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Responses of Piezoelectric, Transver sely Isotropic, Functionally Graded, and
Multilayered Half Spacesto Uniform Circular Surface L oadings

F.Han!, E. Pan!, A.K. Roy? and Z.Q. Yué?

Abstract: In this paper, an anaytica solution is pre-
sented to study the response of piezoedectric, trans-
versaly isotropic, functionaly graded, and multilayered
half spaces to uniform circular surface loadings (pressure
or negative electric charge). The inhomogeneous mate-
rial is exponentialy graded in the vertica direction and
can have multiple discrete layers. The propagator ma
trix method and cylindrical system of vector functions
are used to first derive the solution in the transformed
domain. In order to find the responses in the physical-
domain, which are expressed in one-dimensional infinite
integrals of the Bessel function products, we introduced
and adopted an adaptive Gauss quadrature. Two piezo-
electric functionaly graded half-space models are ana
lyzed numerically: One is a functionally graded PZT-
4 half space, and the other a multilayered functionally
graded half space with two different piezoel ectric mate-
rials (PZT-4 and PZT-6B). The effect of different expo-
nential factors of the functionally graded material on the
field responses is clearly demonstrated. The difference
of the responses between the two surface loading cases
is aso discussed via the numerical examples. The re-
sults should be particularly useful in the characterization
of materia properties using indentation tests, and could
indirectly contribute to the design and manufacturing of
piezoelectric functionally graded structures.

keyword: Transverse isotropy, Functionally graded
material (FGM), Piezoelectric material, Circular surface
loading, Multilayered structure, Cylindrical system of
vector functions, Propagator matrix method.

1 Introduction

Functionally graded materials (FGMs) were first pro-
posed for the advanced material study in aerospace en-
gineering in 1980s [e.g., Niino, Hirai, and Watanabe
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(1987)]. Since then FGMs have been applied to vari-
ous disciplines as diverse as tribology, electronics, and
biomechanics [Hirai (1995); Markworth, Ramesh, and
Parks (1995); Suresh and Mortensen (1998); Miyamoto,
Kaysser, Rabin, Kawasaki, and Ford (1999); Rodel
(2003)]. Extending from the purely elastic FGMs, the
elastic and electric coupled FGMs were a so investigated
[Xu, Zhu, and Meng (1999); Almajid and Taya (2001);
Almgjid, Taya and Hundnut (2001)], and recent prelimi-
nary resultson fabrication of piezoelectric FGM (PFGM)
monomorph, bimorph, and related piezodevices [Alma
jid and Taya (2001); Almajid, Taya and Hundnut (2001);
Chen and Ma (2002); Rodel (2003)] have shown clearly
the benefit of using PFGMs.

For the modeling and simulation of the materials and
structures properties of FGMs, several numerical and
analytical approaches have been proposed. These in-
clude the domain-discretization method with specia € -
ements [Kim and Paulino (2003); Santare, Thambu-
raj, and Gazonas (2003); Liew, Yang, and Kitipronchai
(2003)], the boundary element method (BEM) [Sutrad-
har, Paulino, and Gray (2002); Gray, Kaplan, Richard-
son, and Paulino (2003)], the local boundary integra
equation method [Sladek, Sladek, and Atluri (2000)], the
meshless|ocal Petrov-Galerkin method [Atluri and Shen
(2002)], and the anaytica solution to the point-force
problem in both 3D and 2D anisotropic elastic FGMs
[Martin, Richardson, Gray, and Berger (2002); Chan,
Gray, Kaplan, and Paulino (2004)]. While Wang, Tzeng,
Pan, and Liao (2003) solved the vertical point-force prob-
lemin atransversdly isotropic FGM half space, Pan and
Han (2005) derived the Green’sfunction of the piezoel ec-
tric FGM multilayered half space due to a point source
(point force or electric charge density) at any location.

