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Carbon Nanotube Transmission between Linear and Rotational Motions
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Abstract: The periodic lattice registry of multi-
walled carbon nanotubes (MWCNTs) have been
exploited for the possibilities of development of
nanodevices. This paper studied the telescop-
ing behaviors of double-walled carbon nanotubes
(DWCNTs) by atomic-scale finite element and
tight-bind Green function methods. It was found
that telescoping a DWCNT (e.g., (6,3)/(12,6))
will induce a rotational motion of the inner CNT
that has a chirl angle θ (0◦ < θ < 30◦). This
telescoping-induced rotational motion does not
exist for armchair and zigzag DWCNTs due to
the symmetry of CNTs. The rotational angle
is completely determined by the chirality of the
inner CNT and can be intuitively explained by
screw/nut model. The study of transportation
property of (6,3)/(12,6) DWCNT shows a pe-
riodic variation of electrical conductance with
telescope distance. The period is determined
by the lattice constant of graphene (0.246 nm)
and chirality of the inner CNT. The unique lin-
ear/rotational motions transmission and periodic
variation of electrical conductance present fas-
cinating opportunities for the engineering of a
new class of nanometrology devices, namely, ro-
tational and distance encoder.
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1 Introduction

The extraordinary strength and unique elec-
trical properties of carbon nanotubes (CNTs)
are associated with their highly graphitized
lattice structure and cylindrical geometry
(Bernholc et al. 2002). The possibilities of de-
velopment of nanodevices utilizing the periodic
lattice registry of multi-walled carbon nanotubes
(MWCNTs) have been exploited from the exper-
imental (see Jensen et al. 2006, Cumings and
Zettl 2004) and theoretical (see other papers in
Reference) aspects. For example, Cumings and
Zettl (Cumings and Zettl 2004) have observed
monotonic change of electrical resistance be-
tween the ends of a multi-walled carbon nanotube
with telescope distance in transmission electron
microscopy. By sliding an inner CNT of a
MWCNT, Jensen et al (Jensen et al. 2006) have
created a tunable mechanical nanoscale resonator
with potential applications in precise mass, force,
position, and frequency measurement. Jiang et al
(Jiang et al. 2007) used a tight-binding method to
study the electrical conductance of a telescoping
double-walled carbon nanotube (DWCNT). The
observed periodic oscillation of conductance
(∼ 0.12 nm) with telescope distance suggests a
carbon nanotube electronic displacement encoder
with sub-nanometer resolution. Inspired by these
recent discoveries of the unique properties of
DWCNTs, in this paper we study the rotational
motion of the inner CNT induced by its linear
(telescope) motion, which can be potentially used
as a nano-transmission between the linear and
rotational motions.

2 Methods

Figure 1 illustrates the computational model
of a telescope DWCNT. The outer CNT is
clamped in order to eliminate rigid-body mo-
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tion; the inner CNT is pulled out by imposing
a uniform displacement at its right end. The
second-generation atomistic potential for carbon
(Brenner et al. 2002) was used to characterize
the interactions between covalently bonded car-
bon atoms; and the Lennard-Jones 12-6 poten-
tial (Girifalco et al. 2000) was used to describe
the interlayer interactions between inner- and
outer-CNTs. The equilibrium configuration of
the telescope DWCNT is then determined by
the atomic-scale finite element method (AFEM)
(Liu et al. 2005),(Liu et al. 2004).

Figure 1: Schematic diagram of a double-walled
carbon nanotube (CNT). The outer CNT is fixed,
while the inner CNT is pulled out by a uniform
displacement at its right end.

The basic idea of AFEM is that static equilibrium
corresponds to a state of minimum potential en-
ergy. For a system of N atoms, the total potential
energy stored in the atomic bonds is

Etot(xxx) = Utot(xxx)−
N

∑
i=1

FFFi · xxxi, (1)

where Utot(xxx) is the atomistic potential energy
(e.g., Brenner’s potential for carbon and Lennard-
Jones potential) that depends on the atom posi-
tions xxx = (xxx1,xxx2, . . . ,xxxN)T , and FFFi is the external
force (if there is any) exerted on atom i. The state
of minimum energy corresponds to

∂Etot

∂xxx
= 0. (2)

The Taylor expansion of Etot around an initial po-
sition xxx(0) = (xxx(0)

1 ,xxx(0)
2 , . . . ,xxx(0)

N )T of the equilib-
rium state gives

Etot(xxx)≈ Etot(xxx(0))+
∂Etot

∂xxx

∣∣∣∣
xxx=xxx(0)

