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Application of the MLPG to Thermo-Piezoelectricity

J. Sladek1, V. Sladek1, Ch. Zhang2 and P. Solek3

Abstract: A meshless method based on the lo-
cal Petrov-Galerkin approach is proposed for the
solution of boundary value problems for coupled
thermo-electro-mechanical fields. Transient dy-
namic governing equations are considered here.
To eliminate the time-dependence in these equa-
tions, the Laplace-transform technique is applied.
Material properties of piezoelectric materials are
influenced by a thermal field. It is leading to
an induced nonhomogeneity and the governing
equations are more complicated than in a ho-
mogeneous counterpart. Two-dimensional ana-
lyzed domain is subdivided into small circular
subdomains surrounding nodes randomly spread
over the whole domain. A unit step function
is used as the test functions in the local weak-
form. The derived local integral equations (LIEs)
have boundary-domain integral form. The mov-
ing least-squares (MLS) method is adopted for
the approximation of the physical quantities in the
LIEs. The Stehfest’s inversion method is applied
to obtain the final time-dependent solutions.

Keyword: Meshless local Petrov-Galerkin
method (MLPG), Moving least-squares interpola-
tion, piezoelectric solids, orthotropic properties,
transient thermal load, Laplace-transform

1 Introduction

Piezoelectric materials have wide range engineer-
ing applications in smart structures and devices.
They are extensively utilized as transducers, sen-
sors and actuators in many engineering fields.
Piezoelectric materials have usually anisotropic
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properties. Except this complication electric and
mechanical fields are coupled each other and the
governing equations are much more complex than
those in the classical elasticity. Thus, efficient
computational methods to solve the boundary or
the initial-boundary value problems for piezoelec-
tric solids are required. Mostly, the finite ele-
ment method (FEM) [Gruebner et al. (2003);
Govorukha and Kamlah (2004) ; Enderlein et al.
(2005), Kuna (2006)] and the boundary element
method (BEM) [Pan (1999); Lee (1995); Ding
and Liang (1999); Gross et al. (2005); Garcia-
Sanchez et al. (2005, 2007); Saez et al. (2006);
Sheng and Sze (2006)] are applied to solve gen-
eral piezoelectric problems. Recently, also mesh-
less methods have been successfully applied to
piezoelectric problems [Ohs and Aluru (2001);
Liu et al. (2002)].

Certain piezoelectric materials are also tempera-
ture sensitive, i.e. an electric charge or voltage
is generated when temperature variations are ex-
posed. This effect is called the pyroelectric effect.
If a temperature load is considered in a piezoelec-
tric solid it is needed to take into account a cou-
pling of thermo-electro-mechanical fields. The
theory of thermo-piezoelectricity was for the first
time proposed by Mindlin (1961). The physical
laws for thermo-piezoelectric materials have been
explored by Nowacki (1978). Dunn (1993) stud-
ied micromechanics models for effective thermal
expansion and pyroelectric coefficients of piezo-
electric composites. Ashida et al. (1994) intro-
duced a technique for three-dimensional axisym-
metric problems of piezothermoelasticity. Shang
et al. (1996) proposed a method for three-
dimensional axisymmetric problems of transver-
sally isotropic thermo-piezoelectric materials by
means of potential functions and Fourier-Hankel
transformations. Fracture and damage behaviours
of a cracked piezoelectric solid under coupled
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thermal, mechanical and electrical loads have
been studied by Yu and Qin (1996a,b). A re-
view on fracture of thermo-piezoelectric materi-
als is given by Qin (2001). Boundary value prob-
lems for coupled fields are complex. Analyti-
cal methods can be only applied to simple prob-
lems of thermo-piezoelectricity [Tsamasphyros
and Song (2005); Shang et al. (2003a,b)]. How-
ever, the analysis and the design process of smart
engineering structures with integrated piezoelec-
tric actuators or sensors require powerful calcu-
lation tools. Up to now the finite element meth-
ods (FEM) provides an effective technique [Tzou
and Ye (1994); Gornandt and Gabbert (2002);
Shang et al. (2002); Kuna (2006)] in a homo-
geneous medium. Rao and Sunar (1993) investi-
gated the piezothermoelectric problem of intelli-
gent structures with distributed piezoelectric sen-
sors and actuators and concluded that the inclu-
sion of the thermal effects may help improve the
performance characteristics of the system.

