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Fracture Analyses in Continuously Nonhomogeneous Piezoelectric Solids by
the MLPG
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Abstract: A meshless method based on the
local Petrov-Galerkin approach is proposed for
crack analysis in two-dimensional (2-D) and
three-dimensional (3-D) axisymmetric piezoelec-
tric solids with continuously varying material
properties. Axial symmetry of geometry and
boundary conditions reduces the original 3-d
boundary value problem into a 2-d problem. Sta-
tionary problems are considered in this paper. The
axial cross section is discretized into small cir-
cular subdomains surrounding nodes randomly
spread over the analyzed domain. A unit step
function is used as the test functions in the lo-
cal weak-form. Then, the derived local integral
equations (LBIEs) involve only contour-integrals
on the surfaces of subdomains. The moving least-
squares (MLS) method is adopted for the approx-
imation of the physical quantities in the LBIEs.
The accuracy of the present method for comput-
ing the stress intensity factors (SIF) and electri-
cal displacement intensity factors (EDIF) are dis-
cussed by comparison with available analytical or
numerical solutions.

Keyword: Meshless local Petrov-Galerkin
method (MLPG), Moving least-squares (MLS)
interpolation, piezoelectric solids, functionally
graded materials, 2-D and 3-D axisymmetric
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1 Introduction

Piezoelectric materials have wide range engineer-
ing applications in smart structures and devices.
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They are extensively utilized as transducers, sen-
sors and actuators in many engineering fields.
Piezoelectric ceramics are very brittle and suscep-
tible to fracture during service. To prevent failure,
the fracture behaviour of these materials must be
well understood. Recently, the study of singular
stress and electric fields in cracked piezoelectric
materials has attracted the attention of many re-
searchers. Pak (1990) obtained the closed form
solutions for an infinite piezoelectric medium un-
der anti-plane loading by using a complex vari-
able approach. Later, Park and Sun (1995) ob-
tained closed form solutions for all three frac-
ture modes for a crack in an infinite piezoelec-
tric medium. They investigated the effect of the
electric field on the fracture of piezoelectric ce-
ramics. Shindo et al. (1996, 1997) used an in-
tegral transform method to analyze a crack in an
infinite piezoelectric strip. Yang and Lee (2001)
applied the same method for a penny shaped crack
in a three-dimensional piezoelectric strip under
in-plane normal loading. Previous analytical ap-
proaches were restricted to problems with simple
geometry and boundary conditions. Therefore,
sophisticated and advanced computational meth-
ods like the finite element method (FEM) [Grueb-
ner et al. (2003); Govorukha and Kamlah (2004)
; Enderlein et al. (2005), Kuna (1998, 2006)]
and the boundary element method (BEM) [Pan
(1999); Rajapakse and Xu (2001); Davi and Mi-
lazzo (2001); Gross et al. (2005, 2007); Garcia-
Sanchez et al. (2005, 2007) ; Saez et al. (2006),
Sheng and Sze (2006)] have been applied to gen-
eral crack analyses in piezoelectric solids.

Functionally graded materials (FGMs) possess
continuously nonhomogeneous material proper-
ties. These materials have been introduced in re-
cent years to benefit from the ideal performance of
its constituents, e.g. high heat and corrosion resis-
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tance of ceramics on one side, and large mechan-
ical strength and toughness of metals on the other
side. In FGMs, the composition and the volume
fraction of their constituents vary continuously
with spatial coordinates. A review on various as-
pects of FGMs can be found in the monograph
of Suresh and Mortensen (1998) and the review
chapter by Paulino et al. (2003). The demand for
piezoelectric materials with high strength, high
toughness, low thermal expansion coefficient and
low dielectric constant encourages the study of
functionally graded piezoelectric materials [Zhu
et al. (1995, 1999); Ueda (2003); Han et al.
(2006)]. The solution of the boundary value prob-
lems for continuously nonhomogeneous piezo-
electric solids requires advanced numerical meth-
ods due to the high mathematical complexity. Be-
sides this complication, the electric and mechan-
ical fields are coupled each other in piezoelec-
tricity. In spite of the great success of the FEM
and BEM as effective numerical tools for the so-
lution of boundary value problems in piezoelec-
tric solids, there is still a growing interest in the
development of new advanced numerical meth-
ods. In recent years, meshless formulations are
becoming popular due to their high adaptability
and low costs to prepare input and output data in
numerical analysis. A variety of meshless meth-
ods has been proposed so far and some of them
also applied to piezoelectric problems [Ohs and
Aluru (2001); Liu et al. (2002)]. They can be de-
rived either from a weak-form formulation on the
global domain or on a set of local subdomains. In
the global formulation, background cells are re-
quired for the integration of the weak-form. In
methods based on local weak-form formulation,
no background cells are required and therefore
they are often referred to as truly meshless meth-
ods. The meshless local Petrov-Galerkin (MLPG)
method is a fundamental base for the derivation
of many meshless formulations, since trial and
test functions can be chosen from different func-
tional spaces. By using the fundamental solution
as the test function, accurate numerical results can
be obtained, which were reported in previous pa-
pers for 2-D problems in isotropic, homogeneous
or continuously nonhomogeneous and linear elas-
tic solids under static loading [Atluri et al. (2000);

Sladek et al. (2000); Sellountos et al. (2005)] and
for 3-D problems in homogeneous and isotropic
solids under static or dynamic loading [Han and
Atluri (2004a,b)].

