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A Coupled Thermo-Mechanical Model for Simulating the Material Failure
Evolution Due to Localized Heating

Z. Chen1,2, Y. Gan1 and J.K. Chen2

Abstract: A coupled thermo-mechanical con-
stitutive model with decohesion is proposed to
simulate the material failure evolution due to lo-
calized heating. A discontinuous bifurcation anal-
ysis is performed based on a thermoviscoplastic-
ity relation to identify the transition from con-
tinuous to discontinuous failure modes as well
as the orientation of the discontinuous failure.
The thermo-mechanical model is then imple-
mented within the framework of the Material
Point Method (MPM) so that the different gra-
dient and divergence operators in the governing
differential equations could be discretized in a
single computational domain and that continu-
ous remeshing is not required with the evolution
of failure. The proposed model-based simula-
tion procedure is verified with analytical solutions
available, and the potential of the proposed pro-
cedure is demonstrated by simulating the material
failure evolution in a prestressed plate subject to
laser irradiation.

Keyword: Failure evolution, localized heating,
decohesion, bifurcation, MPM.

1 Introduction

Severe localized thermal loads due to quench-
ing, aerodynamic heating, laser irradiation etc.
may lead to local material failure and even global
structural failure. To improve the relevant de-
sign methodology, hence, a fundamental under-
standing is required on the material failure evo-
lution due to localized high-energy loading. As
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can be found from the open literature, many ef-
forts have been made to investigate the thermo-
mechanical failure based on the traditional ther-
moelasticity/thermoplasticity theories and linear
elastic fracture mechanics (LEFM). For example,
the fracture pattern due to a localized moving heat
source has been investigated by the maximum
circumferential stress criterion [Erdogan and Sih
(1963)] and the minimum strain energy density
criterion [Sih (1973)]. Beraun, Chen and Tzou
(1999) studied the thermo-mechanical fracture of
a pressurized vessel subject to the impingement
of a point heat source, with the use of the stress
and strain-energy-based criteria. In LEFM, the
crack behavior such as crack direction is assumed
to be only dependent on the magnitudes of the
stress intensity factors. Various methods have
been used to calculate the stress intensity factors
[Wilson and Yu (1979), Chung, Chang, and Chien
(2001), Liu and Kardomateas (2006), among oth-
ers]. Prasad (1998) employed different techniques
to determine the crack path, and found that differ-
ent criteria used for selecting the stress intensity
factors could result in various crack paths.

Essentially, there exist two different approaches
for modeling the material failure evolution,
namely continuum and discrete methods. The
work related to the continuum approach is based
on the assumption that a continuum constitutive
relation is still valid in the failure zone [Bazant
and Oh (1983), Dahlbom, and Ottosen (1990),
De Borst (1987), Wei and Batra (2003)]. As in-
dicated by Schreyer, Sulsky, and Zhou (2002),
the theoretical difficulty with such a method is
the possible loss of ellipticity and material sta-
bility within the failure zone. The alternative ap-
proach, discrete approach, is to look upon the ma-
terial failure as a displacement discontinuity with
tractions being related to the displacement jumps
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[Feenstra, De Borst, and Rots (1991a), Feenstra,
De Borst, and Rots (1991b), Corigliano (1993),
Miehe and Schröder (1994), Schreyer, Sulsky, and
Zhou (2002), among others]. The major disad-
vantage of the discrete model originates from the
numerical difficulty of handling discontinuities.
With the use of mesh-based methods such as the
FEM and BEM, the employment of the discrete
model requires a continuous change of the mesh
topology as the failure evolves. However, the
meshless methods are uniquely appropriate for
the problems involving large deformations and the
propagation of discontinuity [ Belytschko, Kron-
gauz, Organ, Fleming, and Krysl (1996), Atluri
(2004), Atluri, Han, and Rajendran (2004), Han,
Rajendran, and Atluri (2005), Gao, Liu, and Liu
(2006), Ching and Chen (2006), Han, Liu, Ra-
jendran, and Atluri (2006), Atluri, Liu, and Han
(2006), Liu, Han, Rajendran, and Atluri (2006),
Guo and Nairn (2006), Hagihara, Tsunori, Ikeda,
and Miyazaki (2007), Sladek, Sladek, Zhang,
Solek and Starek (2007) and Le, Mai-Duy, Tran-
Cong, and Baker (2008)]. Without using the rigid
mesh connectivity, the meshless methods do not
require frequent remeshing with the failure evolu-
tion. As one of the innovative spatial discretiza-
tion methods, the Material Point Method (MPM)
is an extension to solid mechanics problems of a
hydrodynamics code called FLIP. The motivation
to develop the MPM was to simulate those chal-
lenging problems such as impact/contact, penetra-
tion and perforation with history-dependent inter-
nal state variables, as shown in the early publica-
tions about the MPM [Sulsky, Chen, and Schreyer
(1994), Sulsky, Zhou, and Schreyer (1994)]. The
essential idea is to take advantage of both the Eu-
lerian and Lagrangian methods while avoiding the
shortcomings of each. In comparison with the
other meshless methods, the MPM appears to be
less complex with a cost factor of at most twice
that associated with the use of corresponding fi-
nite elements [Chen, Hu, Shen, Xin, and Brannon
(2002)]. Thus, much research has recently been
conducted to simulate the material failure with the
use of a discrete constitutive model implemented
in the MPM [Schreyer, Sulsky, and Zhou (2002),
Sulsky and Schreyer (2004), Chen, Shen, Mai,
and Shen (2005), among others].