Most investigations in piezothermoelasticity were
done under the assumption of the temperature in-
dependent material properties. However, mate-
rial properties under a thermal load are influenced
by temperature. Bert and Birman (1999) showed
that the piezoelectric coefficients are stress and
electric-field dependent. If this phenomenon is
considered the material properties are continu-
ously varying with Cartesian coordinates. In this
so called induced nonhomogeneity the governing
equations are more complicated than in a homo-
geneous counterpart. Some relative simple prob-
lems of coupled electro-mechanical fields in con-
tinuously nonhomogeneous solids have been suc-
cessfully solved in previous works [Zhu et al.
(1995, 1999); Li and Weng (2002); Ueda (2003)].
Recently, Han et al. (2006) analyzed responses
of piezoelectric, transversally isotropic, function-
ally graded and multilayered half spaces to uni-
form circular surface loading. As far as the au-
thors are aware, very limited works can be found
in the literature for the active control of func-
tionally graded material (FGM) structures using
piezoelectric materials. Liew et al. (2001) pre-
sented the finite element formulation based on the
first-order shear deformation theory for static and

dynamic piezothermoelastic analysis and active
control of FGM plates subjected to a thermal load.
The first attempt to solve induced nonhomogene-
ity problem in thermo-piezoelectricity for an infi-
nite and half-space was given by Aouadi (2006).
A general numerical solution for induced nonho-
mogeneity problem in thermo-piezoelectricity is
not available according to the best of the author’s
knowledge.

The meshless local Petrov-Galerkin (MLPG)
method is a fundamental base for the derivation of
many meshless formulations, since trial and test
functions can be chosen from different functional
spaces. The MLPG method with a Heaviside step
function as the test functions [Atluri et al. (2003);
Atluri (2004); Sladek et al. (2004)] has been
applied to solve 2-D homogeneous piezoelectric
problems [Sladek et al. (2006)]. Usually mesh-
less approximations involve more nodes than in
a conventional polynomial approximation and the
required shape functions are more complex. To
reduce the computing time in the MLPG, a mixed
formulation [Atluri et al. (2006)] can be applied,
which reduces the radius of the support domain at
the same accuracy as in the traditional approxima-
tion. Since a smaller size of the support domain
dcreases the bandwidth of the system matrix, the
computating time can be significantly reduced.

Recently, authors have applied a meshless method
(MLPG) to analyze continuously nonhomoge-
neous piezoelectric solids under a mechanical or
electrical load [Sladek et al. (2007)]. In the
present paper, the MLPG method is extended
to 2-D thermo-piezoelectric solids with induced
nonhomogeneity. The coupled thermo-electro-
mechanical fields in thermo-piezoelectricity are
described by partial differential equations, where
mechanical fields are described by the equations
of motion with an inertial term. Maxwell’s
equation for the electrical field has a quasi-
static character and thermal field is described
by the heat conduction equation, which has
a diffusive character. To eliminate the time-
dependences in the governing partial differential
equations, the Laplace-transform technique is ap-
plied such that they are satisfied in the Laplace-
transformed domain in a weak-form on small fic-
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titious subdomains. Since all three fields are
mutually coupled in constitutive equations, also
the Maxwell‘s equation has to be written in the
Laplace-transform domain. Nodal points are in-
troduced and spread on the analyzed domain and
each node is surrounded by a small circle for
simplicity, but without loss of generality. For a
simple shape of subdomains like circles applied
in this paper, numerical integrations over them
can be easily carried out. The integral equations
have a very simple nonsingular form. The spa-
tial variations of the displacements, the electric
potential and the temperature are approximated
by the Moving Least-Squares (MLS) scheme [Be-
lytschko et al. (1996); Zhu et al. (1998)]. After
performing the spatial integrations, a system of
linear algebraic equations for the unknown nodal
values is obtained. The boundary conditions on
the global boundary are satisfied by the colloca-
tion of the MLS-approximation expressions for
the displacements, the electric potential and the
temperature at the boundary nodal points. The
Stehfest’s inversion method [Stehfest (1970)] is
applied to obtain the final time-dependent solu-
tions. The accuracy and the efficiency of the pro-
posed MLPG method are verified by several nu-
merical examples.