Recently, the MLPG method with a Heaviside
step function as the test functions [Atluri et al.
(2003); Atluri (2004); Sladek et al. (2004)] has
been applied to solve 2-D homogeneous piezo-
electric problems [Sladek et al. (2006)]. In the
present paper, the MLPG method is extended to
2-D and 3-D axisymmetric continuously nonho-
mogeneous piezoelectric solids with cracks. The
coupled governing partial differential equations
are satisfied in a weak-form on small fictitious
subdomains. Nodal points are introduced and
spread on the analyzed domain and each node is
surrounded by a small circle for simplicity, but
without loss of generality. For a simple shape of
subdomains like circles applied in this paper, nu-
merical integrations over them can be easily car-
ried out. The integral equations have a very sim-
ple nonsingular form. The spatial variations of the
displacements and the electric potential are ap-
proximated by the Moving Least-Squares (MLS)
scheme [Belytschko et al. (1996); Zhu et al.
(1998)]. After performing the spatial integrations,
a system of linear algebraic equations for the un-
known nodal values is obtained. The boundary
conditions on the global boundary are satisfied
by the collocation of the MLS-approximation ex-
pressions for the displacements and the electric
potential at the boundary nodal points. The ac-
curacy and the efficiency of the proposed MLPG
method are verified by several numerical exam-
ples for computing the stress intensity factors
(SIF) and electrical displacement intensity factor
(EDIF). Numerical results are presented and com-
pared with available analytical or numerical solu-
tions.

2 Local boundary integral equations for 2-D
problems

Under the static assumption, the governing equa-
tions for the mechanical and the electric fields
in a continuously nonhomogeneous piezoelectric
solid can be written as [Parton and Kudryavtsev
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(1988)]

σi j, j +Xi = 0, (1)

D j, j = 0 , (2)

where σi j , Di and Xi denote the stress tensor, the
electric displacement and the body force vector,
respectively. A comma after a quantity represents
the partial derivatives of the quantity.

The constitutive relations representing the cou-
pling of the mechanical and the electrical fields
are given by

σi j(x) = ci jkl(x)εkl(x)−eki j(x)Ek(x), (3)

D j(x) = e jkl(x)εkl(x)+h jk(x)Ek(x), (4)

where ci jkl(x) , e jkl(x) and h jk(x) are the elas-
tic, piezoelectric and dielectric material tensors
of the continuously nonhomogeneous piezoelec-
tric solids, respectively. The strain tensor εi j and
the electric field vector E j are related to the dis-
placements ui and the electric potential ψ by

εi j =
1
2

(ui, j +u j,i) , (5)

E j = −ψ, j. (6)

Many piezoelectric solids are transversely
isotropic. Under the plane strain condition
with ε33 = ε31 = ε32 = E3 = 0, the constitutive
equations (3) and (4) are reduced in this case to
[Sheng and Sze (2006)]
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where

C(x) =

⎡
⎣ E11/e E22ν12/e 0

E22ν12/e E22/e 0
0 0 G12

⎤
⎦

with e = 1− E22

E11
(ν12)

2 ,

in which E11 and E22 are Young‘s modulii, G12 is
the shear modulus, and ν12 is the Poisson‘s ratio.

The following essential and natural boundary con-
ditions are assumed for the mechanical field

ui(x) = ũi(x), on Γu,

ti(x) = σi jn j = t̃i(x), on Γt ,

and for the electrical field

ψ(x) = ψ̃(x), on Γp,

niDi(x) = Q̃(x), on Γq,

where Γu is the part of the global boundary with
prescribed displacements, and on Γt , Γp and Γq

the traction vector, the electric potential and the
surface charge density are prescribed, respec-
tively.

Instead of writing the global weak-form for the
above governing equations, the MLPG method
constructs a weak-form over the local fictitious
subdomains such as Ωs, which is a small region
taken for each node inside the global domain
[Atluri (2004)]. The local subdomains overlap
each other, and cover the whole global domain Ω.
The local subdomains could be of any geometri-
cal shape and size. In the present paper, the local
subdomains are taken to be of a circular shape for
simplicity. The local weak-form of the governing
equations (1) can be written as∫
Ωs

[σi j, j(x)+Xi(x)]u∗i (x)dΩ = 0, (9)
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where u∗i (x) is a test function.