One of the most interesting boundary value problems
in multilayered half spaces is the circular surface load-
ing case. This problem has important practical appli-
cations in various engineering areas, such as cdl biol-
ogy [Balaban, Schwarz, Riveline, Goichberg, Tzur, Sa
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banay, Mahalu, Safran, Bershadsky, Addadi, and Geiger
(2001)], civil engineering [Graig (1997)], foundation en-
gineering [Gerrard and Wardle (1973)], and earth science
[Becker and Bevis (2004)]. Furthermore, the solution
of the circular loading problem in a layered half space
can be also utilized in the indentation test for the mate-
rial property characterization [e.g., Yu, Sanday, and Rath
(1990); Yu (2001); Giannakopoulosand Suresh (1999)].
While numerous anaytical/numerical approaches have
been proposed for the circular loading solution in inho-
mogeneous el asti cisotropic structures|e.g., Oner (1990);
Yue, Yin, and Zhang (1999); Selvadurai (1996); Do-
herty and Deeks (2003)] and inhomogeneousel astic non-
isotropic elastic structures [Hooper (1975); Rowe and
Booker (1981); Kumar (1988); Wang, Pan, Tzeng, Han,
and Liao (2005)], to the best of the authors’ knowledge,
however, no solution existsfor the corresponding circular
loading in a piezoel ectric transversely isotropic multilay-
ered half-space with FGMs.

This paper istherefore to derive the solution for the mul-
tilayered and transversely isotropic PFGM half spaces
subjected to the circular loading applied on the surface.
First, by virtue of the cylindrical systems of vector func-
tions and the propagator matrix method [Gilbert and
Backus (1966); Pan (1989a,b); Pan (1997); Pan and Han,
2004], we obtain the layer solution and propagator ma-
trices in the transformed domain. Then, we utilize the
propagator matrix method to propagate the solution from
one layer to the other directly and efficiently. Finally,
we calculate the physical-domain solution by introduc-
ing and modifying an adaptive Gauss quadrature [Chave
(1983); Lucas (1995)]. This paper is organized as fol-
lows: In Section 2, we state the problem with the corre-
sponding governing equations. In Section 3, the general
layer solution and propagator matrices are derived in the
transformed domain. The boundary conditions for the
surface circular loading case are presented in Section 4,
along with the expansion coefficients in the transformed
domain. While Section 5 presents the solution in the
transformed domain, Section 6 discusses the integration
i ssue on obtaining the physi cal-domain sol ution. Numer-
ical examples are presented in Section 7 and conclusions
are drawn in Section 8.

2 Problem statement

Let us consider a structure made up of N paralle, trans-
versaly isotropic PFGM layers lying over atransversely
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isotropic PFGM half space. The layers are numbered se-
rially with the layer at the top being layer 1 and the last
layer N, which isjust above the half space (Fig. 1). We
assume that in each layer the PFGM has a localy var-
ied microstructure described by an exponential variation
in the vertical direction, i.e., €', with { being the local
vertical variable and n the FGM exponential factor (Fig.
1). Whilem = 0 reduces to the homogeneous material
case, different variations in the vertical direction can be
approximated using different exponential factor n. We
place the global cylindrical coordinates on the surface
with the z-axis pointing into the layered half space. The
k-th layer is bounded by the interfaces z= z_1,z. As
such, zx_1 is the vertical coordinate of the upper inter-
face of the k-th layer, and z that of the lower interface. It
isobviousthat o= 0 and z, = H, where H is the depth of
the last layer interface. In each layer, we also place alo-
ca vertical coordinate { (Fig. 1 for the k-th layer), which
is actually a measure of the distance from the upper in-
terface of the layer.Obviously, for the k-th layer with a
thicknesshy, therelation between thelocal and global co-
ordinatesis: { =z—2z1(0< { < hy). Wefurther assume
that the only load considered in this paper is the surface
load applied withinacircle and that all the interfaces are
perfect (i.e., with continuoustraction and normal electric
displacement component).

For transversely isotropic PFGMs, we havein each layer,
the following governing equations:

1). Equilibrium equations (without body force or electric
charge density)

Gij,j =0; (1a)

Dii=0 (1b)

where cjj and D; are the stress and el ectric displacement,
respectively.
2). Constitutiverelations

orr = C11Yrr +Cr2Y00 +C13Yz — €1E;

660 = C12¥rr +Ci1Y0e + Cr3Yz — €n1E;
6z = C13¥rr + Ci3Yoo + Cas¥z — €3E; (29)
Goz = 2CaaYez — €15E0
Orz = 2C44Yrz — €15E¢

org = 2Ce6Yro
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Uniform Circular Loading

Iy

Half-Space

Figure 1: Geometry of a PFGM multilayered half space subject to a uniform surfaceload withinthecircleof r = a.
Both vertical global (z) and local () coordinates are attached to the layered half space.

