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An Explicit Multi-Level Time-Step Algorithm to Model the Propagation of
Interacting Acoustic-Elastic Waves Using Finite Element/Finite Difference

Coupled Procedures

D. Soares Jr.1 ,2, W.J. Mansur1 and D.L. Lima3

Abstract: The present paper discussion is con-
cerned with the development of robust and ef-
ficient algorithms to model propagation of in-
teracting acoustic and elastic waves. The pa-
per considers acoustic-elastic, acoustic-acoustic
and elastic-elastic partitioned analyses of cou-
pled systems; however, the focus here is the
acoustic-elastic coupling considering finite ele-
ments and the acoustic-acoustic coupling consid-
ering finite elements and finite differences (other
coupling procedures can be implemented analo-
gously). One important feature of the algorithms
presented is that they allow considering different
time-steps for different sub-domains; so it is pos-
sible to substantially improve efficiency, accuracy
and stability of the central difference time integra-
tion algorithm employed here. Three examples,
presented at the end of the paper, show the excel-
lent performance of the algorithms developed.

Keyword: Acoustics; Elastodynamics; Parti-
tioned coupled systems; Finite elements; Finite
differences; Multi-level time-steps; Marine risers.

1 Introduction

Time-domain finite difference modelling of wave
propagation in highly heterogeneous media re-
quires robust simulation algorithms in order to
preserve accuracy, efficiency and stability (ex-
plicit time integration procedures, e.g., the cen-
tral difference method, have strict stability re-
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quirements). Discontinuity of physical proper-
ties, across arbitrary shaped interfaces, may lead
to low-quality finite difference results. Lombard
and Piraux (2004) list the following main reasons
for low confidence results in the aforementioned
situation: spurious diffractions occur due to the
stair-step representation of arbitrary shaped inter-
faces [Collino et al. (1997)]; reduction of the con-
vergence order due to the non-smoothness of the
solution across the interfaces, leading to numer-
ical instabilities even for low contrast of physi-
cal parameters [Zhang and LeVeque (1997)]; the
jump conditions and the boundary conditions are
not incorporated in the schemes, so that the con-
version, refraction and diffraction wave phenom-
ena are not correctly described [Lombard (2002)].

In addition to the aforementioned difficulties in-
troduced by interfaces, efficiency is another is-
sue that must be dealt with properly. Accuracy
and stability may restrict the time-step size to
small values, adequate to sub-domains with high
wave propagation velocities; in this case, effi-
ciency will be quite poor. This difficulty can be
overcome in the case of heterogeneous media by
subcycling techniques [Daniel (1997), Smolinski
(1996), Belytschko and Lu (1993)], which allow
adopting different time-steps for pre-established
sub-domains; one such a technique is discussed
here. Subcycling requires establishing adequate
coupling conditions between sub-domains; this
topic is addressed here as well.

There are many other situations for which division
in sub-regions and subcycling can be employed,
with the same advantages of the case of heteroge-
neous media. Some of these situations are listed
below, including those concerning heterogeneous
media discussed above:
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(a) Distinct physical properties;

(b) Distinct media;

(c) Distinct numerical methods;

(d) Distinct behaviour (elastic/plastic; fi-
nite/infinity etc.);

(e) Combination of (a), (b), (c), (d); etc.

The analysis of wave propagation in infinite do-
mains is one case where the domain must be
sub-divided at least into two sub-domains: a fi-
nite one and an unbounded one, the latter be-
ing responsible for propagating waves to infinity.
There are many distinct approaches, generically
referred to as transmitting boundaries, to repre-
sent unbounded sub-domains; usually, a numeri-
cal procedure, distinct from that of the bounded
region is employed. Transmitting boundaries can
employ very simple algorithms, as it is usual in
RTM procedures in Geophysics, where it is quite
common to employ a local transmitting bound-
ary which consists simply of a rule to artificially
reduce amplitude in an extended mesh [Bulcão
(2005)]; on the other hand, very sophisticated ap-
proaches, such as boundary elements coupling,
can be preferred [for a short review, see Soares
Jr et al. (2004, 2005a-c) and Lie et al. (2001)].

It is described above a case where it is highly rec-
ommended to use partitioned analysis of a cou-
pled system. Many other cases where it is advis-
able to use such a technique can be found in the
literature, a review of some cases and procedures
concerning the matter is described in the work of
Park and Felippa [chapter 7 of Belytschko and
Hughes (1983)].