Using

σi j, ju
∗
i = (σi ju

∗
i ), j −σi ju

∗
i, j

and applying the Gauss divergence theorem to eq.
(9) one obtains∫
∂Ωs

σi j(x)n j(x)u∗i (x)dΓ−
∫
Ωs

σi j(x)u∗i, j(x)dΩ

+
∫
Ωs

Xi(x)u∗i (x)dΩ = 0, (10)

where ∂Ωs is the boundary of the local subdomain
which consists of three parts ∂Ωs = Ls ∪Γst ∪Γsu

[Atluri (2004)]. Here, Ls is the local boundary that
is totally inside the global domain, Γst is the part
of the local boundary which coincides with the
global traction boundary, i.e., Γst = ∂Ωs ∩Γt , and
similarly Γsu is the part of the local boundary that
coincides with the global displacement boundary,
i.e., Γsu = ∂Ωs ∩Γu.

By choosing a Heaviside step function as the test
function u∗i (x) in each subdomain

u∗i (x) =

{
1 at x ∈ Ωs

0 at x /∈ Ωs

the local weak-form (10) is converted to the fol-
lowing local boundary-domain integral equations∫

∂Ωs

ti(x)dΓ+
∫
Ωs

Xi(x)dΩ = 0. (11)

Equation (11) is recognized as the overall force
equilibrium conditions on the subdomain Ωs. A
pure boundary integral formulation is obtained
under the assumption of vanishing body sources.
Note that the local integral equations (11) are
valid for both homogeneous and nonhomoge-
neous linear piezoelelectric solids. Nonhomoge-
neous material properties are included in eq. (11)
through the elasticity and the piezoelectric tensors
in the traction components.

Similarly, the local weak-form of the governing
equation (2) can be written as∫
Ωs

D j, j(x)v∗(x)dΩ = 0, (12)

where v∗(x) is a test function.

Applying the Gauss divergence theorem to the lo-
cal weak-form (12) and choosing the Heaviside
step function as the test function v∗(x) one can
obtain∫

Ls+Γsp

Q(x)dΓ = −
∫

Γsq

Q̃(x)dΓ, (13)

where

Q(x) = D jn j =
(
e jkluk,l −h jkψ,k

)
n j.

In the MLPG method the test and the trial func-
tions are not necessarily from the same functional
spaces. For internal nodes, the test function is
chosen as the Heaviside step function with its sup-
port on the local subdomain. The trial functions,
on the other hand, are chosen to be the Moving
Least-Squares (MLS) approximations by using a
number of nodes spread within the domain of in-
fluence. The approximated functions for the me-
chanical displacements and the electric potential
can be written as [Atluri (2004)]

uh(x) = ΦT (x) · û =
n

∑
a=1

φ a(x)ûa,

ψh(x) =
n

∑
a=1

φ a(x)ψ̂a,

(14)

where the nodal values ûa and ψ̂a are fictitious
parameters for the displacements and the elec-
tric potential, respectively, and φ a(x) is the shape
function associated with the node a. The number
of nodes n used for the approximation is deter-
mined by the weight function wa(x). A 4th or-
der spline-type weight function is applied in the
present work

wa(x) ={
1−6

(
da

ra

)2
+8

(
da

ra

)3 −3
(

da

ra

)4
, 0 ≤ da ≤ ra

0, da ≥ ra
,

(15)

where da = ‖x−xa‖ and ra is the size of the sup-
port domain. It is seen that the C1−continuity is
ensured over the entire domain, therefore the con-
tinuity conditions of the tractions and the electric
charge are satisfied.
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The traction vectors ti(x) at a boundary point x ∈
∂Ωs are approximated in terms of the same nodal
values ûa as

th(x) = N(x)C(x)
n

∑
a=1

Ba(x)ûa

+ N(x)L(x)
n

∑
a=1

Pa(x)ψ̂a, (16)

where the matrix N(x) is related to the normal
vector n(x) on ∂Ωs by

N(x) =
[

n1 0 n2

0 n2 n1

]
,

and the matrices Ba and Pa are represented by the
gradients of the shape functions as

Ba(x) =

⎡
⎣φ a

,1 0
0 φ a

,2
φ a

,2 φ a
,1

⎤
⎦ , Pa(x) =

[
φ a

,1
φ a

,2

]
.

Similarly the electrical charge Q(x) can be ap-
proximated by

Qh(x) = N1(x)G(x)
n

∑
a=1

Ba(x)ûa

−N1(x)H(x)
n

∑
a=1

Pa(x)ψ̂a, (17)

where the matrices G and H are defined in eq. (8)
and

N1(x) = [n1 n2] .

