mat10n we solve:

(9,h2 +div x(thz) =0;

) 1
at(hZVZ) —i—lex(h2V2®V2) 2F ZV h

(BLzadim) h
thxm =89 <ﬂ %

(147)
€’ Rey vy + (vi— vz)> +

1 . 1 )
+2R—e2dlv x(haDx(v2)) +2R—e2vx(h2dlv W2);

\
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for the upper layer and for the lower one:

8,h1 +div x(hlvl) = O;

. 1 1
8,(h1v1)+dlvx(h1v1®v1) 2F 2V h rzhlvxb—i-

1 _ e-lg Qohi
(BLzadim) +rﬁh1Vxh2_ ) Yor(ﬁ 6 €°Re; V1+(V1 Vz) (148)

h
—[3060<vl+5 ! YO6 €’Re (Vl—V2)>+

1 . 1 .
—|—2R761dlv x(thx(Vl)) + 2R761Vx(hldlv xvl)>

being
~ —1 ~

B = <1 + ?ezRel h1> , 6=1+ ?ez (rhiRej + hoRes) . (149)
And finally for the Navier-Stokes equations we take the following problem:

pov+pvVw+ pw8 v—

2 . 1

—R—edlvx(Dx(v))——6—82 V.i(ow)+Vip=

= =16 (p);
(NSugim) 8 pIw~+pvViw+pwd,w— (150)

11 _ 11
—LA w— —;E@(dlv xV) — 2——82w+ 50.p =
=P 82 Frz —Yw]ée(p);
[ div,v+dw=0.

with boundary conditions at the bottom:

Re
w=0.

1 1 1
{ 7(VXW+?8ZV):EOCV, (151)
And &; being an approximation of the Dirac mass on the interface, defined as fo-
llows:

! >(I4cos(mv)) if 9] <1
5= 12 (2) Vol with £(9) = {

0 otherwise (152)
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So the term involving & in (150) is an approximation of the friction condition at
the interface that we have in the two layers case.

We take a domain & with length L = 1 meters and we set the friction coefficient as
v=w{, v=mwl, a=o0pl with { being a quantity depending on the jump
height, given by { = %. The height before the jump is taken as #;, = 0.9 and
h1, = 0.1 after the jump.

If we denote by p;, i = 1,2 the densities associated with each layer, we have defined

r= % = 0.98 and the upper layer density, p, = 1.

We have also set the following constant data:

1 1

€ 1
€=0.04, Re, = Re = 0 (fori=1,2), f i 1,and { = 10 to put in evidence the

influence of the friction term.

The resolution of problems (BL1,4;,) and (BL2,4;,,) has been performed by using
a Finite Volume method of Roe’s type; see [Parés and Castro (2004)]. We take the
following initial conditions:

i i hlL x <0 . i
h(t=0) _{ By, x>0, q(t=0)=0. (153)

In order to solve the Navier-Stokes equations for this problem, we have solved it
in a two-dimensional domain & x Y, Y with length 1, in the terms that we specity
next.

To calculate the density p, we have solved the transport problem for the salinity S
given by:

S+ V(uS)—gAS =0, (154)
¢ being the molecular diffusion. Then, the density is updated by the state equation

p=po[l+F(S)], (155)

where py is a reference density and F(S) is a function of the salinity S.

For the time being we are not able to solve the bilayer problem using Navier-Stokes
equations so in order to simulate this situation, we have taken the following cons-
tant piecewise function for the initial density value, (see Fig. 3) related to initial
condition (153):

p(t=0) z{ po if {x <0,y >, and {x> 0.y > iy}

p1 otherwise, (156)

and the corresponding initial data for the salinity. At the initial time, we have taken
u = 0. Regarding the constants involving the Navier-Stokes problem, we have fixed



60 Copyright © 2009 Tech Science Press CMES, vol.43, no.1, pp.27-71, 2009

1.018

1.016

1.014

1.012

1.008

1.006

1.004

1.002

1.02 1.02

1.018 1.018
1.016 1.016
1.014 1.014
1.012 1.012
1.008 1.008
1.006 1.006
1.004 1.004

1.002 1.002

1.02 1.02

1.018 1.018
1.016 1.016
1.014 1.014

1.012 1.012

1.006 1.006

1.004 1.004

1.002 1.002

Figure 2: Evolution in time of the interface from t=1 to t=6.

the reference density pp = 1 and in our case, we have considered linear functions F,
F(S) = bS for a positive constant b, concretely we set b = 1. Finally, the molecular
diffusion for the salinity problem is taken as ¢ = 107>,

We numerically solve this problem using a Finite Element discretization in the

stable pair of spaces (IP;,[P;). The computational work has been performed by
using the software Freefem++ (http://www.freefem.org).