Actually, according to the jumps in the kinemati-
cal field variables, the failure states can be defined
as follows

Diffusive failure: v1 = v2, ε̇εε1 = ε̇εε2 (1)

Localized failure: v1 = v2, ε̇εε1 �= ε̇εε2 (2)

Discrete failure: v1 �= v2, ε̇εε1 �= ε̇εε2 (3)

where (v1, v2) and (ε̇εε1, ε̇εε2) are the velocities and
total strain rates on both sides of a moving surface
of discontinuity. It has been shown, based on the
jump forms of conservation laws, that the transi-
tion from continuous failure modes (smeared mi-
crocracking) to discontinuous failure modes (dis-
crete macrocracking) is characterized by the evo-
lution of localization, and identified by discon-
tinuous bifurcation analysis [Chen (1996), Chen,
Qian, and Xin (1999), Chen and Fang (2001),
among others]. The evolution of localized fail-
ure could be described by a parabolic (diffusion)
equation without invoking nonlocal models. A
coupled wave and diffusion equation has been
proposed to predict the failure wave in glass plates
under impact without considering the thermo-
mechanical effect, which is consistent with the
experimental observations [Kanel, Bogatch, Ra-
zorenov, and Chen (2002), Chen, Feng, Xin, and
Shen (2003)].

Due to the complexity involved, however, there
still exists a lack of understanding on the thermo-
mechanical failure process with the transition
from continuous to discontinuous failure modes.
Based on the previous research results as sum-
marized above, hence, it is proposed in this pa-
per that a bifurcation-based simulation procedure
be developed to predict the failure evolution in
structures subject to localized high energy load-
ing. A decohesion model is coupled with the dis-
continuous bifurcation analysis based on a ther-
moviscoplasticity constitutive relation with ther-
mal softening, and is implemented into the MPM
code. The remaining sections of this paper are
organized as follows. Section 2 describes the
formulation of the proposed decohesion model,
and the discontinuous bifurcation analysis for
identifying the onset and orientation of thermo-
mechanical discrete failure. In Section 3, the
thermo-mechanical governing differential equa-
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tions are briefly formulated within the framework
of the MPM. In Section 4, the proposed model-
based simulation procedure is verified, and the po-
tential of the proposed procedure is demonstrated
through the simulation of the failure evolution in a
prestressed plate due to laser heating. Concluding
remarks are given in the final section.

2 Coupled Thermo-Mechanical Modeling
and Bifurcation Analysis

As demonstrated by Chen, Shen, Mai, and
Shen (2005) for mechanical failure problems, a
bifurcation-based decohesion model could be for-
mulated within the framework of the MPM to
simulate the transition from localization to deco-
hesion during the failure evolution. A bifurcation-
based thermomechanical decohesion model is
therefore developed here, starting from the asso-
ciated thermoviscoplasticity. Based on the work
by Johnson and Cook (1983), the proposed ther-
moviscoplastic model with strain hardening and
softening, strain-rate hardening and thermal soft-
ening consists of the following equations:

dσσσ = E(T ) : (dεεε −dεεε p) (4)

f (J2, I, ε̇ p,T ) =⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3J2 −
[
(σy +EhI)

(
1+C ln

(
ε̇ p

ε̇0

))
(1−T m∗ )

]2

= 0, 0 ≤ I ≤ Ip;

3J2−[
(σp −Es (I− Ip))

(
1+C ln

(
ε̇ p

ε̇0

))
(1−T m∗ )

]2

= 0 I > Ip.