2 Governing equations for thermo-electro-
mechanical fields

Under the quasi-electrostatic assumption the gov-
erning equations for thermo-piezoelectricity in
continuously nonhomogeneous solids are given
by the equation of motion for displacements, the
first Maxwell‘s equation for the vector of elec-
tric displacements and heat conduction equation
[Mindlin (1974)]

σi j, j(x,τ)+Xi(x,τ) = ρ(x)üi(x,τ), (1)

D j, j(x,τ)−R(x,τ) = 0, (2)

[ki j(x)θ, j(x,τ)],i−ρ(x)c(x)θ̇(x,τ)+S(x,τ)=0,

(3)

where σi j , τ , θ , ui, Di, Xi, R and S are the stress,
time, temperature difference, displacement, elec-
tric displacement, density of body force vector,
volume density of free charges and density of

heat sources, respectively. Also, ρ , ki j and c are
the mass density, thermal conductivity tensor and
specific heat, respectively. The dots over a quan-
tity indicate the time derivatives. A static problem
can be considered formally as a special case of the
dynamic one, by omitting the acceleration üi(x,τ)
in the equations of motion (1) and the time deriva-
tive terms in equation (3). Therefore, both cases
are analyzed in this paper.

For most materials the inverse thermoelastic and
pyroelectric effects are very weak, i.e. the heat
generation by mechanical and electrical fields can
be neglected. Then, the constitutive relations rep-
resenting the partially-coupling of the mechani-
cal, electrical and thermal fields are given by

σi j(x,τ) = ci jkl(x)εkl(x,τ)−eki j(x)Ek(x,τ)
− γi j(x)θ (x,τ), (4)

D j(x,τ) = e jkl(x)εkl(x,τ)+h jk(x)Ek(x,τ)
+ p j(x)θ (x,τ), (5)

where ci jkl(x), e jkl(x), h jk(x) and p j(x) are the
elastic, piezoelectric, dielectric and pyroelectric
material tensors in a continuously nonhomoge-
neous piezoelectric medium, respectively. The
stress-temperature modulus γi j(x) can be ex-
pressed through the stiffness coefficients and the
coefficients of linear thermal expansion αkl

γi j = ci jklαkl. (6)

The strain tensor εi j and the electric field vector
E j are related to the displacements ui and the elec-
tric potential ψ by

εi j =
1
2

(ui, j +u j,i) , (7)

E j = −ψ, j. (8)

For plane problems the constitutive equations
are frequently written in terms of the second-
order tensor of elastic constants [Lekhnitskii
(1963)]. Many piezoelectric solids are trans-
versely isotropic. Under the plane strain condi-
tion with ε33 = ε31 = ε32 = E3 = 0, the constitu-



220 Copyright c© 2007 Tech Science Press CMES, vol.22, no.3, pp.217-233, 2007

to [Sheng and Sze (2006)]⎡
⎣σ11
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[
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]
=
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]⎡
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2ε12

⎤
⎦

+
[
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][
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]
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[
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]
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⎡
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ε22
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⎤
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[
E1

E2

]
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(10)

where

γγγ =

⎡
⎣c11 c12 c13

c12 c22 c23

0 0 0

⎤
⎦

⎡
⎣α11

α22

α33

⎤
⎦ =

⎡
⎣γ11

γ22

0

⎤
⎦ .

The following essential and natural boundary con-
ditions are assumed for the mechanical field

ui(x,τ) = ũi(x,τ), on Γu,

ti(x,τ) = σi jn j = t̃i(x,τ), on Γt ,

for the electrical field

ψ(x) = ψ̃(x), on Γp,

niDi(x) = Q̃(x), on Γq,

and for the thermal field

θ (x,τ) = θ̃ (x,τ), on Γa,

q(x,τ) = ki jθ, j(x,τ)ni(x) = q̃(x,τ), on Γb,

where Γu is the part of the global boundary with
prescribed displacements, and on Γt , Γp, Γq, Γa,
and Γb the traction vector, the electric potential,

the surface charge density, the temperature and
the heat flux are prescribed, respectively.