Computing the test at time 7 = 6 seconds for the three problems, we compare the
solutions obtained for the interface and the velocity.
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= [) 5

Figure 3: Initial density for Navier-Stokes problem.

In Fig. 3 we show the interface level obtained in each case for times from ¢ = 1 to
t = 6. For problems (BL1 ;) and (BL2,4;,,) we plot the height of the lower layer,
h1, but for Navier-Stokes equations, this value must be obtained as a function of the
density profile, so we show the isolines of the density (colored lines).

As we can see in this figure the approximation for Navier-Stokes is not too mean-
ingful to compare it with the models studied here. Anyway we can see that the
solution given by the two systems keep on the profile of the Navier-Stokes solu-
tion.

Finally, in Fig. 3 we show the velocities of the lower layer obtained by solving
problems (BL1,4in), (BL244i) and (NS,4:,) at times ¢t = 1 to 6. We notice that the
solutions of the Shallow-Water systems are getting further when the time increases
and that the second order approximation gives us a closer solution to the Navier-
Stokes velocity.

Test 2: Circular dam-break problem in a 2D domain.

We consider a circular dam-break problem in both, surface and interface with a no
constant bottom.

The domain is the square Z = [0,2] x [0,2], the bottom is given by the following
function:

1 2 2 2.
b(x,y) = { g(l +cos(27x)) (1 +cos(2my)) E);tch_erlviisz (y—1)2<0.12 (157)

The initial condition is given by:

1.1 (x=09)2+(—1)2<0.2%

0.6 otherwise. (158)

hi(t =0)+b(x,y) = {
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Figure 4: Evolution in time of the velocity of the layer below for times t=1 to t=6.

1.7 (x—1.6)2+(y—1)2<0.1%

1.2 otherwise; (159)

ha(t =0)+hi(t =0)+b(x,y) = {
and ¢ (t =0) = ¢2(t = 0) = 0. A longitudinal section in y = 1 of the height initial
condition is shown in Fig. 5.

The CFL is set to 0.7 and we consider a partition with Ax = Ay = 0.02, the final
time is 7' = 2. The friction coefficients and the kinematic viscosity has been taken
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F.S.
= = =Intf.
Bottom

______________________

0 0.5 1 15 2

Figure 5: initial condition

asy=0=vi=wn= 103 and the density ratio is set to 0.8.

In Fig. 6 we show the evolution in time, from ¢ = 0.2 to t = 2 of the interface and
the free surface.

In Figs. 7-10 a longitudinal section in y = 1 is drawn. The heights of layers are
shown in Fig. 7 for the same times values. We can see that the difference between
the solution of problems (BL1) and (BL2) is getting higher in time. This behavior
can also been check for the discharges, see Fig. 8 for layer 1 and Fig. 9 for layer 2.

In order to weigh up the influence of the friction at the interface we show in
Fig. 10 the difference between horizontal velocities v, — vo,. Remember that
fric(vi,v2) = —y(vi —v2). We can see that for small times the difference is about
0.4 near the bottom bump and for final times this quantity is reduced to the half.

4 Conclusions

In this work we propose a bilayer Shallow Water 2D model, taking into account
viscosity and tension effects on the surface and the interface. The model is ob-
tained from the Navier-Stokes equations through a second order development in the
asymptotic analysis and the integration process, following [Gerbeau and Perthame
(2001)].

The main difficulty is related to the correction of the friction term at the interface.
Usually to make this correction we must write the velocities at the interface in
function of the average velocities. Due to that the friction term depends on the
velocity difference of the two layers, we have a coupled problem and a second
order friction correction cannot be performed layer by layer. To solve this problem
we set out a linear system of equations where the unknowns are the velocities at the
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Figure 6: Free surface and interface.
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Figure 8: Discharge layer 1.
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Figure 9: Discharge layer 2.
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Figure 10: Difference between velocities: viy — vy,.
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interface and at the bottom, that we write in function of the average velocities. So
we obtain the correction for both friction terms: at the interface and at the bottom.
And, in particular we can observe in the model the influence of the friction at the
bottom in the upper layer.

Finally we present two numerical tests to check the influence of the viscosity terms
and friction corrections in the model. In the first test a one-dimensional internal
dam-break problem is presented. We make a comparison between the solution of
two models (first and second order) and the solution of Navier-Stokes equations
with variable density. In this case we observe that the interface position and veloci-
ties computed by the models are comparable with the solution of the Navier-Stokes
equations with variable density. Moreover, we can see that the velocity obtained
from the second order model is closer to the velocity computed for Navier-Stokes
problem.

In the second test, a problem with higher velocities is considered. We set a double
circular dam-break problem with a bump in the bottom. The test is designed in
order to obtain a great difference between the velocities of the two layers, conse-
quently we find an important influence of friction terms. As motivated in the first
test, we show that the effects added in the second order model are significants.
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