Dr = 2e1syrz+ €116
Do = 2e15Yg, +€11E0
D, = &31(Yir +Yeoo) + €33V + €x3E;

where v;j is the élastic strain and E; the electric field,
Cij, &) and gj; are the elastic moduli, piezoelectric co-
efficients, and dielectric coefficients, respectively. We
remark that the solutions derived in this paper include
those for the corresponding elastic FGM media as a spe-
cial case (by setting the piezoelectric coefficients g; to
Zero).

(2b)

3). Elastic displacement-strain and electric potential-
electric field relations

Yij = 0.5(Ui j +Uj); (39
Ei=—0, (3b)

where u; and ¢ are the elastic displacement and electric
potential, respectively.

For any PFGM layer with an exponentia variationin the
z- (or £-) direction, the material coefficients in (2a) and
(2b) can be described by

Cik(§) = CRe™; ei(§) = e ew(() =ehe™  (9)

wheren againisthe exponential factor characterizing the
degree of material gradient in the z- (or {-) direction, and
the superscript O is attached to indicatethe z-independent
factor in the material coefficient. Again, n = 0 corre-
sponds to the homogeneous material case.

For transversdly isotropic PFGMs, the material coeffi-
cients in the constitutive relations (2a) and (2b) can be
expressed as

eht

[Ch C, C3 0 0 0
C% C3 0 0 0
. 0 0 O
Cl = 3
[C] cl, 0O 0
Sym Cy O . .
L (Cll_C12)/2 _
(5a)
[0 0 0 0 €0
=10 0 0 €& 0 o]t (5b)
| & & & 0 0 0
(e, 0 O
g=|0 € 0 |€° (5¢)
|0 0 &%
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Taking the advantage of the axis-symmetry condition, the
solution can be conveniently expressed in terms of the
cylindrical system of vector functions (Pan, 1989a,b; Pan
and Han, 2005):

L(r,6;x,m) =e,S(r,6;A,m)

M (1,610 = (& + e -0-)ST. 650, ©)
N(r,e;k,m):(e(%—eea—r)S(r,e;k,m)

with

S(r,0;A,m) = \/iz_n\lm(kr)eime )

whereey, g, and e, arethe unit vectorsalong ther—, 6—,
and z— (or {—) axes, respectively; Jn(Ar) is the Bessel
function of order m with m = 0 corresponding to the ax-
ia symmetric deformation. This cylindrical system of
vector functions possesses certain special and advanced
features as compared to the direct Hankel transform [Pan
and Han (2005)].

3 General solution and propagator matrix of each
layer

In order to derive the general solution for each layer, say
layer k, wefirst express the el astic displacement, electric
potential, traction, and e ectric displacementsin terms of
the cylindrical system of vector functions (6) (omitting
the dependence of the integration on the integral vari-
ablesA and m):

u(r,8,2) — z/ UL(2)L(r,8) +Un(2M(r,0)
+UN(Z2)N(r,0)]AdA (89)
0(r,0,2) = Z/ (2)S(r,8)AdA. (8b)
t(r,8,2) = Gr2&r + Cg2€9 + O€;
J,-oo
:ZA ML(2)L(r,0
T (ZM(T,8) + Tn(Z)N(T, 0)]AdA (89)
J,-oo
D(r,6,2) = Z/ [DL(2)L(r,8) +Dm(z2)M(r,0)
+ Dn(Z)N(T, 0)]AdA (8d)
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Taking the derivatives of the elastic displacement (8a)
and electric potential (8b), substituting the results into
the constitutiverelations (2a,b) and the equilibrium equa-
tions (1ab), the following sets of first-order differential
equations can be derived [Pan and Han (2005)]:

i& ATy =0 (%)
(—A*CUp +CEs d(;JL +eg (:j(f)enC + ddL:I =0 (%)
ddlzN 3208 Une™ = 0 (9¢)

InEq. 9, { again is the local vertical coordinate within
the PFGM layer indicating the exponentia variation with
depth. Itisclear that for axial symmetric circular surface
pressure or electric charge, we only need to consider the
LM-type problem and its corresponding solutions. We
present the key steps bel ow.