Initial conditions for the mechanical and thermal
quantities are assumed as

ui(x,τ)|τ=0 = ui(x,0) and u̇i(x,τ)|τ=0 = u̇i(x,0)
θ (x,τ)|τ=0 = θ (x,0) in Ω.

Applying the Laplace-transform to the governing
equations (1) and (3) we obtain

σ i j, j(x, p)−ρ(x)p2ui(x, p) = −Fi(x, p), (11)

[
ki j(x)θ , j(x, p)

]
,i −ρ(x)c(x)pθ(x, p)

+W(x, p) = 0, (12)

where

Fi(x, p) = Xi(x, p)+ pui(x,0)+ u̇i(x,0),

W(x, p) = S(x, p)+θ (x,0)

are the re-defined body forces and heat source,
respectively, in the Laplace-transformed domain
with the initial boundary conditions for the dis-
placements ui(x,0), velocities u̇i(x,0) and tem-
perature θ (x,0).

The Laplace-transform of a function f (x,τ) is de-
fined as

L [ f (x,τ)] = f (x, p) =
∞∫

0

f (x,τ)e−pτdτ,

where p is the Laplace-transform parameter.

3 Local integral equation formulation

Instead of writing the global weak-form for the
above governing equations, we apply the MLPG
method to construct a weak-form over the local
fictitious subdomains such as Ωs, which is a small
region taken for each node inside the global do-
main [Atluri and Zhu (1998); Atluri (2004)]. The
local subdomains overlap each other, and cover
the whole global domain Ω. The local subdo-
mains could be of any geometrical shape and size.
In the present paper, the local subdomains are
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spaces. For internal nodes, the test function is
chosen as the Heaviside step function with its
support on the local subdomain. The trial func-
tions, on the other hand, are chosen to be the
moving least-squares (MLS) approximation over
a number of nodes spread within the domain of
influence. The approximated functions for the
Laplace-transforms of the mechanical displace-
ments, the electric potential and the temperature
can be written as [Atluri (2004)]

uh(x, p) = ΦΦΦT (x) · û(p) =
n

∑
a=1

φ a(x)ûa(p),

ψh(x, p) =
n

∑
a=1

φ a(x)ψ̂a(p),

θ h(x, p) =
n

∑
a=1

φ a(x)θ̂ a(p),

(20)

where the nodal values ûa(p), ψ̂a(p) and θ̂ a(p)
are fictitious parameters for the displacements,
the electric potential and the temperature, respec-
tively, and φ a(x) is the shape function associated
with the node a. The number of nodes n used
for the approximation is determined by the weight
function wa(x). A 4th order spline type weight
function is applied in the present work

wa(x) ={
1−6

(
da

ra

)2
+8

(
da

ra

)3 −3
(

da

ra

)4
, 0 ≤ da ≤ ra

0, da ≥ ra
,

(21)

where da = ‖x−xa‖ and ra is the size of the sup-
port domain. It is seen that the C1−continuity
is ensured over the entire domain, therefore the
continuity conditions of the tractions, the electric
charge and the heat flux are satisfied.

The Laplace-transform of the traction vector
t i(x, p) at a boundary point x ∈ ∂Ωs is approxi-
mated in terms of the same nodal values ûa(p) as

th(x, p) =N(x)C(x)
n

∑
a=1

Ba(x)ûa(p)

+N(x)L(x)
n

∑
a=1

Aa(x)ψ̂a(p)

−N(x)γγγ
n

∑
a=1

φ a(x)θ̂ a(p),

(22)

where the matrix N(x) is related to the normal
vector n(x) on ∂Ωs by

N(x) =
[

n1 0 n2

0 n2 n1

]
,

and the matrices Ba and Aa are represented by the
gradients of the shape functions as

Ba(x) =

⎡
⎣φ a

,1 0
0 φ a

,2
φ a

,2 φ a
,1

⎤
⎦ , Aa(x) =

[
φ a

,1
φ a

,2

]
.

Similarly the Laplace-transform of the electrical
charge Q(x, p) can be approximated by

Q
h(x, p) =N1(x)G(x)

n

∑
a=1

Ba(x)ûa(p)

−N1(x)H(x)
n

∑
a=1

Aa(x)ψ̂a(p)

+N1(x)P(x)
n

∑
a=1

φ a(x)θ̂ a(p),

(23)

where the matrices G and H are defined in eq.
(10) and

N1(x) =
[
n1 n2

]
.