In the present paper, the FEM (Finite Element
Method) and the FDM (Finite Difference Method)
are employed to establish time-domain computa-
tional algorithms to deal with the above described
(a)-(e) item cases; acoustic and elastic wave prop-
agations, as well as interacting acoustic-elastic
waves are considered.

Standard fourth order in space / second order in
time finite difference algorithms may become un-
stable in the case of heterogeneous acoustic me-
dia, specially in the presence of discontinuous

physical properties. Some finite difference based
procedures have been developed to overcome this
difficulty; e.g., the space and time fourth order
scheme by Cohen and Jolly (1990). The alter-
native adopted here, to keep low costs (and sta-
bility), is to consider acoustic-acoustic coupling,
employing finite elements to model the hetero-
geneous region and finite differences to model
the remainder. Enhanced stability, efficiency and
accuracy can be achieved by applying different
time-steps for each sub-domain.

It is important to notice that the literature reports
many stable FE procedures to deal with time in-
tegration of hyperbolic equations governing wave
propagation. For a review up to the 80’s, see Be-
lytschko and Hughes (1983); for updated review,
see Tamma et al. (2000) and for stabilized proce-
dures see Hulbert and Hughes (1990).

The developments presented here apply to model
the propagation of interacting acoustic-elastic
waves. A finite difference based scheme that
was successfully developed to deal with this prob-
lem is that presented by Lombard and Piraux
(2004), which requires the solution of SVD (sin-
gular value decomposition) problems in order to
properly compute interfaces variables. Another
possible finite difference alternative approach to
deal with this very same problem is that proposed
by Virieux (1986), improved later on by Levan-
der (1988). These two last procedures are very
successful in applications concerning geophysics;
but have not yet been tested in applications such
as that presented here.

The alternative procedure, proposed by the
present work, focus on acoustic-elastic coupling
by FEM and acoustic-acoustic coupling by FEM
and FDM. Thus, it employs well-known numer-
ical procedures and it maintains the original hy-
perbolic system of equations, so boundary and in-
terface conditions, as well as other problem vari-
ables, are those familiar to engineers, physicists
etc..

The idea of coupling the FEM and the FDM
(adopted here in order to take advantage of the
low CPU cost of the latter) can be found in pre-
vious works, as for instance in Xing et al. (2003)
and Chen (1998), who developed procedures for
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fluid-structure interaction to compute hydrody-
namic pressures and structural responses. How-
ever, partitioned coupling algorithms similar to
those employed here are not known by the au-
thors.

The use of adequate coupling conditions between
sub-domains and the correct choice of the proper
time-step for each sub-domain lead to stable, effi-
cient and accurate procedures.

2 Governing Equations

In the present section, acoustic and elastic wave
equations are briefly presented. Each one of these
wave propagation models is used to model differ-
ent sub-domains of the global problem. At the
end of the section, basic equations concerning the
coupling of acoustic and elastic sub-domains are
described.

2.1 Acoustic Sub-Domains

The scalar wave equation is given by

(Kp,i),i −ρ p̈−ξ ṗ +S = 0 (1)

where p(X , t) stands for hydrodynamic pressure
distribution and S(X , t) for body source terms. In-
ferior commas (indicial notation is adopted) and
over dots indicate partial space (p, i = ∂ p/∂xi)
and time (ṗ = ∂ p/∂ t) derivatives, respectively.
ξ (X) stands for the viscous damping coeficient;
ρ(X) is the mass density and K(X) is the bulk
modulus of the medium. In homogeneous media,
ρ and K are constant and the classical wave equa-
tion (disregarding damping) can be written as

p,ii − p̈/c2 + s = 0 (2)

where c =
√

K/ρ is the wave propagation veloc-
ity. The boundary and initial conditions of the
problem are given by

(i) Boundary conditions (t > 0, X ∈ Γ where Γ =
Γ1 ∪Γ2):

p(X , t) = p̄(X , t) for X ∈ Γ1 (3a)

q(X , t) = p, j(X , t)n j(X) = q̄(X , t) for X ∈ Γ2

(3b)

(ii) Initial conditions (t = 0, X ∈ Γ∪Ω):

p(X ,0) = p̄0(X) (4a)

ṗ(X ,0) = ˙̄p0(X) (4b)

where the prescribed values are indicated by over
bars and q represents the flux along the boundary
whose unit outward normal vector components
are represented by n j. The boundary of the model
is denoted by Γ (Γ1∪Γ2 = Γ and Γ1∩Γ2 = 0) and
the domain by Ω.