Obeying the boundary conditions at those nodal
points on the global boundary, where the dis-
placements and the electrical potential are pre-
scribed, and making use of the approximation for-
mula (14), one obtains the discretized form of the
boundary conditions as

n

∑
a=1

φ a(ζ )ûa = ũ(ζ ) for ζ ∈ Γu, (18)

n

∑
a=1

φ a(ζ )ψ̂a = ψ̃(ζ ) for ζ ∈ Γp. (19)

Furthermore, in view of the MLS-approximation
(16) and (17) for the unknown quantities in the lo-
cal boundary-domain integral equations (11) and

(13), we obtain their discretized forms as

n

∑
a=1

⎛
⎝ ∫

Ls+Γsu

N(x)C(x)Ba(x)dΓ

⎞
⎠ ûa

+
n

∑
a=1

⎛
⎝ ∫

Ls+Γsu

N(x)L(x)Pa(x)dΓ

⎞
⎠ ψ̂a

= −
∫

Γst

t̃(x)dΓ−
∫
Ωs

X(x)dΩ,

(20)

n

∑
a=1

⎛
⎝ ∫

Ls+Γsp

N1(x)G(x)Ba(x)dΓ

⎞
⎠ ûa

−
n

∑
a=1

⎛
⎝ ∫

Ls+Γsp

N1(x)H(x)Pa(x)dΓ

⎞
⎠ ψ̂a

= −
∫

Γsq

Q̃(x)dΓ,

(21)

which are considered on the subdomains adjacent
to interior nodes as well as to the boundary nodes
on Γst and Γsq.

3 Local boundary integral equations for 3-D
axisymmetric problems

Let us consider a 3-D axisymmetric piezoelec-
tric body generated by the rotation of the planar
domain Ω bounded by the boundary Γ around
the axis of symmetry as depicted in Fig.1. For
axisymmetric problems it is convenient to use
cylindrical coordinates (r,ϕ, z). The piezoelec-
tric body is assumed to be transversely isotropic
with hexagonal symmetry, and the z-axis is ori-
ented in the poling direction. The angular compo-
nent of the displacements vanishes and all physi-
cal field quantities are independent on the angular
coordinate ϕ . In such a case the static equilib-
rium equations have the following form [Parton
and Kudryavtsev (1988)]

σrr,r(r, z)+σrz,z(r, z)+
1
r

[
σrr(r, z)−σϕϕ(r, z)

]
= −Xr(r, z),

σrz,r(r, z)+σzz,z(r, z)+
1
r

σrz(r, z) = −Xz(r, z),
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Dr,r(r, z)+Dz,z(r, z)+
1
r

Dr(r, z) = 0, (22)

where

σrr = c11ur,r +c13uz,z +c12
ur

r
−e31Ez,

σzz = c13ur,r +c13
ur

r
+c33uz,z −e33Ez,

σϕϕ = c12ur,r +c11
ur

r
+c13uz,z −e31Ez,

σrz = c44 (uz,r +ur,z) −e15Er,

Dr = e15 (uz,r +ur,z)+h11Er,

Dz = e31ur,r +e33uz,z +e31
ur

r
+h33Ez.

(23)

In the present analysis, all material parameters in
the constitutive equations (23) are considered to
be dependent on the (r, z)-coordinates.
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Figure 1: A 3-D axisymmetric body

The local weak-form of the equations (22) on the
subdomain Ωs lying in the global domain Ω can
be written as∫
Ωs

(σrr,r +σrz,z)u∗dΩ+
∫
Ωs

1
r

(
σrr −σϕϕ

)
u∗dΩ

= −
∫
Ωs

Xr(r, z)u∗dΩ,

∫
Ωs

(σzr,r +σzz,z)v∗dΩ+
∫
Ωs

1
r

σrz(r, z)v∗dΩ

= −
∫
Ωs

Xz(r, z)v∗dΩ,

∫
Ωs

(Dr,r +Dz,z)m∗dΩ+
∫
Ωs

1
r

Drm
∗dΩ = 0,

(24)

where u∗(x), v∗(x) and m∗(x) are test functions.

Appling the Gauss divergence theorem to the first
domain integrals of eqs. (24) and selecting Heav-
isde unit step functions as test functions u∗(x),
v∗(x) and m∗(x) in each subdomain like in 2-D
problems, one can recast equations (24) into the
following form

∫
∂Ωs

σrbnbdΓ+
∫
Ωs

1
r

(
σrr −σϕϕ

)
dΩ = −

∫
Ωs

XrdΩ,

∫
∂Ωs

σzbnbdΓ+
∫
Ωs

1
r

σrzdΩ = −
∫
Ωs

XzdΩ,

∫
∂Ωs

DbnbdΓ+
∫
Ωs

1
r

DrdΩ = 0,

(25)

where the subscript b in eq. (25) is considered as
a summation index with b = r, z.