The Laplace-transform of the heat flux q(x, p) is
approximated by

qh(x, p) = ki jni

n

∑
a=1

φ a
, j(x)θ̂ a(p)

= N1(x)K(x)
n

∑
a=1

Aa(x)θ̂ a(p),
(24)

where K(x) =
[

k11 k12

k12 k22

]
.

Obeying the boundary conditions at those nodal
points on the global boundary, where the displace-
ments, the electrical potential and the temperature
are prescribed, and making use of the approxi-
mation formula (20), one obtains the discretized
form of the boundary conditions as

n

∑
a=1

φ a(ζ )ûa(p) = ũ(ζ , p) for ζ ∈ Γu, (25)

n

∑
a=1

φ a(ζ )ψ̂a(p) = ψ̃(ζ , p) for ζ ∈ Γp, (26)
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n

∑
a=1

φ a(ζ )θ̂ a(p) = θ̃(ζ , p) for ζ ∈ Γa. (27)

Furthermore, in view of the MLS-approximation
(22) - (24) for the unknown quantities in the lo-
cal boundary-domain integral equations (15), (17)
and (19), we obtain their discretized forms as

n

∑
a=1

( ∫
Ls+Γsu

N(x)C(x)Ba(x)dΓ

− Iρ p2
∫
Ωs

φ a(x)dΩ
)

ûa(p)

+
n

∑
a=1

⎛
⎝ ∫

Ls+Γsu

N(x)L(x)Aa(x)dΓ

⎞
⎠ ψ̂a(p)

−
n

∑
a=1

⎛
⎝ ∫

Ls+Γsu

N(x)γγγ(x)φ a(x)dΓ

⎞
⎠ θ̂ a(p)

= −
∫

Γst

t̃(x, p)dΓ−
∫
Ωs

F(x, p)dΩ, (28)

n

∑
a=1

⎛
⎝ ∫

Ls+Γsp

N1(x)G(x)Ba(x)dΓ

⎞
⎠ ûa(p)

−
n

∑
a=1

⎛
⎝ ∫

Ls+Γsp

N1(x)H(x)Aa(x)dΓ

⎞
⎠ ψ̂a(p)

+
n

∑
a=1

⎛
⎝ ∫

Ls+Γsp

N1(x)P(x)φ a(x)dΓ

⎞
⎠ θ̂ a(p)

= −
∫

Γsq

Q̃(x, p)dΓ+
∫
Ωs

R(x, p)dΩ, (29)

n

∑
a=1

( ∫
Ls+Γsa

N1(x)K(x)Aa(x)dΓ

−
∫
Ωs

ρcpφ a(x)dΓ
)

θ̂ a(p)

= −
∫

Γsb

q̃(x, p)dΓ−
∫
Ωs

W(x, p)dΩ, (30)

which are considered on the sub-domains adja-
cent to interior nodes as well as to the boundary

nodes on Γst , Γsq and Γsb. In equation (28), I is a
unit matrix defined by

I =
(

1 0
0 1

)
.

Collecting the discretized local boundary-domain
integral equations together with the discretized
boundary conditions for the displacements, the
electrical potential and the temperature results
in the complete system of linear algebraic equa-
tions for the computation of the nodal unknowns,
namely, the Laplace-transforms of the fictitious
parameters ûa(p), ψ̂a(p) and θ̂ a(p). The time de-
pendent values of the transformed quantities can
be obtained by an inverse Laplace-transform. In
the present analysis, the Stehfest’s inversion algo-
rithm [Stehfest (1970)] is used.

In previous formulations we have considered
a general variation of material properties with
Cartesian coordinates. If material parameters are
dependent on temperature, one can write for a
general material parameter

A(x) = f (θ (x)). (31)

Replacing material parameters by the above ex-
pression in constitutive equations (4) and (5), a
nonlinear expression is obtained. An iterative ap-
proach has to be applied and the linearized con-
stitutive equations in the k-th iteration step can be
written as

σ (k)
i j (x,τ) = c(k−1)

i jkl (θ )ε (k)
kl (x,τ)

−e(k−1)
ki j (θ )E(k)

k (x,τ)− γ (k−1)
i j (θ )θ (k)(x,τ),

(32)

D(k)
j (x,τ) = e(k−1)

jkl (θ )ε (k)
kl (x,τ)

+h(k−1)
jk (θ )E(k)

k (x,τ)+ p(k−1)
j (θ )θ (k)(x,τ).