First, EQ. 9 can be recast into a compact form of equa-
tionsas

[A][UL,Upm, T, Ty, @, DIt
(10)

[UL7 UM ) TL7 Tqu)v DL]t,Z =

where the nonzero elements of the 6x 6 matrix [A] can be
found in Pan and Han (2005). It is remarked that all the
diagonal elements of [A] are zero, a feature that is very
useful in the eigenval ues/eigenvectors analysis.

Secondly, we temporarily introduce the foll owing vector
[E°]

so that Eq. 10 can be rewritten as

= [UL,kUM,TLe‘nC/k, TMe_nC,(D, D|_e_n§/7\,]t (ll)

[E'].2 = MW][E"] (12)
Again, the nonzero elements of the 6x6 matrix [W] in
Eg. 12 can befound in Pan and Han (2005). It is noticed
that matrix [W] isindependent of the vertical coordinate
zor ¢, and it depends only upon the parametersm and A

as well asthe constant €l astic coefficients.

Thirdly, in order to find the homogeneous sol ution of Eq.
12, we assume that

[E(C)] = [0}

(13)
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Substituting Eq. 13 into Eq. 12 and noticing that al the
diagonal elements of [W] are zero gives us the following
eigenequation system of 6x 6

{[W] —V[I]}[b] =0 (14)

where[l] isthe 6x6 identity matrix.

We remark that the eigenvalues and their corresponding
eigenvectors of Eq. 14 depend on the integra variable
A and the PFGM exponentia factor n. Therefore, these
eigenequations need to be solved for different n and for
each integration point A.

Fourthly, assuming that the 6 eigenvaluesv; are distinct,
the general solution of Eg. 12 isfound to be

[E*(2)] = [2(2)]K]

where [K] isa 6x1 coefficient matrix with its el ements
to be determined by the interface and/or boundary condi-
tions, and

2(2)] = [B] (¢"*¢)
with
<e?»V*C> — diag[e"s, @b, et el gt gvel] (17)

[B] - [b17 b27 b37 b47 b57 be]

It is noted that the real parts of the first three eigenvalues
are positiveand those of the remaining three are negative.

(15)

(16)

(18)

Fifthly, in order to use the propagating relation for the
PFGM multilayered structure, we introduce the follow-
ing new set of coefficients:

[E] = [UL,.AUm, TL/A, Ty, @, D /A (19)
whichisrelated to [E*] as

[E] = (P)[E] (20)
where (P) isa6x6 diagonal matrix defined as

(P) = diag[1,1,e"%, "%, 1, (21)

Finally, the propagating relation in terms of the coeffi-
cient vector [E] of k-th layer, which connects the values
at the global coordinatez_1 (£ = 0) tothoseat z({ = hy),
isfound to be

[E(z-1)] = [a][E(2)]

(22)

where

[a] = [B] (&™) [B]1(Q) (23)
is the propagator matrix for the LM-type deformation,
and

< e—w*hk> — diag[e MMk g Mehe gMahk g-Mh

e_;NShk, e_kvﬁhk] (24)

(Q) = diag[1,1,e ™%k e MMk 1 e MKk (25)
We point out that in solving the eigenequation (14), we
have assumed that all the eigenvaluesare distinct. Should
repeated eigenvalues occur, a dlight perturbation on the
material properties can be used to make all the eigen-
values distinct with neglected errors so that the solution
developed in this paper can still be used directly.

4 Circular surface loading in the transformed do-
main

We assume that the top surface of the multilayered half
space is subject to a uniform load within the circle of
radius a(Fig. 1). Depending on whether a pressure p
or a negative electric charge —Q is applied, we have the
following two loading cases.

4.1 Loadingcasel

A uniform pressure is applied, along with the zero nor-
mal component of the electric displacement D,=0. Ob-
viously, the traction boundary condition on the surface
(z=0) can be expressed as.