As in 2-D problems the displacement and the po-
tential fields are approximated by the MLS ap-
proximation, and the trial function is specified by
the corresponding shape functions. Substituting
the approximation formula (14) into the local in-
tegral equations (25) a system of linear algebraic
equations for the unknown fictitious parameters{

ûa
r , ûa

z , ψ̂a
}

is obtained as

n

∑
a=1

ûa
r

{ ∫
∂Ωs

[
c11nrφ a

,r +
c12

r
nrφ a +c44nzφ a

,z

]
dΓ

+
∫
Ωs

[
1
r
(c11 −c12)

(
φ a

,r −
1
r

φ a

)]
dΩ

}

+
n

∑
a=1

ûa
z

∫
∂Ωs

(
c13nrφ a

,z +c44nzφ a
,r

)
dΓ
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+
n

∑
a=1

ψ̂a
∫

∂Ωs

(
e31nrφ a

,z +e15nzφ a
,r

)
dΓ

= −
∫
Ωs

Xr(r, z)dΩ,

(26)

n

∑
a=1

ûa
z

{ ∫
∂Ωs

[
c33nzφ a

,z +c44nrφ a
,r

]
dΓ

+
∫
Ωs

c44

r
φ a

,rdΩ

}

+
n

∑
a=1

ûa
r

{ ∫
∂Ωs

(
c44nrφ a

,z +c13nz(φ a
,r +

1
r

φ a)
)

dΓ

+
∫
Ωs

c44

r
φ a

,zdΩ

}

+
n

∑
a=1

ψ̂a

{ ∫
∂Ωs

(
e15nrφ a

,r +e33nzφ a
,z

)
dΓ

+
∫
Ωs

1
r

e15φ a
,rdΩ

}

= −
∫
Ωs

Xz(r, z)dΩ,

(27)

n

∑
a=1

ûa
r

{ ∫
∂Ωs

[
e15nrφ a

,z +e31nz(φ a
,r +

1
r

φ a)
]

dΓ

+
∫
Ωs

1
r

e15φ a
,zdΩ

}

+
n

∑
a=1

ûa
z

{ ∫
∂Ωs

[
e15nrφ a

,r +e33nzφ a
,z

]
dΓ

+
∫
Ωs

1
r

e15φ a
,rdΩ

}

−
n

∑
a=1

ψ̂a

{ ∫
∂Ωs

(
h11nrφ a

,r +h33nzφ a
,z

)
dΓ

+
∫
Ωs

1
r

h11φ a
,rdΩ

}

= 0.

(28)

Equations (26)-(28) are considered on the subdo-
mains around each interior node and the boundary
nodes on Γst . On the part of the global bound-
ary Γsu with prescribed displacements and on Γsp

with prescribed potentials the collocation, equa-
tions (18) and (19) are applied.

4 Numerical examples

4.1 A central crack in a finite strip

In the first example, a straight central crack in
a finite piezoelectric strip under a uniform pure
mechanical and/or electrical loading is analyzed.
Both loads σ0 = 1Pa and D0 = 1C/m2 are applied
on the top side of the strip, respectively. Due to
the bi-axial symmetry of the problem only a quar-
ter of the cracked strip is modeled (Fig. 2). The
geometry of the strip resembles the crack problem
in an infinite plane in order to utilize the exact so-
lution as a benchmark solution. Thus, the strip
width w = 4a, crack length 2a = 1.0m and strip
height h = w are chosen. The mechanical dis-
placements and the electrical potential on the fi-
nite strip are approximated by using 930 (31×30)
nodes equidistantly distributed. The local sub-
domains are selected to be circular with a radius
rloc = 0.028m. To test the accuracy of the present
method homogeneous material properties are con-
sidered.

The material parameters corresponding to piezo-
electric ceramics PZT-4 are given by

c11 = 13.9 ·1010Nm−2, c12 = 7.43 ·1010Nm−2,

c22 = 11.5 ·1010Nm−2, c66 = 2.56 ·1010Nm−2,

e15 = 12.7Cm−2, e21 = −5.2Cm−2,

e22 = 15.1Cm−2,

h11 = 6.461 ·10−9C(Vm)−1,

h22 = 5.62 ·10−9C(Vm)−1.

For cracks in homogeneous and linear piezoelec-
tric solids the asymptotic behaviour of the field
quantities has been given by Sosa (1991) and Pak
(1992). In polar coordinates (r,θ ) with the origin
at the crack-tip, the asymptotic expressions of the
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Figure 2: A central crack in a finite piezoelectric
strip

electromechanical fields for r → 0 can be written
as

σi j(r,θ ) =
1√
2πr

∑
N

KN f N
i j (θ ),

Di(r,θ ) =
1√
2πr

∑
N

KNgN
i (θ ),

ui(r,θ ) =

√
2r
π ∑

N

KNdN
i (θ ),

ψ(r,θ ) =

√
2r
π ∑

N

KNνN(θ ),

(29)

where N = I, II, III, IV , KI , KII and KIII denote
the well-known mechanical stress intensity fac-
tors (SIF) and KIV is the electrical displacement
intensity factor (EDIF). The angular functions
f N
i j (θ ), gN