(33)

It is leading to a set of linear algebraic equations
for the k-th iteration step

n

∑
a=1

( ∫
Ls+Γsu

N(x)C(k−1)(x)Ba(x)dΓ
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− Iρ(x)p2
∫
Ωs

φ a(x)dΩ
)

ûa(k)(p)

+
n

∑
a=1

⎛
⎝ ∫

Ls+Γsu

N(x)L(k−1)(x)Aa(x)dΓ

⎞
⎠ ψ̂a(k)(p)

−
n

∑
a=1

⎛
⎝ ∫

Ls+Γsu

N(x)γγγ(k−1)(x)φ a(x)dΓ

⎞
⎠ θ̂ a(k)(p)

= −
∫

Γst

t̃(x, p)dΓ−
∫
Ωs

F(x, p)dΩ, (34)

n

∑
a=1

⎛
⎝ ∫

Ls+Γsp

N1(x)G(k−1)(x)Ba(x)dΓ

⎞
⎠ ûa(k)(p)

−
n

∑
a=1

⎛
⎝ ∫

Ls+Γsp

N1(x)H(k−1)(x)Aa(x)dΓ

⎞
⎠ ψ̂a(k)(p)

+
n

∑
a=1

⎛
⎝ ∫

Ls+Γsp

N1(x)P(k−1)(x)φ a(x)dΓ

⎞
⎠ θ̂ a(k)(p)

= −
∫

Γsq

Q̃(x, p)dΓ+
∫
Ωs

R(x, p)dΩ , (35)

n

∑
a=1

( ∫
Ls+Γsa

N1(x)K(k−1)(x)Aa(x)dΓ

−
∫
Ωs

ρ(x)c(x)pφ a(x)dΓ
)

θ̂ a(k)(p)

= −
∫

Γsb

q̃(x, p)dΓ−
∫
Ωs

W(x, p)dΩ. (36)

In the 1st iteration step the material parameters
are taken at a reference temperature. The iteration
process is ended if the difference of the Sobolev-
norms for temperatures in two successive steps is
smaller than a prescribed tolerance.

4 Numerical examples

In order to test the accuracy of the present mesh-
less method a unit square panel under a sudden
heating on the top side is analyzed as the first ex-
ample (Fig. 1). The following analytical solution

is available for uncoupled thermoelasticity in an
isotropic material [Carslaw and Jaeger (1959)]

θ (x2,τ)=1− 4
π

∞

∑
n=0

(−1)n

2n+1
exp

[
−(2n+1)2π2κτ

4a2

]

cos

(
(2n+1)πx2

2a

)
, (37)

where a is the side-length of the panel and κ =
k22/ρc is the diffusivity coefficient.
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Figure 1: Uniformly heated piezoelectric square
panel

Homogeneous material properties are selected to
test the present computational method. The ma-
terial coefficients of the panel are considered for
PZT-5H (Qin and Mai, 1997)

c11 = 12.6 ·1010 Nm−2, c12 = 5.3 ·1010 Nm−2,

c22 = 11.7 ·1010 Nm−2, c44 = 3.53 ·1010 Nm−2,

e15 = 17Cm−2, e21 = −6.5Cm−2,

e22 = 23.3Cm−2,

h11 = 15.1 ·10−9C(Vm)−1,

h22 = 13 ·10−9C(Vm)−1,

ρ = 7500kg/m3,

k11 = 50W/Km, k22 = 75W/Km,

α11 = 0.88 ·10−5 1/K, α22 = 0.5 ·10−5 1/K,

p1 = 0,

p2 = −5.4831 ·10−6C/Km2,
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c = 420Wskg−1K−1.