2.2 Elastic Sub-Domains

The elastic wave equation for homogenous media
is given by

(c2
d −c2

s )u j, ji +c2
s ui, j j − üi −ζ u̇i +bi = 0 (5)

where ui and bi stand for the displacement and the
body force distribution components, respectively.
The notation for time and space derivatives em-
ployed in equation (1) is once again adopted. In
equation (5), cd is the dilatational wave velocity
and cs is the shear wave velocity, they are given
by: c2

d = (λ + 2μ)/ρ and c2
s = μ/ρ , where ρ

is the mass density and λ and μ are the Lamé’s
constants. ζ stands for viscous damping related
parameters. Equation (5) can be obtained from
the combination of the following basic mechani-
cal equations (proper to model heterogeneous me-
dia)

σi j, j −ρ üi −ρζ u̇i +ρbi = 0 (6a)

σi j = λ δi jεkk +2μεi j (6b)

εi j = (ui, j +u j,i)/2 (6c)

where σi j and εi j are, respectively, stress and
strain tensor components and δi j is the Kronecker
delta (δi j = 1, for i = j and δi j = 0, for i �= j).
Equation (6a) is the momentum equilibrium equa-
tion; equation (6b) represents the constitutive law
of the model and equation (6c) stands for kinemat-
ical relations. The boundary and initial conditions
of the elastodynamic problem are given by

(i) Boundary conditions (t > 0, X ∈ Γ where Γ =
Γ1 ∪Γ2):

ui(X , t) = ūi(X , t) for X ∈ Γ1 (7a)
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τi(X , t)= σi j(X , t)n j(X) = τ̄i(X , t) for X ∈ Γ2

(7b)

(ii) Initial conditions (t = 0, X ∈ Γ∪Ω):

ui(X ,0) = ūi0(X) (8a)

u̇i(X ,0) = ˙̄ui0(X) (8b)

where the prescribed values are indicated by over
bars and τi denotes the traction vector along the
boundary (n j, as indicated previously, stands for
the components of the unit outward normal vec-
tor).

2.3 Acoustic-Elastic Interacting Interfaces

On the acoustic-elastic interface boundaries, the
elastic sub-domain normal (normal to the inter-
face) accelerations (ün) are related to the acous-
tic sub-domain fluxes (q), and the acoustic sub-
domain hydrodynamic pressures (p) are related
to the elastic sub-domain normal tractions (τn).
These relations are expressed by the following
equations

ün − (1/ρ)q = 0 (9a)

τn + p = 0 (9b)

where equations (9) takes into account that out-
ward normal vectors at the same interface point
are opposite for adjacent sub-domains. In equa-
tion (9a), ρ is the mass density of the interacting
acoustic sub-domain medium.

3 Numerical Modelling

In the present section, numerical discretization
by finite element and finite difference methods is
briefly discussed and coupling procedures are pre-
sented.

Each sub-domain of the global model is solved in-
dependently in the present work, using standard
finite element and finite difference techniques.
The central difference time-marching scheme (ex-
plicit solution) is considered for all sub-domains
(different time-steps in each sub-domain may
be considered). The coupling of different sub-
domains is directly taken into account, based on
interacting interface values. As a consequence, an
efficient and accurate explicit partitioned coupled
algorithm is achieved.

3.1 Finite Element/Finite Difference Dis-
cretization

After space discretization either by finite elements
or by finite differences, the following system of
equations is obtained (in matrix form)

MẌ
t +CẊ

t +KXt = Ft (10)

where M, C and K are mass, damping and stiff-
ness matrices, respectively. Equation (10) is a
general representation expression: one should
note that different mass, damping and stiffness
matrices are involved, however, according to the
different formulations (acoustic/elastic) and nu-
merical techniques (FEM/FDM) employed. In the
present work, diagonal mass and damping matri-
ces are adopted. Although, in the FDM, diago-
nal mass and damping matrices appear naturally;
in the FEM, lumped matrix formulations must
be employed. In equation (10), Xt is the pres-
sure/displacement vector (acoustic/elastic formu-
lation, respectively) of the FEM/FDM assem-
blage, at time t. Ft is the vector of generalized
applied loads.