i (θ ), dN
i (θ ) and νN(θ ) are dependent

on material properties only and they are given by

f N
i1 = −

4

∑
α=1

Re

{
Miα NαN pα√

cosθ + pα sinθ

}
,

f N
i2 =

4

∑
α=1

Re

{
Miα NαN√

cosθ + pα sinθ

}
,

gN
1 = −

4

∑
α=1

Re

{
M4αNαN pα√

cosθ + pα sinθ

}
,

gN
2 =

4

∑
α=1

Re

{
M4αNαN√

cosθ + pα sinθ

}
,

dN
i =

4

∑
α=1

Re
{

Aiα NαN

√
cosθ + pα sinθ

}
,

νN =
4

∑
α=1

Re
{

A4αNαN

√
cosθ + pα sinθ

}
,

where pα are the eigenvalues of the characteristic
equation for anisotropic piezoelectric solids and
the matrices Aiα , Miα and NαN can be found in the
paper [Park and Sun (1995]. From equations (29)
one can obtain the following expression for the
intensity factors [Garcia-Sanchez et al. (2007)](

KI

KIV

)
=

√
π
8r

[
Re(B)−1](

Δu2

Δψ

)
, (30)

where the matrix B is determined by the material
properties [Garcia-Sanchez et al. (2007)], and the
symmetry conditions of the displacements and the
potential with respect to the crack plane are uti-
lized.

Ricoeur and Kuna (2003) have obtained a simple
expression for the mode-I SIF KI , which depends
on the near field displacement and potential

KI =
√

π
2r

(
cT e2

cT κ +e2 u2 +
cT κ

cT κ +e2 ψ
)

, (31)

where cT , e and κ are the effective material con-
stants of the simplified Irwin-matrix

YMN = −
4

∑
α=1

Re{AMαNαN}.

The extended crack-opening-displacements along
the crack are shown in Figs. 3 and 4 for a uni-
form traction and a uniform electrical displace-
ment loading, respectively. The extended crack-
opening-displacements are defined as the differ-
ences of the mechanical displacements and the
potentials on both crack surfaces. Our numeri-
cal results as shown in Figs. 3 and 4 are in very
good agreements with the exact closed-form solu-
tions [Pak (1990); Pan (1999)]. Here, one can ob-
serve that Δψ caused by a remote stress loading
σ0 is identical to Δu2 caused by a remote electric
displacement loading D0 as a consequence of the
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extended Betti’s reciprocal theorem. For a pure
positive electrical displacement loading KI = 0,
therefore we obtain from eq. (31) a positive crack-
opening-displacement Δu2 and a negative poten-
tial jump Δψ . It is interesting to note that for a
pure mechanical loading, a finite value of the po-
tential jump Δψ on both crack surfaces does not
result in a finite value of the EDIF KIV . It means
that the crack-opening-displacement Δu2 and the
potential jump Δψ are coupled, but the SIF and
the EDIF in this case are uncoupled.
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Figure 3: Variations of the crack-opening-
displacement and the potential jump with the nor-
malized coordinate x1/2a for a pure mechanical
loading σ0

For a pure mechanical loading, the computed nor-
malized mode-I SIF is KI/σ0

√
πa = 1.01, which

is very close to the exact value KI/σ0
√

πa = 1. A
similar accuracy is achieved for a pure electrical
displacement loading.

4.2 An edge crack in a finite strip

Next, an edge crack in a finite piezoelectric strip
is analyzed. The geometry of the strip is given
in Fig. 5 with the following values: a = 0.5,
a/w = 0.4 and h/w = 4. Due to the symmetry
of the problem with respect to the x1-axis, only a
half of the strip is modeled. We have used again
930 nodes equidistantly distributed for the MLS
approximation of the physical quantities. On the
top of the strip either a uniform tension σ0, or a
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Figure 4: Variations of the crack-opening-
displacement and the potential jump with the nor-
malized coordinate x1/2a for a pure electrical dis-
placement loading D0

uniform electrical displacement D0, or a combi-
nation of both loadings is applied. Functionally
graded material properties in the x1-direction are
considered. An exponential variation of the elas-
tic, piezoelectric and dielectric constants is as-
sumed as

ci jkl(x) = ci jkl0 exp(γx1),
ei jk(x) = ei jk0 exp(γx1),
hi j(x) = hi j0 exp(γx1),

(32)

where ci jkl0, ei jk0 and hi j0 correspond to the mate-
rial parameters used in the previous example.

Figures 6 and 7 present the variations of the crack-
opening-displacement and the potential jump on
the crack surfaces with the x1-coordinate for a
pure mechanical tension and a pure electric dis-
placement loading, respectively. A value γ = 2 is
assumed for the gradient parameter in the numer-
ical calculations.