· (xxx−xxx(0))

+
1
2
(xxx−xxx(0))T · ∂ 2Etot

∂xxx∂xxx

∣∣∣∣
xxx=xxx(0)

· (xxx−xxx(0)). (3)

The governing equation for the displacement uuu =
xxx − xxx(0) is obtained by substituting Eq. (3) into
Eq. (2) as follows

KKKuuu = PPP, (4)

where

KKK =
∂ 2Etot

∂xxx∂xxx

∣∣∣∣
xxx=xxx(0)

=
∂ 2Utot

∂xxx∂xxx

∣∣∣∣
xxx=xxx(0)

(5)

is the stiffness matrix, and

PPP = − ∂Etot

∂xxx

∣∣∣∣
xxx=xxx(0)

= FFF − ∂Utot

∂xxx

∣∣∣∣
xxx=xxx(0)

(6)

is the non-equilibrium force vector, and FFF =
(FFF1,FFF2, . . .,FFFN)T . The stiffness matrix K and
non-equilibrium force vector PPP are evaluated in
each iteration step. Eq. (6) is solved iteratively
until PPP reaches zero, which corresponds to the
static equilibrium. A similar method was devel-
oped by Theodosiou and Saravanos 2007.

Once the equilibrium configuration is obtained,
the transport studies will then be conducted. The
DWCNT segment is considered as a conduc-
tor, while the single layered portions (outside
the DWCNT segment) are modeled as two elec-
trodes. The conductance is determined using a
tight-binding (Lambin et al. 2000) Green’s func-
tion method within the framework of the Lan-
dauer approach (Datta 1995), (Lu et al. 2003).
The conductance is given by

G = G0Tr
(
ΓΓΓΔΔΔLΓΓΓ+ΔΔΔR

)
, (7)

where G0 is the quantum conductance (G0 =
2e2/h = 1/12.9kΩ−1), Tr is the trace of the ma-
trix, Γ is the Green’s function of the conductor, ΓΓΓ+

is the conjugate of ΓΓΓ, and ΔΔΔL and ΔΔΔR are the spec-
tral densities describing the coupling between the
conductor and the electrodes.

3 Results and Discussions

We begin with a (6,3)/(12,6) DWCNT having a
commensurate interlayer lattice matching, which
has 2700 carbon atoms and is about 12 nm long.
Figure 2 shows the snapshots for the (6,3)/(12,6)
DWCNT during continuously telescoping. In or-
der to better visualize the motion of the DWCNT,
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a carbon atom in the outer CNT (fixed) and a
string of atoms forming a helix in the inner CNT
are marked in yellow. Figure 2a shows the initial
equilibrium configuration that corresponds to the
telescope distance d = 0 nm. The equilibrium con-
figuration for d = 1 nm is shown in Fig. 2b where
the marked string of atoms in the inner CNT is
moved away from the paper complemented by a
counterclockwise rotation. Figures 2c and d fur-
ther show this rotational motion induced by the
linear telescoping motion. We define the rota-
tion angle as the angle deviation from the initial
equilibrium positions (Fig. 2a). Figure 3 shows
the rotation angle versus the telescope distance d,
where an approximately linear relationship is ob-
served. A linear fitting with 36.5◦/nm agrees very
well with AFEM results. This linear relationship
between linear and rotational motions will be dis-
cussed further.

(a) (b)

(c) (d)
Figure 2: Snapshots when a inner carbon nan-
otube (CNT) is telescoping from a (6,3)/(12,6)
double-walled carbon nanotube for different tele-
scoping distance d: (a) d = 0 nm (initial configu-
ration); (b) d = 1 nm; (c) d = 2 nm; and (d) d =
3 nm. In order to better visualize the motion of
the inner CNT, a carbon atom (fixed) in the outer
CNT and a string of atoms formed a helix in the
inner CNT are marked in yellow.

We also study other DWCNTs to test if this
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Figure 3: The variation of rotational angle ver-
sus telescope distant d for a (6,3)/(12,6) double-
walled carbon nanotube.
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Figure 4: The variation of rotational angle
versus telescope distant d for (a) (5,5)/(10,10)
double-walled carbon nanotube (DWCNT);
(b) (8,0)/(17,0) DWCNT; and (c) (5,5)/(18,0)
DWCNT.

telescoping-induced rotational motion is com-
monplace. Figure 4 shows two DWCNTs
(5,5)/(10,10) and (8,0)/(17,0) that have commen-
surate interlayer lattice matching, as well as a
(5,5)/(18,0) DWCNT that has incommensurate in-
terlayer lattice matching. None of these DWCNTs
show a relationship between linear (telescoping)
and rotational motions.
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(a) (b)

Figure 5: Images of (a) screw and nut, and
(b) nails, which can explain the unique rota-
tional/linear motion relationship in double-walled
carbon nanotubes.