After applying the central difference scheme to in-
tegrate equation (10) in time, adopting a Δt time-
step, the following system of equations is ob-
tained

Xt+Δt = A−1
{

Ft −(
K− (2/Δt2)M

)
Xt

−(
(1/Δt2)M− (1/(2Δt))C

)
Xt−Δt

}
(11)

where A = (1/Δt2)M + (1/(2Δt))C. Therefore,
as one can observe, if the mass and damping ma-
trices are diagonal, the system of equations (11)
can be explicitly solved (without factorizing a ma-
trix etc.); i.e., only simple matrix multiplications
are required, which can be evaluated at the ele-
ment (FEM) or grid point (FDM) level. Once the
vector Xt+Δt is evaluated, its time derivatives may
be obtained, if necessary, by

Ẋt =
(
Xt+Δt −Xt−Δt)(1/(2Δt)) (12a)

Ẍt =
(
Xt+Δt −2Xt +Xt−Δt)(1/Δt2) (12b)

Futher details concerning finite element and finite
difference discretizations, as well as the central
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difference time-integration scheme, can be found
in Bathe (1996), Hughes (2000), Zienkiewicz and
Taylor (2000), Ritchmeyer and Morton (1967),
Alford et al. (1974), Cohen and Jolly (1990) etc..

3.2 Coupling Procedures

Acoustic-elastic, acoustic-acoustic and elastic-
elastic coupling are considered in the present
work; however, the focus here is on the acoustic-
elastic coupling considering finite elements, and
on the acoustic-acoustic coupling considering fi-
nite elements and finite differences (the other
coupling procedures can be implemented analo-
gously).

The coupling algorithm presented here takes ad-
vantage of the FEM and the FDM favourable
characteristics, in order to develop an efficient
final algorithm. The following characteristic of
these numerical methods are explored: (i) the
flexibility of the FEM to consider non-structured
meshes, heterogeneous media etc.; (ii) the effi-
ciency of the FDM, generating low CPU demand-
ing codes.

The FDM is very effective to deal with acoustic
wave propagation in homogenous media, a char-
acteristic that is fully explored here; the FEM
is employed here to discretize elastic bodies and
acoustic media in its neighbourhood, so that it be-
comes possible to take full advantage of the FEM
favourable features to consider irregular geome-
tries and non-homogeneous physical property dis-
tributions. Therefore, in the present work, only fi-
nite elements procedures are employed to model
elastic media; however, the basic concepts here
presented can also be used if one wishes to em-
ploy FDM to model elastodynamic problems. In
fact, the range of combinations is quite extensive.

Firstly, in the present sub-section, a coupling pro-
cedure for acoustic and elastic media is discussed,
taking into account finite elements procedures.
Then, procedures for coupling acoustic-acoustic
and elastic-elastic media, adopting the FEM and
the FDM is presented. Finally, at the end of the
sub-section, time interpolation procedures are de-
scribed, which allow considering different time-
steps in each sub-domain of the global model.
The choice of the appropriate time-step for each

sub-domain is very important here, to achieve ef-
ficiency, accuracy and stability (one should keep
in mind that the central difference time integration
method is conditionally stable).

3.2.1 Acoustic-Elastic Coupling

As it was mentioned previously, each sub-domain
of the global model is solved independently in
the present work, using standard finite element
and finite difference techniques. For the acoustic-
elastic coupling, taking into account finite ele-
ment procedures, equation (11) is applied inde-
pendently to the acoustic and elastic sub-domains,
evaluating the respectively related vectors Xt+Δt

p

and Xt+Δt
u .

The coupling of these sub-domains at the cur-
rent time is achieved through previous time-step
forces, which are evaluated using interface val-
ues, as established by equations (9). The previous
time-step interacting forces (Rt) are introduced in
the global force vector (Ft). Once each Ft vec-
tor is properly established, equation (11) can be
simply evaluated within each sub-domain, keep-
ing the systems of equations explicit and indepen-
dent.

The interacting interface forces (Rt) are given, at
element level, by

Rt
u = (

∫

ΓI

NT
u nNpdΓ)Xt

p = QXt
p (13a)

Rt
p = −(

∫

ΓI

ρNT
p nT NudΓ)Ẍt

u = −ρQT Ẍt
u (13b)

where equations (13) are based on finite element
procedures and on equations (9). In these equa-
tions, Np and Nu are appropriate finite element
shape functions; n is the normal unit outward vec-
tor to the interface (ΓI); ρ is the mass density of
the interacting acoustic sub-domain medium (it is
assumed constant within each element, so it is not
included in the final integrand of equation (13b));
and Q is the coupling matrix.