(5)

dεεε p = dλ
∂ f
∂σσσ

(6)

dI =
√

dεεε p : dεεε p = dλ (7)

where σσσ is the stress tensor, εεε is the total me-
chanical strain tensor, ε̇0 is the reference strain
rate, C and m are material parameters, T∗ = T−Tr

Tm−Tr

normalizes the temperature T with Tm and Tr be-
ing the melting temperature of the material and
room temperature, respectively, εεε p is the inelastic

strain tensor, E(T ) is the temperature-dependent
isotropic elasticity tensor, f (J2, I, ε̇ p,T) = 0 is the
flow surface with J2 being the second invariant
of deviatoric stress tensor,I is the internal state
variable, ε̇ p is the equivalent inelastic strain rate,
σy and σp are respectively the yield strength and
peak strength of the material at room temperature,
Ip is the value of the internal state variable cor-
responding to the peak strength, Eh is the hard-
ening modulus, Es is the softening modulus, and
λ denotes a parameter characterizing the loading
process. With the use of the inelastic consistency
condition, it follows from Eqs. 4-7 that

dλ =
N : E(T ) : dεεε + ∂ f

∂ ε̇ p dε̇ p + ∂ f
∂T dT

N : E(T ) : N− 1
N

∂ f
∂ I

N =
1
N

∂ f
∂σσσ

, N =

√
∂ f
∂σσσ

:
∂ f
∂σσσ

(8)

To obtain the continuum tangent stiffness tensor
for bifurcation analysis, a parameter c f is intro-
duced such that dλ can be rewritten as

dλ = c f · N : E(T ) : dεεε
N : E(T ) : N− 1

N
∂ f
∂ I

c f =
N : E(T ) : dεεε + ∂ f

∂ ε̇ p dε̇ p + ∂ f
∂T dT

N : E(T ) : dεεε

(9)

As a result, the tangent stiffness tensor can be
found to be

ET (ε̇ p,T, I) = E(T )−Hσσσ d ⊗σσσ d (10)

where H = c f · 4G2

2J2

(
2G− 1

N
∂ f
∂ I

) with G being the

shear modulus, and σσσd is the deviatoric stress ten-
sor. It is assumed that the Poisson’s ratio of the
material, ν , is temperature-independent so that
the shear modulus G is equal to E(T )/[2(1+ν)].
Based on the work of Otteson and Runesson
(1991), the localized failure condition takes the
form of

1−Ha ·
(

Qel
)−1 ·a = 0 (11)

in which a = n ·σσσd = σσσd ·n, and Qel = n ·E(T ) ·n
is the acoustic tensor of elasticity with n being the
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vector normal to the moving surface of disconti-
nuity. In the stress space, Eq. 11 can be expressed
as an ellipse, namely,

(σ −σ0)
2

A
+

τ2

B
= 1 (12)

where A = 4G+3K
3H with K = E(T )

3(1−2ν) , B = G
H , σ and

τ are the normal and tangential components of the
traction on the discontinuity surface, and σ0 is the
mean normal part of the stress tensor, i.e., σ0 =
σmm/3. On the other hand, the principal stresses
and stress transformations at a given position can
be illustrated by a Mohr circle, i.e.,

(σ −σc)
2 +τ2 = r2 (13)

where σc = (σ1 +σ3)/2, r = (σ1 −σ3)/2, and the
principal stresses follow the order of σ1 > σ2 >
σ3. Geometrically, the localized failure occurs
when the Mohr circle osculates the localization
ellipse [Iordache and William (1998)]. By solv-
ing Eq. 12 and Eq. 13 simultaneously, hence, the
critical value Hcr for the occurrence of the discon-
tinuous bifurcation is determined by

Hcr =
G2 +3KG

3G(σ0 −σc)
2 +(G+3K)r2

(14)

with the corresponding critical angle of the dis-
continuous moving surface given by

tan2 θ cr =
3G(σc −σ0)− (G+3K) r
3G(σ0 −σc)− (G+3K) r

(15)