The relationship between linear (telescoping) and
rotational motions can be intuitively explained by
a screw/nut model. Figure 5a shows a screw and
nut where a helix is defined. The linear and ro-
tational motion is determined by the nature of
this helix, which is similar to Fig. 2, where
the (6,3)/(12,6) DWCNT has a helix. One he-
lix is highlighted in yellow in the inner CNT.
Other CNTs are describable by a “nail” model.
Nails (Fig. 5b) do not have a helix and thus
linear motion (e.g., punching) does not lead to
rotational motion. A similar situation holds for
(5,5)/(10,10), (8,0)/(17,0) and (5,5)/(18,0) DWC-
NTs (Fig. 4).

Figure 6: A planar graphene that has quantities a1,
a2, Ch, and T to characterize a carbon nanotube.

The quantitative interpretation is given by the chi-
ral angle of CNTs. A CNT can be considered

as a rolled graphene sheet (Fig. 6). Following
the standard notation for CNTs, the chiral vector
Ch, whose length equals the circumference of the
CNT, can always be expressed in terms of the unit
vectors (a1 and a2) in the planar hexagonal lattice
as

Ch = na1 +ma2, (8)

where a pair of integers (n, m) is called the chi-
rality of the CNT. When the graphene is rolled up
to form the cylindrical nanotube, the ends of the
chiral vector (e.g., points O and A in Fig. 6) meet
each other. The chiral vector thus forms the cir-
cumference of the CNT’s circular cross-section,
and different values of n and m lead to differ-
ent CNTs structures, namely armchair (n = m),
zigzag (m = 0), and chiral CNTs (n > m > 0). Per-
pendicular to the chiral vector Ch, T is the trans-
lational vector, which is the axial direction of the
CNTs. In other words, rectangle OAB’B in Fig. 6
forms a (6,3) chiral CNT.

Noting that for graphene, |a1| = |a2| = a (though
it is slightly different for CNTs with radius ef-
fect (Jiang et al. 2003)), the circumference of the
CNT is

|Ch| =
√

Ch ·Ch =
√

n2 +m2 +nma, (9)

and the CNT radius is

r =
|Ch|
2π

. (10)

The chiral angle θ , which is the angle between
|Ch| and a1, is similarly obtained in terms of the
chirality (n, m) as

θ = cos−1 Ch ·a1

|Ch|a = cos−1 2n+m

2
√

n2 +m2 +nm
.

(11)

The chiral angle is 30◦ for armchair CNTs, and
0◦ for zigzag CNTs, while it is intermediate be-
tween 0◦ and 30◦ for chiral CNTs. The angle α
is defined between the translational vector T and
the vertical axis (y-axis) and is associated with the
chiral angle θ as

α =
π
6
−θ . (12)
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The angle α is 0◦ for armchair CNTs, 30◦ for
zigzag CNTs and between 0◦ and 30◦ for chiral
CNTs.

It is well known that there are two equivalent
sublattices for graphene (and hence the CNTs),
marked by filled and open circles in Fig. 6. For
armchair CNTs (α = 0◦), all atoms in the transla-
tional vector T (along the

−→
OD direction) belong to

the same sublattice (marked by open circles). For
zigzag CNTs (α = 30◦), atoms along the trans-
lational vector (

−→
OE direction) form a filled-open

mixed, periodic pattern, and the atoms from the
same sublattice (e.g., atoms marked by open cir-
cles along

−→
OD and

−→
OF directions) are symmet-

ric about the translational vector (along
−→
OE direc-

tion). However, the atoms from the same sublat-
tice (e.g., open circles along

−→
OD and

−→
OF direc-

tions) in chiral CNTs do not form a symmetric
pattern about the translational vector (along

−→
OB

direction). The angle ϕ = min(α ,θ) forms the
helix for chiral CNTs.

When the CNT is subject to linear motion along
its axial direction (translational vector T), the
symmetry of atoms forming from the same sub-
lattice about the axial direction prevents the CNT
from rotational motion, which holds for armchair
and zigzag CNTs. However, for chiral CNTs, the
asymmetry of atoms forming from the same sub-
lattice about the axial direction leads to rotational
motion due to linear motion, i.e., the atoms tend
to rotate clockwise with angle ϕ , such that the an-
gle that the inner CNT rotates per linear motion
is

β =
tan(ϕ)

r
= tan

[
min

(
cos−1 2n+m

2
√

n2 +m2 +nm
,

π
6
−cos−1 2n+m

2
√

n2 +m2 +nm

)]
/√

n2 +m2 +nma, (13)

where (n, m) and r are the chirality and radius (Eq.
10) of the inner CNT.