One should observe that equations (13) only em-
ploy previous discrete time values (Xt

p and Ẍt
u):

equation (11) can then be directly employed, once
all right-hand-side terms are known, for each
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time-step. Care must be taken once Ẍt
u is be-

ing considered (equation (13b)). As expressed by
equation (12b), acceleration vectors are evaluated
at time t, whereas displacements are evaluated at
time t +Δt. So, all elastic sub-domains should be
analyzed first, generating all necessary informa-
tion (Ẍt

u, and as a consequence Rt
p and Ft

p ) to
obtain the solution of acoustic sub-domains.

3.2.2 Acoustic-Acoustic/Elastic-Elastic Cou-
pling

For the acoustic-elastic coupling algorithm previ-
ously presented, the basic idea was to solve the
system of equations of each sub-domain sepa-
rately, applying natural boundary conditions on
the interacting interfaces. The system of equa-
tions of each sub-domain is still to be solved sep-
arately for the coupling algorithms of the present
sub-section; however, essential boundary condi-
tions are considered on the interacting interfaces.

The basic idea here is to superpose interacting
meshes (FEM or FDM meshes) and use inter-
nal nodal results of one sub-domain, as essential
boundary conditions for the other interacting sub-
domain, and vice-versa. This procedure will be
explained taking into account acoustic-acoustic
coupling using finite element and finite difference
procedures. The other combination algorithms are
analogous.

In Fig.1 a sketch for the acoustic-acoustic cou-
pling of a linear quadrilateral FEM mesh and a
fourth order FDM mesh is depicted. The meshes
are superposed at the gray background selected
nodes. Each sub-domain is solved separately, em-
ploying equation (11). On the interacting region
(gray nodes in Fig.1), previous results from one
sub-domain are applied as prescribed values for
the other sub-domain, and unknowns for this last
sub-domain are computed by direct use of equa-
tion (11). The solution for each sub-domain is
obtained independently for each time-step, once
only previous discrete time related prescribed val-
ues are necessary. In the Fig.1 illustration, for in-
stance, the FDM results can be evaluated at the
grid points (open circle and open circle with gray
square background), using for each time-step the
values of the FEM sub-domain at the grid points

FEM mesh

Sub-domain 1
Prescribed values 
for sub-domain 1

FDM mesh

Sub-domain 2Prescribed values 
for sub-domain 2

Figure 1: Acoustic-acoustic coupling of a linear
quadrilateral FEM mesh and a fourth order FDM
mesh: superposed meshes and sub-domains pre-
scribed essential values.

with gray circle background. The FEM results,
on the other hand, can be evaluated at the mesh
nodes, using for each time-step the values of the
FDM sub-domain at the mesh nodes with grey
square background.

For coupled linear FEM-FEM meshes (acoustic-
acoustic or elastic-elastic), or for coupled linear
FEM mesh and second order FDM mesh, the
same basic concept can be employed. The inter-
face region, however, is simpler, being necessary
just one layer of gray circle background nodes.
The concept is also analogous for quadratic, cu-
bic etc. FEM meshes.

3.2.3 Different Time-Steps

The central difference time integration method
is conditionally stable; therefore, an appropriate
time-step selection within each sub-domain is ex-
tremely important. The present approach permits
using different time-steps for each sub-domain,
producing a more stable, accurate and efficient al-
gorithm.

Each sub-domain is considered separately as
specified by equation (11), interactions among the
different sub-domains being enforced by means of
natural or essential boundary conditions, as dis-
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cussed above. These coupling boundary condi-
tions can be time interpolated, allowing different
time discretizations to be employed for each sub-
domain. Fig. 2 shows a linear time-interpolation

X

tt+ t1 t+ t2t

2
2

ttX

1
2

ttX
t
2X Interpolated

value 

Sub-domain 1: t1

Sub-domain 2: t2

Figure 2: Linear time-interpolation procedure:
interpolation of sub-domain 2 interacting values
for application as prescribed boundary condition
(natural or essential) for sub-domain 1.

sketch in order to illustrate the interaction of two
hypothetical sub-domains: sub-domain 1, with
time-step Δt1, and sub-domain 2, with time-step
Δt2. It is considered that Δt2 = mΔt1, where m
is a natural number. Equations for sub-domain
1 are then solved m times within the time-step
of sub-domain 2. The boundary values necessary
to obtain the sub-domain 1 solution, at each one
of these m time instants, are obtained from time-
interpolated values of sub-domain 2. Fig.2 depicts
the linear time-interpolation sketch for the inter-
acting values of sub-domain 2.