Also, plane strain condition is assumed. The me-
chanical displacement, the electrical potential and
the thermal field on the finite square panel with a
size a×a = 1m × 1m are approximated by using
121 (11×11) equal-spaced nodes. The local sub-
domains are considered to be circular, each with a
radius rloc = 0.08. For the purpose of error anal-
ysis the Sobolev-norm is calculated. The relative
error of the temperature in the considered time in-
terval [0, T ] is defined as

r =
‖θ num−θ exact‖

‖θ exact‖ , (38)

where T k22/ρca2 = 1.3 and

‖θ‖=

⎛
⎝ T∫

0

θ 2dτ

⎞
⎠

1/2

.

Numerical results for the temperature at the bot-
tom side and the mid-line of the panel are pre-
sented in Fig. 2. The temperature is normalized
by the intensity of the thermal shock θ0 = 1. They
are compared with the analytical results and an
excellent agreement is observed. The relative er-
ror of the temperature, r, at both lines is less than
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Figure 6: Cantilever piezoelectric beam under a thermal load

0.5%. For the total number of 441 nodes, the rela-
tive error r = 0.15% has been obtained. The tem-
perature distribution is not influenced by mechan-
ical and electrical fields.

Numerical results for the temporal variation of the
direct stress σ11 are presented in Fig. 3, where it
can be seen again that there is an excellent agree-
ment of the present and FEM results computed at
both lines considered. The FEM results have been
obtained by ANSYS code with 3600 quadratic
eight-noded elements and 1000 time increments.
The stresses are normalized by the static value
which is σ stat

11 = −1.2959 ·106 Pa.

The temporal variation of the electrical potential
ψ is shown in Fig. 4. The potential is nor-
malized by the static quantity which is ψstat =
1.4861 ·104V at the top side of the panel if the py-
roelectric material vector PT = (p1, p2) is vanish-
ing. For p2 = −5.4831 ·10−6C/Km2 we have ob-
tained ψstat = 1.455 · 104V . One can see that the
pyroeletric parameter is only slightly decreasing
the electrical potential in the considered boundary
value problem.

The inverse piezoelectric effect can be utilized to
control the mechanical quantities (displacements
and stresses). Next, we have applied a uniform
electrical displacement D0 on the top side of the
panel additionally to the thermal load. Stationary
boundary conditions are considered. On Fig. 5
one can observe the influence of the electrical dis-
placement on the stress component σ11. The in-
creasing electrical displacement on the top side of

the panel significantly reduces the normal stress.
The electrical displacement is expressed through
the normalized quantity λ = D0e22/h22c11α11θ0.
One can observe a negligible influence of the py-
roelectric parameters on the stress values.

In the next numerical example a cantilever beam
is analyzed. The material properties of the beam
are the same like in the previous example. The
geometry of the beam with a size L×a = 0.1m ×
0.025m is considered (Fig. 6). The lower bound-
ary of the beam is earthed with a vanishing elec-
trical potential. The vanishing electrical charge is
prescribed on the lateral sides and on the top of
the beam. The temperatures on the upper and bot-
tom sides of the beam are prescribed as T2 = 1K
and T1 = 0K, respectively. On the lateral sides of
the beam, the heat fluxes are vanishing. No me-
chanical load is applied to the beam.

The considered boundary value problem with re-
spect to the thermal field is reduced to one-
dimensional case. Therefore, the temperature has
a linear variation along x2−coordinate. The vari-
ation of the deflection along the beam length is
presented in Fig. 7. The deflection is computed at
the neutral axis of the beam. One can observe a
perfect agreement of the FEM ANSYS code and
the present results obtained for negligible pyro-
electric parameters. The variation of the electri-
cal potential along the beam height is presented
in Fig. 8.

Next, an edge crack in a finite piezoelectric strip
is analyzed. The geometry of the strip is given
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in Fig. 9 with the following values: a = 0.5,
a/w = 0.4 andh/w = 1.2. Due to the symmetry of
the problem with respect to the x1-axis, only a half
of the strip is modeled. We have used 930 nodes
equidistantly distributed for the MLS approxima-
tion of the physical quantities. On the lateral sides
of the strip thermal load is applied.