Based on this analysis, the angle that the (6,3)
inner CNT rotates in (6,3)/(12,6) DWCNT is
35.5◦/nm, which agrees very well with the lin-
ear fitting given in Fig. 3. Here a = 0.246 nm

has been used. The slight difference between the
present analysis and linear fitting may because of
the slight difference between bond length for pla-
nar graphene and cylindrical CNT as discussed
by Jiang et al (Jiang et al. 2003). In order to fur-
ther verify the present analysis, we also study a
(7,4)/(12,9) DWCNT that has different chiral an-
gles for inner and outer CNTs. As shown in Fig.
7, the rotational angle per telescope distance is
24.5◦/nm, which agrees very well with the present
analysis based on Eq. (13) for β = 23.9◦/nm.
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Figure 7: The variation of rotational angle ver-
sus telescope distant d for a (7,4)/(12,9) double-
walled carbon nanotube.
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Figure 8: Periodic variations of electron conduc-
tance and density of states (DOS) with telescope
distance for a (6,3)/(12,6) double-walled carbon
nanotube. G0 = 2e2/h = 1/12.9kΩ−1.
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The novel transmission between linear and rota-
tional motions can be potentially used in a ro-
tational or distance encoder. In order to accu-
rately measure the telescope distance, and hence
the induced rotational angle, we also calculate the
electrical conductance change with telescope dis-
tance, similar to Jiang et al (Jiang et al. 2007).

Figure 8 shows the conductance variation in tele-
scoping a (6,3)/(12,6) DWCNT. The conductance
varies periodically as the inner CNT is pulled out
continuously. The variation has a stable period of
0.24 nm (= acosϕ). Since 0 ≤ ϕ ≤ 15◦ for all
kinds of inner CNTs, the difference between the
period and the lattice constant of graphene (a =
0.246 nm) will be less than 4%. This transport be-
havior and the lattice constant periodicity suggest
such a telescope DWCNT device can function as
a sub-nanometer resolution displacement encoder
and provide absolute displacement measurement
traceable to a physical constant.

The correlation between the variations of conduc-
tance and density of states (DOS) is obvious. The
maxima in conductance are found to correspond
to the maxima in the DOS, contrary to the studied
by Jiang et al (Jiang et al. 2007). In other words,
the (6,3)/(12,6) DWCNT does not exhibit an an-
tiresonance in transmission. The mechanism of
absence of antiresonance in transmission can be
explained by the antiresonance condition

(k1 +k2)L+θ0 = 2nπ , (14)

where k1 and k2 are wave vectors for inner and
outer CNTs, L is the length of the double-walled
segment, θ0 is the initial phase difference in wave
functions, and n is an integer. Under zero external
bias, we can reasonably assume that the values of
k1 and k2 for the energy levels at the hybrid region
remain very close to Fermi energy kF at the Fermi
surface of either a (6, 3) or a (12, 6) CNT which
is zero (Saito et al. 1998) Thus, the antiresonance
does not occur for (6,3)/(12,6) DWCNTs.

4 Conclusion Remarks

The telescoping behaviors of DWCNTs have been
studied by AFEM and a tight-binding method.
It was found that telescoping a DWCNT (e.g.,

(6,3)/(12,6) where the inner CNT has a chiral an-
gle θ (0◦ < θ < 30◦)) will induce a rotational
motion of the inner CNT. The rotational angle
is determined by the chirality of the inner CNT
to be tanϕ/r, where ϕ = min

(
θ , π

6 −θ
)
, and r

is the radius of the inner CNT. This telescoping-
induced rotational motion does not exist for arm-
chair and zigzag DWCNTs due to the symme-
try of these CNTs. The linear/rotational mo-
tion transmission can be intuitively explained by
a screw/nut model. The study of transportation
properties of (6,3)/(12,6) DWCNT shows a peri-
odic variation of electrical conductance with tele-
scope distance. The variation has a stable period
(0.24 nm), which is close to the lattice constant
of graphene. The unique linear/rotational motion
transmission and periodic variation of electrical
conductance present fascinating opportunities for
the engineering of a new class of nanometrology
devices, namely rotational and distance encoders.
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