4 Numerical Applications

Three applications of the previously presented
procedures are discussed in this section. In
the first application, a simple “theoretical” three-
dimensional problem is focused on: several com-
binations of the coupling procedures are consid-
ered and the results obtained are compared with
a standard FEM solution. In the second applica-
tion, an axissimetric approach is adopted to model
the propagation of waves through the steel wall

of a submerged marine riser, the results achieved
being compared with experimental data. The
third application, once again concerns the study
of wave propagation through marine risers (to
be more specific: two marine risers, one inside
the other), this time, a bi-dimensional model is
adopted.

4.1 Three-Dimensional Application

In this sub-section, a three-dimensional column
is analysed. A sketch of the problem is depicted
in Fig.3(a). The geometrical dimensions of the
column are: 10m× 10m× 50m. Two media (of
equal length and cross section) compose the col-
umn; the physical properties of each medium are
(null Poisson rate is adopted for elastodynamic
sub-domains):

• Medium 1: ρ1 = 1 kg/m3 (mass density) and
c1 = 10 m/s (wave velocity)

• Medium 2: ρ2 = 1 kg/m3 (mass density) and
c2 = 5 m/s (wave velocity)

Three different numerical models are considered
to simulate this problem, taking into account
different coupling procedure combinations. A
sketch of the three models adopted is presented
in Fig.3(b). Details about each numerical model
are given below:

• Model 1: elastodynamic FEM formula-
tions are employed. Two independent FEM
meshes are adopted, the first one with 2600
linear hexahedral elements and the other one
with 2500 linear hexahedral elements (100
elements, i.e., one “element layer”, are used
for mesh superposition).

• Model 2: elastodynamic and acoustic FEM
formulations are employed, as well as acous-
tic FDM formulation. 2500 linear hexahe-
dral elements are adopted for the FEM elas-
todynamic mesh and 1000 linear hexahedral
elements are adopted for the FEM acoustic
mesh. 2178 grid points are employed by the
space fourth-order FDM discretization (grid
points for mesh superposition included).
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Medium 1 

Medium 2

(a)

Medium 2Medium 1

Model 1 

Model 2 

FEM
elastody nami c 

FEM
elastody nami c 

FEM
elastody nami c 

FEM FDM

acoustic 

FEM
acoustic 

FEM
acoustic 

FDM
acoustic

Model 3 

(b)

Figure 3: Three-dimensional application: (a)
sketch of the physical problem; (b) sketch of the
models used to obtain numerical solutions.

• Model 3: acoustic FEM and FDM formula-
tions are employed. Two independent FEM
meshes are adopted, each one with 2000 lin-
ear hexahedral elements. 1815 grid points
are employed by the space fourth-order FDM
discretization (grid points for mesh superpo-
sition included).

Two numerical analyses were considered,
namely: (a) homogeneous analysis, where the en-
tire column is considered composed by medium
1; (b) heterogeneous analysis, where half of the
column is considered composed by medium 1,
and the other half by medium 2. The results
achieved for the three different numerical models
described above are depicted in Fig.4. The

heterogeneous analysis considered two different
time-steps, namely: Δt1 = 0.05 s (medium 1) and
Δt2 = 0.10 s (medium 2). For the homogeneous
analysis Δt = 0.05 s was adopted for the entire
domain. In Fig.4, reference results are also
depicted: these results correspond to a standard
FEM simulation with 5000 linear hexahedral
elements and Δt = 0.05 s (homogeneous and
heterogeneous analyses). As one can see, results
for all simulations are in good agreement.

In the present heterogeneous analysis, for in-
stance, the advantages of the proposed proce-
dures may be highlighted under several aspects:
different time-steps are easily adopted for each
sub-domain, as a consequence the algorithm be-
comes quite robust even when considering me-
dia with high properties contrast and less sys-
tems of equations need to be solved along the
time-marching process; not all sub-domains need
to be considered at initial time-steps, the activa-
tion/initialisation of different sub-domains may
be controlled based on the properties of the model
(wave propagation velocities etc.), saving most
of the computational effort of the first time-steps
etc..

4.2 Axissimetric Application

In the present sub-section, the wave propagation
through the steel wall of a submerged marine riser
is studied. An axissimetric numerical model is
adopted to simulate the problem. A sketch of the
model is depicted in Fig.5(a). In the present ap-
plication, most of the domain is modelled by the
FDM acoustic formulation (water). The metallic
tube wall (marine riser) is modelled by the FEM
elastodynamic formulation. A thin water layer
surrounding the tube wall is also modelled by the
FEM (acoustic formulation).