It should be noted that the above solution is only
valid in the case of 3G(σc−σ0)−(G+3K)r

3G(σ0−σc)−(G+3K)r > 0, as il-
lustrated in Fig. 1(a). Otherwise, the critical state
and angle should respectively be determined by

Hcr =
4G+3K

3(σc + r−σ0)
2 (16)

and

θ cr = 0 (17)

as shown in Fig. 1(b). In other words, the discon-
tinuous bifurcation coincides with the maximum
tensile stress criterion. In the MPM codes devel-
oped for the proposed model and bifurcation anal-
ysis, both Eq. 14 and Eq. 16 are checked at each

time step and at each material point. If H exceeds
one of the critical values, discontinuous failure is
initiated with a failure surface defined by the cor-
responding angle θ cr which remains fixed during
the evolution of failure.

σ

τ

cr

         

τ

σ

                 (a)                                               (b) 

Figure 1: Geometry of the localized failure con-
dition

Once the onset and orientation of discontinuous
failure are identified via the bifurcation analy-
sis, a decohesion constitutive model is invoked to
predict the discrete failure evolution. Based on
the previous work [Schreyer, Sulsky, and Zhou
(2002), Chen, Shen, Mai, and Shen (2005)],
the decohesion model for the thermo-mechanical
problems are formulated as follows:

σ̇σσ = E(T ) :
(

ε̇εε − ε̇εε d
)

(18a)

τ̇ττ = σ̇σσ ·n (18b)

u̇d = λ̇ d ·m (18c)

ε̇εεd =
1

2Le

(
n⊗ u̇d + u̇d ⊗n

)
(18d)

Fd = τe−U0

[
1−

(
λ d

)q]
= 0 (18e)

where εεεd is the decohesion strain with the as-
sumption that no plastic strain would occur when
decohesion evolves, λ d is a dimensionless mono-
tonically increasing variable parameterizing the
development of the decohesion, τττ is the stress
vector on the decohesion surface, n is the nor-
mal to the decohesion surface, the effective length
Le is the ratio of the element volume to the deco-
hesion surface area within the element, ud is the
decohesion vector used to determine the decohe-
sion strain, and U0 is the initial energy equal to
the product of the reference decohesion u0 and the
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reference traction τ0. For the purpose of simplic-
ity, the evolution function of decohesion is chosen
to be associated, namely

m =
∂Fd

∂τττ
= u0

Ad ·τττ
(τττ ·Ad ·τττ)1/2

(19)

Hence, the effective traction τe can be expressed
as

τe = τττ ·m = u0 (τττ ·Ad ·τττ)1/2 (20)

The positive definite tensor of material parame-
ters, Ad , in the two-dimensional local normal-
tangential coordinate system with respect to the
failure surface, takes the form of

[Ad] = τ2
0

[
1/τ2

n f 0
0 1/τ2

t f

]
(21)

with τn f and τt f denoting the failure initiation val-
ues for pure tension and shear cases, respectively.
At the initiation of decohesion, the consistency
condition, i.e. Eq. 18e, yields τe = U0 = u0τ0.
As a result, it follows that

τ2
n

τ2
n f

+
τ2

t

τ2
t f

= 1 (22)

where τn and τt are the normal and tangential trac-
tion components on the failure surface at the ini-
tiation of decohesion, and they can be determined
via the bifurcation analysis. With the assumption
of cm = τt f

τn f
, τn f and τt f can be found for a given

value of cm since τn and τt are already known
through the bifurcation analysis. From the defi-
nition of cm, it can be noticed that different values
of cm result in various failure modes. For exam-
ple, cm = 10 can be used for mode I failure, 0.1
for mode II failure, and 1.0 for mix mode failure.

To meet the consistency condition of Fd = 0, a
one-step algorithm is designed by taking a Taylor
expansion of Fd about the trial state to the order(
Δλ d

)2
, namely

Fd =
∂Fd

∂λ

∣∣∣∣
tr

Δλ d +
{

τe −U0

[
1−

(
λ d

)q]}∣∣∣
tr

+ O
(

Δλ d
)2

= 0 (23)

Given the total mechanical strain increment at
each time step and at each material point, it is as-
sumed that no decohesion occurs in the beginning
of the time step in order to get the trial stresses
and traction through Eq. 18a and Eq. 18b, and
the value of Fd can then be determined based on
the trial state and existing value of λ d. If Fd ≤ tol
with tol being a small positive number, the step
is elastic without further decohesion. Otherwise,
Δλ d is obtained from Eq. 23, and decohesion
variables are updated in the end of the time step.