Orz=0z,=00<r <o

r<a

r>a (26)

Substituting Eq. 26 to the vector function expansion for
the traction Eqg. 8c and taking the inverse Hankel trans-
formation, we obtain the expansion coefficients at the
surface z=0 due to the uniform pressure p, aong with
the zero normal electric displacement condition

TL(A,0) = —2npadi(Aa) (27)

Tm(A,0)=DL(A,0)=0
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4.2 Loadingcase?2

A norma electric displacement isapplied, a ong with the
zero traction condition 6,,=06¢,=0,=0. For thiscase, the
normal electric displacement component on the surface
(z=0) can be expressed as.

r<a

_ ] -Q
DZ_{ 0 r>a

Similarly, the surface expansion coefficients due to this
uniform electric charge, along with the traction-free
boundary condition, are:

(28)

D|_(7\,, 0) = 2nQaJ1(ka) (29)

T.(X,0) =Tu(A,00=0

With these given boundary conditionson the surface z=0,
we can then find the solution of the problem in the trans-
formed domain (i.e., in terms of the expansion coeffi-
cients).

5 Transformed-domain solutions

For the whole PFGM multilayered structure, propagating
the solutionsfrom the half space z= H to the surface z=0,
we obtain

[E(0)] = [G][Kn] (30)
where
[G] = [aa][az] — — —[an][Zn(H)] (31)

and the undetermined coefficients have the structure as

[Kn] = [0,0,0,%, %, %]" (32)
where the symbol **’ represents the coefficient to be de-
termined. The structure of Eq. 32 is chosen to satisfy the

requirement that the sol ution vani sheswhen z approaches
+oo,

Using the boundary condition Eq. 27 or Eq. 29, the
unknown coefficients in [Ky] can be determined, since
in either case, we have three conditions to determine
the three unknowns in [Ky]. With the solved coeffi-
cients in [Ky], the expansion coefficients at any depth
Z (z-1 < z< ) can be obtained exactly as:

[E(2)] = [aka(z— 2c-1)][Ak+1]

—— —[an][Zn(H)][Kn] (33)
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As discussed in Pan (1997) and Yue and Yin (1998),
overflow may occur from multiplication of matrices in
Eg. 31 and Eq. 33. This can be overcome by factoring
out the exponentialy growing factor in the elements of
the propagator matrix. Since in the modified propaga-
tor matrices, no element is exponentialy growing, there
will be no overflow problem for amultilayered half space
having any number of layers with any thicknessfor each

layer.

6 Physical-domain solutions

The transformed-domain solutions presented above can
be integrated numerically to find the corresponding
physical-domain solutions. In terms of the cylindrical
system of vector functions, the individua component of
thefield quantitieswill bein the cylindrical coordinates.

Since the given boundary load T, or D in the trans-
formed domain involves the Bessel function of first or-
der (Eqg. 27 and Eq. 29), dl the integrands under the 1D
infinite integral will be the product of Bessel functions.
It is further noted that the product of Bessdl functions
are oscillatory and goes to zero slowly when its variable
approaches infinity. Thus, the common numerical inte-
gral methods, such as the trapezoidal or Simpson rule,
are not suitable for such integrations. However, numeri-
cal integration of thistype of functions via the adaptive
Gauss quadrature [ Chave (1983); L ucas (1995)] has been
found to be very accurate and efficient. We therefore
have adopted and modified this algorithm to the evalua-
tion of thefield responsesin the PFGM multilayered half
space.

Let usexpresstheinfiniteintegral for each field response
as a summation of partial integration terms:

—+oo
/ £ (0, 2)Im(Ar) (M) dA.
0

N Ant1
=3 [ 10,230 202000
n:l;Ln

(34)

In each subinterval, a starting 3-point Gauss rule is ap-
plied to approximate the integral. A combined relative-
absolute error criterion is used to check the results. If
the error criterion is not satisfied, new Gauss points are
added optimally so that only the new integrand values
need to be calculated. This procedure continues until the
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Table 1 : Different loading cases and different material models