Numerical results are given for two different ho-
mogeneous materials and for an FGM. One of the
homogeneous materials is characterized by the
material parameters corresponding to that of the
FGM at the left lateral side of the strip x1 = 0.
The second one is specified by the material pa-
rameters corresponding to that of the FGM with
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Figure 5: An edge crack in a finite strip with
graded material properties in x1-direction

γ = 2 at the crack-tip x1 = 0.5. It follows di-
rectly from equation (32) that all material param-
eters in the second case are e1 times larger than
in the first homogeneous material. One can see
that the crack-opening-displacement and poten-
tials are significantly reduced in the second ho-
mogeneous material compared to the first one.
The boundary value problems have been analyzed
also by the FEM computer code ANSYS. There,
for the cracked functionally graded piezoelectric
strip we have used a multi-layer model consisting
of 12 vertical layers with homogeneous material
properties in each layer corresponding to that at
the center of each layer. Numerical results ob-
tained by the present MLPG and the FEM are in
good agreements for both homogeneous and con-
tinuously nonhomogeneous piezoelectric materi-
als. The crack-opening-displacements for FGM
strip and for homogeneous strip with material pa-
rameters corresponding to that of the FGM strip
at the crack-tip differ only slightly in the case
of a pure mechanical loading. However, for a
pure electrical displacement loading the differ-
ences between the electrical potential jumps for
FGM strip and for homogeneous strip with mate-
rial parameters corresponding to that of the FGM
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Figure 6: Variations of a) the crack-opening-
displacement, and b) potential jump with the nor-
malized coordinate x1/2a for a pure mechanical
loading σ0 = 1Pa

strip at the crack-tip are more remarkable (Fig.
7). It means that the gradation of the material
parameters has a stronger influence on the elec-
trical potential jump than on the crack-opening-
displacement. The variation of the crack opening
displacement for a pure electrical load is the same
as the variation of potentials for a pure mechani-
cal loading.

Next, we analyze the influence of the mate-
rial gradation on the stress intensity factor and
the electrical displacement intensity factor for
an edge cracked strip under a combined load-
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Figure 7: Variation of the potential jump on the
crack surfaces with the normalized coordinate
x1/2a for a pure electric displacement loading
D0 = 1C/m2

ing. For convenience, a loading parameter λ =
D0c220/(σ0e220) is introduced. The variation of
the SIF with the gradation exponent γ is presented
in Fig. 8. With increasing gradient parameter γ
the SIF is decreasing. A similar phenomenon is
observed for an edge crack in an elastic FGM strip
under a mechanical loading [Dolbow and Gosz
(2002)]. For a crack in a homogeneous piezoelec-
tric solid analyzed in the previous example the
SIF and the EDIF are uncoupled. However, this
conclusion does not valid generally for a continu-
ously nonhomogeneous piezoelectric solid.

Figures 8 and 9 show that in the case of graded
material parameters (γ �= 0) the stress and the
electrical displacement intensity factors are cou-
pled. Different values of the normalized SIF are
obtained for various values of λ in the FGM
piezoelectric strip. For a homogeneous strip (γ =
0) one can see that the values of the normalized
SIF and EDIF are not dependent on the value of
the electrical displacement loading described by
λ . All curves in both figures are met at γ = 0.
The coupling is influenced by the loading combi-
nation parameter λ . When the magnitude of the
applied electric displacement loading (i.e., λ ) in-
creases, its influence on the normalized EDIF de-
creases (see dashed lines in Fig. 9). This means
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Figure 8: Influence of the material gradation on
the stress intensity factor under a combined load-
ing
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Figure 9: Influence of the material gradation on
the electric displacement intensity factor under a
combined loading

that the mechanical loading has an insignificant
effect on the normalized EDIF KIV /D0

√
πa un-

der a strong electric loading. The influence of the
combined loading on the SIF is weaker than on
the EDIF. Similar phenomena were also observed
by Chen et al. (2003) for a central crack. How-
ever, the SIF and the EDIF increase with increas-
ing gradient parameter for a central crack, which
is opposite to the present case for an edge crack.
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4.3 A penny-shaped crack in a finite cylinder

A penny-shaped crack in a finite cylinder as de-
picted in Fig. 10 is analyzed in the third example.
The following geometry is considered: crack ra-
dius a = 0.5, cylinder radius w = 1.25, and cylin-
der length L = 5.0. On the top of the cylinder ei-
ther a uniform tension σ0, or a uniform electrical
displacement D0, or a combination of both load-
ings is applied.

�


��

�
�

�

3 4
5

�-

Figure 10: A penny-shaped crack in a finite piezo-
electric cylinder

Also in this example, an exponential variation of
the elastic, piezoelectric and dielectric constants
in radial direction is assumed, i.e.,

ci jkl(r) = ci jkl0 exp(γr),
ei jk(r) = ei jk0 exp(γr),
hi j(r) = hi j0 exp(γr).

The material coefficients at the axis of symmetry
corresponding to piezoelectric ceramics are given
by

c11 = 13.9 ·1010Nm−2, c13 = 7.43 ·1010Nm−2,

c12 = 7.78 ·1010Nm−2, c33 = 11.5 ·1010Nm−2,

c44 = 2.56 ·1010Nm−2, c22 = 13.9 ·1010Nm−2,

e15 = 12.7Cm−2, e31 = −5.2Cm−2,

e33 = 15.1Cm−2,

h11 = 6.46 ·10−9C(Vm)−1,

h33 = 5.62 ·10−9C(Vm)−1.