In summary, an associated thermoviscoplasticity
model combined with decohesion has been for-
mulated, and the discontinuous bifurcation analy-
sis could be performed to identify the onset and
orientation of the discrete failure. To accom-
modate the continuous and discontinuous failure
modes in a unified framework, the proposed con-
stitutive models are implemented into the MPM,
as discussed in the next section.

3 The MPM for Simulating Thermo-
Mechanical Failure Evolution

For numerical simulations of multi-physics in-
volved in thermo-mechanical failure evolution, a
robust spatial discretization procedure with flexi-
ble mesh connectivity is a necessity. In the MPM,
the equations of motion are solved on a computa-
tional grid which could be used to discretize the
heat conduction equation. Therefore, the employ-
ment of the MPM allows simulating wave prop-
agation and heating conduction in a single com-
putational domain. In other words, the coupled
thermo-mechanical constitutive model discussed
in the last section could be implemented within
the framework of the MPM. To make this point
clear, the essential steps of the proposed simula-
tion procedure for the thermo-mechanical prob-
lems are described below.

The thermo-mechanical governing differential
equations for a solid body without internal energy
source consist of conservation equations for mass,
momentum and energy, namely

dρ
dt

+ρ∇ ·v = 0 (24)

ρa = ∇ ·σσσ +ρb (25)
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and

∇2T =
1
α̂

∂T
∂ t

(26)

together with constitutive equations. In the above
equations, ρ is the mass density, a(x, t) the accel-
eration, v(x, t) the velocity, b(x, t) the body force,
σσσ(x, t) the stress tensor, T (x, t) the temperature,
and α̂(T ) the temperature-dependent thermal dif-
fusivity of the material. The vector x is the current
position at time t of the material point which is
initially located at the position X. These govern-
ing equations can be solved for given initial condi-
tions and appropriate conditions on the boundary
∂Ω. The mechanical boundary conditions take
the form of

u(x, t) = g(t), on ∂Ωu (27)

σσσ(x, t) ·nb = τττb(t), on ∂Ωτ (28)

where nb denotes the unit outward normal to
the boundary, the displacement g(t) and traction
τττb(t) are prescribed on ∂Ωu and ∂Ωτ , respec-
tively. Generally, the thermal boundary condi-
tions include prescribed surface temperature and
heat flux, and the heat convection and radiation
on the boundary. With the small deformation as-
sumption and the consideration of the thermal ex-
pansion, the mechanical strain rate tensor is de-
fined to be

dεεε
dt

=
1
2

[
∇v+(∇v)T

]
−α(T)

dT
dt

I (29)

where I is a unity tensor, and α(T) is the
temperature-dependent thermal expansion coeffi-
cient of the material. The strain rate in Eq. 29 can
then be employed to update the stress at a mate-
rial point with the use of an appropriate constitu-
tive model. A solid body is divided into a finite
set of mass points, each of which contains a fixed
amount of mass at all times. For a finite collection
of Np material points with a fixed mass Mp at each
point, it follows that

ρ(x, t) =
Np

∑
p=1

Mpδ (x−Xp(t)) (30)

where δ is the Dirac delta function, and Xp(t) is
the position of material point pat time t. Since

Mp is fixed, the mass conservation equation is au-
tomatically satisfied. Through multiplying Eq. 25
by a test function w and integrating over the cur-
rent configuration Ω, we obtain

∫
Ω

ρw ·adΩ = −
∫
Ω

ρσσσ s : ∇wdΩ +
∫

∂Ωτ

τττb ·wdS

+
∫
Ω

ρw ·bdΩ (31)

with ρσσσ s = σσσ . The use of Eq. 30 and Eq. 31
yields

Np

∑
p=1

Mpw(Xp(t), t) ·a(Xp(t), t) =

−
Np

∑
p=1

Mpσσσ s(Xp(t), t) : ∇w(x, t)|x=Xp(t)

+
∫

∂Ωτ

w ·τττbdS

+
Np

∑
p=1

Mpw(Xp(t), t) ·b(Xp(t), t) (32)