Two different modelling procedures were adopted
to simulate the source: (a) the source was consid-
ered punctual and an excitation term was intro-
duced in the correspondent grid point of the FDM
mesh; (b) the source was considered spherical (ra-
dius 0.03429 m), and a FEM mesh was introduced
to properly model its neighbourhood (this mesh is
depicted in Fig.5(b)).

Results obtained from a laboratory experiment
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Figure 4: Numerical solution of the three-dimensional application (displacement/pressure x time) at the
interface: (a) homogeneous analysis; (b) heterogeneous analysis.
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Figure 5: Axissimetric application: (a) sketch of the numerical model; (b) detail of the FEM mesh adopted
to model the neighbourhood of the spherical source.

[Lima (2004)], as illustrated in Fig.6, were used
to validate the numerical response.

The properties of the related media are given be-

low:

• Water: c = 1500 m/s (sound velocity); ρ =
1030 kg/m3 (mass density).
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(a) (b)

(c)

(d)

Figure 6: Photos of the experiment: (a) tube installation through the water tank input gate; (b) tank facilities;
(c) tube inside the tank (view through the gate); (d) acoustic transductor ITC 1032 (source/receptor).
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Figure 7: Numerical solution of the axissimetric application (pressure x time) at the receiver : (a) punctual
source case; (b) spherical source case.

• Tube: φ = 410 mm (external diameter); t =
12 mm (thickness); h = 4.7 m (height); E =
2.1 · 105 MPa (Young modulus); ν = 0.3
(Poisson rate); ρ = 7700 kg/m3 (mass den-
sity).

The source produces a sinusoidal excitation with

frequency of 20 kHz and duration of 3.0 · 10−4 s.
The time-steps adopted, for each sub-domain, for
the numerical modelling were: Δt1 = 2.0 · 10−7 s
(FDM mesh and FEM spherical source mesh);
Δt2 = 1.0 · 10−7 s (FEM mesh surrounding the
tube wall) and Δt3 = 0.5 ·10−7 s (FEM tube mesh).
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(a) (b) (c)

Figure 9: Pressure distribution for the punctual source case at three different moments: (a) begin of propa-
gation; (b) wave fronts due to the faster propagation through the tube wall (head waves); (c) reinforcement
of amplitude.

The results achieved for the hydrodynamic pres-
sure at the receiver (hydrophone) are depicted in
Fig.7(a) and Fig.7(b), for the punctual and spher-
ical source cases, respectively. The results ob-
tained by the experimental model are depicted
in Fig.8. As one can observe, good agreement
between experimental and numerical (spherical
source case) simulations has been obtained (the
scale of the graphics should be ignored, since
the source intensities adopted in each analysis
are different). Comparing the results depicted
in Fig.7(a) and in Fig.7(b), one can clearly ob-
serve the energy dissipation in the source-receiver
direction, due to the scattering induced by the
spherical source. Fig.9 depicts three snap-shots of
the numerical analysis (punctual source case) and
shows some interesting and important features re-
lated to the present wave propagation configura-
tion, as for instance: wave fronts (head waves)
arising from the faster propagation through the
tube wall (Fig.9(b)) which generates a reinforce-
ment of amplitude at the wave front region close
to the tube. If one interprets the phenomenon
thinking about rays (ray tracing theory), one may
be led to erroneously think that there exists a re-
inforcement of the amplitude at oblique incidence
(Fig.9(c)).

0.0010 0.0015 0.0020 0.0025 0.0030 0.0035

-0.8

-0.4

0.0

0.4

0.8

Figure 8: Experimental results (pressure x time)
at the receiver.

4.3 Bi-Dimensional Application

The study of wave propagation through marine
risers is further explored in this third application.
As depicted in the sketch shown in Fig.10, in the
present sub-section two marine risers are anal-
ysed, one inside the other.

The two tubes are geometrically defined by (the
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water and steel physical properties are the same
as presented in sub-section 4.2):

• Tube 1: φ = 5 1
4"(internal diameter); t =

1
2"(thickness)

• Tube 2: φ = 500 mm (external diameter); t =
16 mm (thickness)

Six different sub-domains were adopted to numer-
ically model the present configuration. Each sub-
domain is described bellow:

• Sub-domain 1: water inside tube 1; acous-
tic FEM formulation mesh composed of
4989 quadrilateral linear elements; time-step
equal to 5.0 ·10−8s.

• Sub-domain 2: water inside tube 2 and out-
side tube 1; acoustic FEM formulation mesh
composed of 48902 quadrilateral linear ele-
ments; time-step equal to 5.0 ·10−8s.