Numerical calculations are carried out for several
values of the gradient parameter γ = 0.,1.,2. A
regular node distribution with 930 (31×30) nodes
is used for the MLS-approximation of the dis-
placements and the electric potential in the an-
alyzed domain ABCDE (see Fig.10). Fig. 11
shows a comparison of the numerical results for
a cracked homogeneous cylinder by the MLPG
method and the FEM. One can observe a very
good agreement between both results.

The influence of the material gradation on the
stress intensity factor and the electrical displace-
ment intensity factor in the cracked cylinder un-
der a combined loading is then analyzed. The
combined loading is determined by the parameter
λ = D0c330/(σ0e330) with a uniform tensionσ0 =
1N/m2. In the case of a pure mechanical load
(λ = 0) the piezoelectric constants have no influ-
ence on the SIF in a homogeneous cylinder. The
variation of the normalized stress intensity factor
fI = KI/σ0

√
πa with the gradation exponent γ is

presented in Fig. 12. With increasing electrical
displacement loading the influence of the material
gradation becomes stronger. The normalized elec-
trical displacement intensity factor KIV/D0

√
πa is

decreasing with increasing gradation exponent γ
as shown in Fig.13. The influences of the com-
bined loading on the SIF and the EDIF are al-
most the same. The differences between the ED-
IFs (solid lines) for λ = ±1 are larger than that
for λ = ±10(dashed lines).

Finally, Fig. 14 shows the variations of the field
intensity factors with the loading combination pa-
rameter λ . Numerical results are presented for
FGM with the gradient parameter γ = 2. Here the
EDIF is normalized as KIV / |D0|

√
πa. A negative

electric displacement loading results in a negative
EDIF, while a positive electric displacement load-
ing gives rise to a positive EDIF. Figure 14 im-
plies that the direction of the electric loading has
influences on the SIF and the EDIF.

For a pure mechanical loading (λ = 0) the EDIF
is identical zero. For a positive electrical displace-
ment loading (λ > 0) the potential jump on the
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Figure 11: Variations of the crack-opening-
displacement and the potential jump with the nor-
malized coordinate r/a for a) a pure mechanical
loading σ0, and b) a pure electrical displacement
loading D0

crack surfaces is negative and according to eq.
(31) the stress intensity factor KI is reduced. The
SIF as shown in Fig. 14 decreases slowly with
increasing electrical loading.

5 Conclusions

A meshless local Petrov-Galerkin method
(MLPG) is presented for 2-D and 3-D ax-
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Figure 12: Influence of the material gradation on
the SIF for a penny-shaped crack
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Figure 13: Influence of the material gradation on
the EDIF for a penny-shaped crack

isymmetric crack problems in continuously
nonhomogeneous and linear piezoelectric solids.
The analyzed domain is divided into small
overlapping circular subdomains. A unit step
function is used as the test functions in the local
weak-form of the governing partial differential
equations. The derived local boundary-domain
integral equations are nonsingular. The Moving
Least-Squares (MLS) scheme is adopted for the
approximation of the physical field quantities.
The proposed method is a truly meshless method,
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Figure 14: Variations of the SIF and the EDIF
with the electrical displacement loading for γ = 2

which requires neither domain elements nor
background cells in either the interpolation or the
integration.

The present method provides an alternative nu-
merical tool to many existing computational
methods like the FEM or the BEM. The main ad-
vantage of the present method is its simplicity.
Contrary to the conventional BEM, the present
method requires no fundamental solutions and all
integrands in the present formulation are regu-
lar. Thus, no special numerical techniques are
required to evaluate the integrals. It should be
noted here that the fundamental solutions are not
available for piezoelectric solids with continu-
ously varying material properties in general cases.
The present formulation possesses the generality
of the FEM. Therefore, the method is promising
for numerical analysis of multi-field problems like
piezoelectric or thermoelastic problems, which
cannot be solved efficiently by the conventional
BEM. Moreover, the present meshless method is
more flexible with respect to the adaptation, since
an adaptation of the nodal density is easier than a
mesh adaptation.

An essential drawback of the present method is its
larger computating time in comparison with the
conventional domain-type discretization methods
such as the FEM. The main reason is the fact that
a meshless approximation usually involves more

nodes and the required shape functions are more
complex. To reduce the computing time, a mixed
formulation [Atluri et al. (2006)] can be applied,
which reduces the radius of the support domain
at the same accuracy as in the traditional approx-
imation. Since a smaller size of the support do-
main dcreases the bandwidth of the system ma-
trix, the computating time can be significantly re-
duced. Therefore, future research efforts will be
devoted to developing effiecient approaches for
the present meshless method to reduce its com-
puting time.
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