In the MPM, a background computational mesh is
defined to calculate the gradient terms, as shown
in Fig. 2(a). For two-dimensional problems, the
background mesh comprises a set of 4-node cells
as illustrated in Fig. 2(b). The use of conventional
4-node finite element shape functions Ni(x), i=1,
2, 3 and 4, results in the following interpolations
of the field variables and test function:

x =
4

∑
i=1

xi(t)Ni(x) (33a)

u(x, t) =
4

∑
i=1

ui(t)Ni(x) (33b)

v(x, t) =
4

∑
i=1

vi(t)Ni(x) (33c)

a(x, t) =
4

∑
i=1

ai(t)Ni(x) (33d)

w(x, t) =
4

∑
i=1

wi(t)Ni(x) (33e)
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where xi(t), ui(t), vi(t) and ai(t) are the nodal co-
ordinates, displacements, velocities and accelera-
tions at time t, respectively, and wi(t) is the test
function at grid nodes. As a result, Eq. 32 at time
tk (k=1, 2, 3. . . ) becomes

4

∑
i=1

wk
i ·

4

∑
j=1

mk
i ja

k
j =

−
4

∑
i=1

wk
i ·

Np

∑
p=1

Mpσσσ s,k
p ·∇Ni(x)|x=Xk

p

+
4

∑
i=1

wk
i ·τττk

i +
4

∑
i=1

wk
i ·bk

i (34)

where a superscript k denotes the evaluation at
time tk, and also

mk
i j =

Np

∑
p=1

MpNi(Xk
p)Nj(Xk

p) (35)

τ̂ττk
i =

∫

∂Ωτ

Ni(x)τττb(x, tk)dS (36)

σσσ s,k
p = σσσ s(Xk

p, t
k) (37)

bk
i =

Np

∑
p=1

Mpb(Xp, t)Ni(Xk
p) (38)

Because the components of wk
i are arbitrary ex-

cept those corresponding to the essential bound-
ary conditions, the weak form of the governing
differential equations then reduces to

4

∑
j=1

mk
i ja

k
j = fint,k

i + fext,k
i (39)

with

fint,k
i = −

Np

∑
p=1

MpGk
ip ·σσσ s,k

p (40)

fext,k
i = bk

i + τ̂ττk
i (41)

Gk
ip = ∇Ni(x)|x=Xk

p
(42)

For simplicity, the consistent mass matrix mk
i j

is replaced with the lumped mass matrix mk
i ,

namely,

mk
i =

Np

∑
p=1

MpNi(Xk
p) (43)

Then, Eq. 39 becomes

mk
i ak

i = fint,k
i + fext,k

i (44)

(a)

(b) 

Figure 2: The MPM discretization and computa-
tional mesh in two dimensions: (a) a solid body
represented by material points and a defined com-
putational mesh, (b) one 4-node cell and the logi-
cal coordinate system

An explicit time integrator is used to solve Eq. 44
to obtain the nodal accelerations. To ensure stabil-
ity, a time step should not be larger than the crit-
ical time step, i.e., the value of the smallest cell
size divided by the wave speed of the material.
After Eq. 44 is solved on the cell nodes, the mate-
rial point position is updated by mapping the grid
node velocity to the material point with the use of
the nodal shape functions. The total strain incre-
ment of the material point is then computed from
the grid node velocities, and the gradient of the
shape functions evaluated at the updated material
point position. On the other hand, the constructed
computational mesh is also used to solve the heat
conduction equation, Eq. 26, with the standard fi-
nite difference method. The temperature at each
material point might be computed from the nodal
temperature and nodal shape functions or simply
chosen to be the average of temperature at nodes
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of the cell containing that point. Once the in-
crement of strain tensor is determined, the corre-
sponding stress increment could be found through
the thermomechanical constitutive model as de-
scribed in the last section. The computation cycle
in the current time step is complete after the mate-
rial points are updated. The computational back-
ground mesh used in the current time step might
be replaced with a newly defined one, if desired,
for the next computation cycle.