• Sub-domain 3: water outside tube 2; acous-
tic FEM formulation mesh composed of
66294 quadrilateral linear elements; time-
step equal to 10.0 ·10−8s.

• Sub-domain 4: water outside FEM meshes;
acoustic FDM formulation with 573049 grid
points (fourth-order space discretization);
time-step equal to 40.0 ·10−8s.

• Sub-domain 5: tube 1; elastodynamic FEM
formulation mesh composed of 3765 quadri-
lateral linear elements; time-step equal equal
to 2.5 ·10−8s.

• Sub-domain 6: tube 2; elastodynamic
FEM formulation mesh composed of 13316
quadrilateral linear elements; time-step
equal to 2.5 ·10−8s.

The size of the finite elements of sub-domain 3 is
continuously and slightly enlarged (from the con-
nection to sub-domain 6 till the connection to sub-
domain 4) in a way that a regular sufficiently large
FDM mesh can be adopted (sub-domain 4) in or-
der to represent the infinite medium.

The line source (2D source point), which is lo-
cated at the centre of tube 2, produces a sinusoidal
excitation with frequency of 30 kHz and duration
of 3.0 ·10−4 s.

The results achieved for the hydrodynamic pres-
sure at the 6 receivers (see Fig.10) are depicted
in Fig.11. Snap-shots of the hydrodynamic pres-
sure results are presented in Fig.12, for three dif-
ferent time-instants and for the FEM acoustic sub-
domains. The results illustrate quite well the in-
teraction between the internal and the external
marine risers as well as the propagation of waves
within this complex configuration.

1

2

3

4

5 6

Source Point

Tube 1Tube 2

Receivers

Figure 10: Bi-dimensional application: sketch of
the physical problem.

5 Conclusions

The present paper presents an explicit multi-level
time-step algorithm to model the propagation of
interacting acoustic-elastic waves using finite ele-
ment/finite difference coupled procedures.

The focus of the paper is the acoustic-elastic cou-
pling considering finite elements and the acoustic-
acoustic coupling considering finite elements and
finite differences. The ideas presented can very
easily be used for other combinations of methods
and media. Coupling FE and FD methods per-
mits to take advantage of the favourable charac-
teristics of both methods leading to a stable and
fast computational code. Efficiency and stabil-
ity become possible once the procedure presented



Algorithm to Model the Propagation of Interacting Acoustic-Elastic Waves 31

0 0.0005 0.001 0.0015 0.002 0.0025

-8

-4

0

4

8

0 0.0005 0.001 0.0015 0.002 0.0025

-6

-4

-2

0

2

4

6

(a) Receiver 1  (b) Receiver 2  

0 0.0005 0.001 0.0015 0.002 0.0025

-8

-4

0

4

8

0 0.0005 0.001 0.0015 0.002 0.0025

-8

-4

0

4

8

(c) Receiver 3  (d) Receiver 4  

0 0.0005 0.001 0.0015 0.002 0.0025

-4

-2

0

2

4

0 0.0005 0.001 0.0015 0.002 0.0025

-3

-2

-1

0

1

2

3

(e) Receiver 5  (f) Receiver 6  

Figure 11: Numerical solution of the bi-dimensional application (pressure x time) at receivers.
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t = 0,0000975 s  t = 0,0002990 s  t = 0,0004485 s
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(b) 
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Figure 12: Pressure distribution along the FEM acoustic sub-domains at three different time-instants: (a)
sub-domain 1; (b) sub-domain 2; (c) sub-domain 3.

permits the division of the heterogeneous media
into sub-domains, allowing subcycling (i.e., al-
lowing to employ adequate time-steps for each
sub-domain considered).

Three examples were presented:

• The first example was used to validate
the developed numerical algorithm. For a
homogeneous and a heterogeneous three-

dimensional body, comparison of results ob-
tained considering several numerical mod-
els and a standard reference solution showed
that the developed algorithm gives quite ac-
curate results;

• The second example employed an axissimet-
ric numerical model to study the wave prop-
agation through a submerged marine riser.
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Results obtained by the numerical simulation
were compared with those obtained from a
physical experiment. They were quite close
as one can see comparing Figs. 7 and 8;

• The third example aimed at illustrating the
application of the methodology to model
a complex two-dimensional acoustic-elastic
wave propagation configuration. It confirms
the stability of the algorithm and its applica-
bility to model acoustic signals through walls
of marine risers.
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