. . o Casel Uniform pressure p (=1IN/m?)
L oading Cases (circular radiusa =1m) Case?2 Uniform negative electric charge
—Q (= —1C/m)
. Modd 1 | PFGM half space made of PZT-4
Material Models Model 2 | Multilayered half space with stack-
ing sequence FGM PZT-4/PZT-
6B/PZT-4
l l [Inlifjrm Circular Loading Uniform Circular Loading
y \ - X o?'r 7o=0 l l lo r ll l =10 X 0r7
—t " 2 F PZT-4 ‘ "~
FGM PZT-4 2,=0.1m
Half-Space

z(0)

Figure 2 : Geometry of the PFGM PZT-4 half space for
material Model 1. The variation of the proportional fac-
tor €% in the PFGM half space is shown for n = -1, 0,
1.

selected error criterion is satisfied [Lucas (1995)]. In the
numerical analysis presented below, we have set the rel-
ative and absol ute errors, respectively, at 10~* and 10,
Further discussion on this type of oscillatory integration
can aso be found in Pan, Bevis, Han, Zhou, and Zhu
(2006).

7 Numerical examples

Before applying our PFGM multilayered solution to
the numerical examples presented below, we have first
checked various reduced cases. For instance, we reduced
our solutionto the corresponding purely elastic FGM half
space (i.e., the piezoel ectric coefficient g;=0) and piezo-
electric layered homogeneous(i.e., the exponential factor
1 = 0) solutions, and we found that the results from the
present PFGM multilayered half-space solutionsdueto a
uniform circular pressure are the same as those from pre-
vious solutions [Wang, Fang, and Chen (2002); Wang,

PZT-6B Layer

Zz=0.3m

PZT-4 s
Half-Space '

Figure 3 : Geometry of the PFGM multilayered half
space for material Model 2, with stacking sequence of
FGM PZT-4/PZT-6B/PZT-4. The variation of the pro-
portional factor €' inthe FGM PZT-4 layer is shown for
n =-10,-5,0, 5, 10.

Pan, Tzeng, Han, and Liao (2005)].

In our numerical studies, the PFGM layered haf spaceis
made of two transversely isotropic piezoelectric materi-
as: Oneisthe poled lead-zirconate-titanate (PZT-4) ce-
ramic and the other is PZT-6B, with their material prop-
ertiesgiveninthe Appendix A. Two different PFGM lay-
ered half-space models are studied in this paper (Tab. 1):
In material Model 1 (Fig. 2), we have asingle PFGM half
space made of FGM PZT-4, and the response contour is
in the vertical plane (y = 0) for x and z varying from O
to 2m. In materia Model 2 (Fig. 3), we have a mul-
tilayered half space with stacking sequence FGM PZT-
4/PZT-6B/PZT-4. The first layer is functionally graded
PZT-4 with thickness 0.1m, the second layer is homoge-
neous PZT-6B with thickness0.2m, and the last layer isa
homogeneous PZT-4 half space. The observation pointis
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D) (b).

Figure 4 : Contours of the vertical elastic displacement u, in material Model 1 dueto the uniform surface pressure

within the circle of a=1m and magnitude of IN/m? (Case 1). Figures (a), (b), (c) show, respectively, the results for
exponential factorn =-1, 0, and 1.

X (=-r)

X (=-1) X (=r)
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Figure 5 : Contours of the vertical stress 6, in material Model 1 due to the uniform surface pressure within the

circle of a=1m and magnitude of 1N/m? (Case 1). Figures (a), (b), () show, respectively, the resultsfor exponential
factorn =-1,0,and 1.
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Figure 6 : Contours of the electric potential ¢ in material Model 1 due to the uniform surface pressure within the

circle of a=1m and magnitude of 1IN/m? (Case 1). Figures (a), (b), (c) show, respectively, the resultsfor exponential
factorn =-1,0,and 1.
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Figure 7 : Contoursof thevertica electric displacement D, in material Modd 1 due to the uniform surface pressure

within the circle of a=1m and magnitude of IN/m? (Case 1). Figures (a), (b), (c) show, respectively, the results for
exponential factorn =-1, 0, and 1.
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Figure 8 : Contours of the vertical eastic displacement u, in material Model 1 due to the uniform negative charge

within the circle of a=1m and magnitude of 1C/m (Case 2). Figures (a), (b), (c) show, respectively, the results for
exponential factorn =-1, 0, and 1.
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along the z-axis from the surface (z=0) to the half space
(z=0.5m). For thetwo different material Models, two dif-
ferent loading Cases on the surface within radiusa (=1m)
are studied (Tab. 1): under uniform pressure p (=1N/m?)
for Case 1 and under uniform negative electric charge
—Q (= —1C/m) for Case 2. We remark that al the results
presented below are dimensionless. In order to find the
corresponding dimensional valuefrom the dimensionless
result, onejust needsto multiply the suitable convert con-
stants[Pan (2002); Pan and Han (2005)].