4 Verification and Demonstration

To verify the proposed model-based simulation
procedure, a transient thermoelastic problem for
a semi-infinite medium, for which the analytical
solutions are available, is considered. As illus-
trated in Fig. 3, an elastic medium occupying a
half-space (x>0) is suddenly exposed to a tem-
perature of T0= 100˚C on the surface x=0 at time
t=0+ and the surface temperature remains con-
stant thereafter. The problem is solved within the
context of classic uncoupled thermoelasticity by
using the finite difference method for thermal dif-
fusion and the MPM for wave propagation. Be-
cause the half-body is constrained to the uniaxial
displacement only, the problem is essentially one-
dimensional, and the body can be modeled by a
bar. In this case, Young’s modulus Eand Poisson’
ration ν of the material are set to be 100 N·m−2

and 0.25, respectively. In addition, it is assumed
that mass density ρ=1kg·m−3, specific heat ca-
pacity c=1 J·kg−1·K−1 and thermal conductivity
k=1 W·m−1·K−1. The total length of the bar is
chosen so that no temperature change will occur
at the right end of the bar during the time period
of interest. The computational mesh for both the
finite difference and MPM consists of square cells
with a side length of 4.5×10−3m. The bar is dis-
cretized with one material point per cell. The time
steps for the finite difference and MPM are set to
be 2.0×10−6s and 1.0×10−4s, respectively, based
on the consideration of the numerical stability and
accuracy. The computation is carried out with
a plane strain assumption. For convenience, the
solutions are presented in terms of dimensionless
variables defined by Sternberg and Chakravorty
(1959). Fig. 4 gives the time history of temper-

ature at dimensionless coordinate ξ=1.0. Fig. 5
displays the time history of the axial stress and
displacement at ξ=1.0. It can be observed that
there is a good agreement between the numeri-
cal solutions obtained by the proposed thermo-
mechanical simulation method and the analytical
solutions. As can be seen from this example, the
thermoelasticity problem involving the heat con-
duction and wave propagation can be solved in a
single computational domain. Different constitu-
tive models can be invoked to update the stresses
at material points for given strains. Since there is
no fixed connectivity between the material points
and background mesh, it appears to be reasonable
to simulate the thermo-mechanical failure evolu-
tion with the proposed model-based simulation
procedure, as demonstrated next.

Figure 3: An elastic half-space medium subject to
surface heating
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Figure 4: Time history of temperature at dimen-
sionless coordinate ξ=1.0
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Figure 5: Time history of the axial stress and dis-
placement at dimensionless coordinate ξ=1.0: (a)
axial stress time history, (b) axial displacement
time history

Fig. 6 shows a prestressed square plate (Alu-
minum 2024) subject to laser heating in the center.
The plate has a side length of 0.1m, and the irra-
diated circular area has a radius of 1.5cm. It is as-
sumed that the temperature of the irradiated area
linearly increases from room temperature 20˚C to
400˚C during a time period of 3×10−3 second,
and the temperature field is independent of the
z-coordinate. The computational grid consists of
square cells with a side length of 0.2cm, and each
cell contains one material point initially. Thus, the
plate is discretized by 2500 material points. The
time step is chosen as 1×10−8s to meet the sta-
bility criteria for both the finite difference method
and MPM.

It has been recognized that some material prop-
erties significantly vary with the temperature.
Here, the Young’s modulus at various tempera-

ture degrees is shown in Fig. 7. Also, the spe-
cific heat and thermal conductivity of the mate-
rial are temperature-dependent, as illustrated in
Fig. 8 and Fig. 9. The mean thermal ex-
pansion coefficient of Aluminum 2024 between
20˚C and 427˚C is chosen to be 26.1×10−6

K−1 for the simulation. The values of other
material parameters are taken from those mea-
sured at room temperature with mass density
ρ=2780kg·m−3, Poisson’s ratio ν=0.33, harden-
ing modulus Eh=1.075×109Pa, softening modu-
lus Es=Eh/10, yield stress σy=294MPa, and peak
stress σp=438MPa. In addition, material param-
eters C and m in Eq. 5 are respectively 0.015
and 1.0, and the melting temperature for Alu-
minum 2024 is 502˚C. For the discrete constitu-
tive model, it is assumed that q, cm and u0 are 1.0,
10.0 and 0.8×10−6, respectively, for the purpose
of demonstration.