The crack-opening-displacement and the electri-
cal potential computed by the present method are
compared with FEM results in Fig. 10. The FEM
results are obtained by the ANSYS-code with

31

930

1

900

Q=0

,

Ψ=0

x1

x2

t2=t =01

t =t =01 2

t = =01 2t

32 62

θ=0

Q=0

Q=0 u = =02 1ta
w

Q=0

θ Η( −0)= t

q=0

q=0

,

t = =01 2t

Figure 9: Edge crack in a finite strip under a ther-
mal shock on the lateral side

8037 quadratic (8-node) elements (plane223).
One can observe a good agreement of results for
vanishing pyroelectric parameters. A considered
finite value of the pyroelectric parameter slightly
reduces the crack-opening-displacement and the
absolute value of the electrical potential.

For cracks in homogeneous and linear piezoelec-
tric solids the asymptotic behaviour of the field
quantities has been given by Sosa (1991) and Pak
(1992). In polar coordinates (r,φ ) with the origin
at the crack-tip, the asymptotic expressions of the
electromechanical fields for r → 0 can be written
as

σi j(r,φ ) =
1√
2πr

∑
N

KN f N
i j (φ ),

Di(r,φ ) =
1√
2πr

∑
N

KNgN
i (φ ),

ui(r,φ ) =

√
2r
π ∑

N

KNdN
i (φ ),

ψ(r,φ ) =

√
2r
π ∑

N

KNνN(φ ),

(39)

where N = I, II, III, IV , KI , KII and KIII denote
the well-known mechanical stress intensity fac-
tors (SIF) and KIV is the electrical displacement
intensity factor (EDIF). The angular functions
f N
i j (φ ), gN

i (φ ), dN
i (φ ) and νN(φ ) are dependent
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ertia forces [Enderlein et al. (2005)]. Numerical
results for the normalized stress intensity factor
fI = KI/

√
πaα11c11θ0are presented in Fig. 11.

We have also considered an induced nonhomo-
geneity caused by the dependence of the thermal
expansion coefficient on the temperature,αkl =
αkl0(1− mθ ), where m = 0.005K−1. One can
observe that for a large instant the SIF is vanish-
ing. The electrical displacement intensity factor
(EDIF) for considered boundary value problem is
vanishing.
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Figure 11: Time variation of the stress intensity
factor for an edge crack
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Figure 12: Central crack in a finite strip with pre-
scribed temperatures on outer boundary and crack
surfaces

Finally, a central crack in a finite piezoelectric
strip is analyzed. The geometry of the strip is
given in Fig. 12 with the following values: a =
0.5, a/w = 0.4 and h/w = 1.2. Due to the symme-
try of the problem with respect to both Cartesian
coordinates, only a quarter of the strip is modeled.
We have used 930 nodes equidistantly distributed
for the MLS approximation of the physical quan-
tities. On the outer boundary of the strip thermal
load T2 = θ0 = 1deg is applied. On both crack
surfaces vanishing value of temperature is kept.
The outer boundary is free of traction and electri-
cal displacement. The material properties are the
same like in the previous numerical example.

Again the crack-opening-displacement and the
electrical potential computed by the present
method are compared with FEM results and a
good agreement of results is obtained. A neg-
ligible influence of the pyroelectric parameter at
p2 = −5.4831 · 10−6C/Km2 on the variation of
the crack-opening-displacement is observed on
Fig. 13.

For the central crack under stationary boundary
conditions non-zero values of thermal stresses are
occurring ahead the crack tip. Therefore, a finite
value of the stress intensity factor has to be ob-
tained.

For the thermal shock boundary condition with
a Heaviside time variation on the outer boundary
the normalized stress intensity factors are given in
Fig. 14. Again induced nonhomogeneity caused
by the variation of the thermal expansion coeffi-
cient on the temperature is considered. According
to Bert and Birman (1998) the effect of tempera-
ture and the electrical field on the thermal expan-
son coefficient can be quite significant. We have
considered the same dependence like in the pre-
vious example. The time variation of the SIF is
similar to that for the temperature variation in this
case. The static value is reached for a large in-
stant.

5 Conclusions

A meshless local Petrov-Galerkin method
(MLPG) is proposed for the solution of boundary
value problems for coupled thermo-electro-
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tation, since an adaptation of the nodal density is
easier than a mesh adaptation. The method will
be extended to 3-D problems in the next future.
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