Two pre-stressed states, uniaxial tension and bi-
axial tension, are considered. The initial effective

Figure 6: A prestressed plate subject to laser heat-
ing in the center
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Figure 7: Young’s modulus at various tempera-
tures
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stresses in these two cases are both at 80% of the
yield stress of the material at the room tempera-
ture, as listed in Tab. 1. To obtain the static pre-
stressed state, the external mechanical forces are
first applied to the plate in a ramp-type way as
shown in Fig. 10. The magnitude of the force lin-
early increases from zero to the desired value in
a duration of 2×10−3 s and keeps constant there-
after. Then, the laser begins to irradiate the plate
at the time of 5×10−3 s and lasts 3×10−3 s so
that the total simulation time is 8×10−3 s. Fig. 11
gives the time-history of the stress σx at the cen-
ter of the plate under the uniaxial tension only. It
is observed that the oscillation of stress σx grad-
ually decreases and the stress finally lies in the
range between 0.95 fx and 1.05 fx. Hence, it can be
concluded that the employment of the ramp-type
loading function is reasonable. The deformation
fields for both cases at different times are illus-
trated in Fig. 12 and Fig. 13, where the displace-
ments are respectively magnified by 10 times and
30 times in the x− and y-direction to clearly show
the deformation pattern of the plate.

Table 1: Initial pre-stressed state

Case fx fy Effective stress
(MPa) (MPa) (MPa)

Uniaxial
tension

235.2 0 235.2

Biaxial
tension

271.6 135.8 235.2
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Figure 8: Specific heat at various temperatures
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Figure 9: Thermal conductivity at various temper-
atures
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Figure 11: Time-history of stress σx at the center
of the plate

As can be seen from Fig. 12 and Fig. 13, cracks
first occur on the interface, i.e., the horizontal
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peak points of the circular irradiated area, and the
cracks are perpendicular to the major mechanical
loading direction. With the evolution of cracks, it
can be found that decohesion only occurs within
the irradiated area until all material points in that
area finally fail and no further crack development
could be observed. In our viewpoint, this phe-
nomenon might be due to several factors: First,
the short-time laser heating leads to the localiza-
tion of the temperature field because of the inad-
equate heat conduction in the plate, which can be
observed in Fig. 14. An interface along the cir-
cumference of the heated zone is then formed ow-
ing to the temperature-dependent material prop-
erties. Accordingly, the decohesion is initially
found on the interface due to different material
properties and a high stress gradient. Second, the
plate (Aluminum 2024) has a low melting temper-
ature and a relatively small absolute value of the
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Figure 12: Deformation fields of the plate for the
uniaxial tension case at different times

thermal stress per unit temperature change. The
thermal stress level is not high enough to lead to
the transition from continuous failure to discon-
tinuous failure in the unheated region of the plate.
Therefore, there is no any crack development ob-
served outside the irradiated area throughout the



134 Copyright c© 2008 Tech Science Press CMES, vol.26, no.2, pp.123-137, 2008

simulations. On the other hand, by comparing
Fig. 12 and Fig. 13, a similar deformation pat-
tern can be observed, except that the initial cracks
occur later in the biaxial tension case and deco-
hesion is severer in the uniaxial tension situation
with the same irradiation time.
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Figure 13: Deformation fields for the biaxial ten-
sion case at different times
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Figure 14: Temperature profile along the horizon-
tal symmetrical axis of the plate at different times

5 Concluding Remarks

To predict the failure evolution in plate struc-
tures due to localized heating, a coupled thermo-
mechanical constitutive model with decohesion
has been developed in this paper. Based on a
thermoviscoplastic model, which takes account of
strain hardening and softening, strain-rate hard-
ening and thermal softening, the continuum tan-
gent stiffness tensor has been formulated so that
a discontinuous bifurcation analysis could be per-
formed to identify the onset of the transition from
continuous to discontinuous failure modes as well
as the orientation of the discontinuous failure
mode. The thermo-mechanical governing differ-
ential equations have been discretized within the
framework of the MPM so that different gradi-
ent and divergence operators could be treated in a
single computational domain for given boundary
and initial data. The proposed model-based sim-
ulation procedure has been verified with a tran-
sient thermoelasticity problem. To demonstrate
its potential in the thermomechanical failure sim-
ulation, the proposed procedure has been used to
model the failure evolution in a pre-stressed plate
subject to laser irradiation. It appears from this
preliminary study that thermo-mechanical deco-
hesion depends on the initial pre-stressed state,
the magnitude and duration of thermal loading, as
well as the material properties. An integrated an-
alytical, experimental and numerical effort is re-
quired to further verify and improve the proposed
procedure.
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