7.1 Response of the PFGM half space to loading
Casesland?2

ThisPFGM half space correspondsto the material Model
1, which ismade of FGM PZT-4 (Fig. 2). Fig. 4to Fig.
7 show, respectively, contours of the vertical eastic dis-
placement u,, vertical normal stress 6,,,electric potentia
¢, and vertical eectric displacement D, in the plane y=0
due to a uniform circular pressure of magnitude IN/m?
applied on the surface (Case 1 loading). Similarly, Fig. 8
to Fig. 11 show the corresponding contours due to a uni-
form circular negative charge of magnitude —1C/m ap-
plied on the surface (Case 2 loading). For each physi-
cal quantity, three figures are presented from left to right
(e.g., 4a, 4b, and 4c) which correspond to the three expo-
nential factorsn =-1, 0, and 1.

While a negative exponential factor correspondsto a stiff
surface, a positive factor to a soft surface. It is ob-
served from these figures that, due to different surface
loads, the contour magnitudes of the physical quantity
are completely different. Interestingly, however, the con-

tour shapes of the vertical elastic displacement u, and
electric potential ¢ are similar in both loading Cases (Fig.
4vs. 8, Fig. 6 vs. 10). Furthermore, comparing the re-
sults for different m, one can aso clearly observe that
the contour shape changes for different . For instance,
at the same location, the vertical elastic displacement u,
and electric potentia ¢ decrease withincreasingn (Figs.
4, 6, 8, 10). Thefield concentration near the edge of the
loading on the surface is a so demonstrated for the el astic
stress and el ectric displacement components.

7.2 Responseof the PFGM multilayered half spaceto
loading Cases 1 and 2

This haf space corresponds to the material Model 2 in
which the multilayered half space is made of layers with
the stacking sequence of PZT-4/PZT-6B/PZT-4. Thefirst
PZT-4 layer is functionally graded with exponentia fac-
torn =-10, -5, 0, 5 and 10 (Fig. 3). Again, two loading
Cases are studied: circular uniform pressure for Case 1
and circular uniform negative chargefor Case 2. Thever-
tical eastic displacement u,, vertical stress 6, eectric
potential ¢, and vertical el ectric displacement D, are cal-
culated along the z-axis from the surface (z=0) to the ho-
mogeneous half space (z=0.5m), and the results are pre-
sented in Figs. 12 to 15, respectively, with (a) and (b)
corresponding to the loading Cases 1 and 2.

In the first FGM layer, comparing the responses due to
different loading Cases (e.g. Fig. 12avs. 12b), we no-
ticed that, the trend of variation for the vertical elastic
displacement u, with ) is the same. In other words, the
vertical elastic displacement increases with decreasing n
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show the responses due to the uniform surface pressure (loading Case 1) and negative el ectric charge (loading Case

2), respectively.

for both loading Cases. However, the trend is opposite
for the other field quantitiesunder the two different |oad-
ing Cases. Similarly, in the homogeneous layers (second
PZT-6B and PZT-4 half space), the two different loading
Casesinduce oppositefield responses. Itisaso clear that
the response in the underlying homogeneous layers can
be greatly affected by the exponential factor nj in thefirst
PFGM layer, except for the vertical elastic displacement
induced by the pressure loading Case 1 (Fig. 12a) where
the influence of the FGM layer is very small in the last
PZT half space.

8 Conclusions

In this paper, we derived the solutions of transversely
isotropic, piezoelectric functionaly graded, and multi-
layered half spaces due to the uniform circular loading
(vertical pressure or negative electric charge) applied on
the surface of the half space. The inhomogeneous mate-
rial is exponentialy graded in the vertical direction and
can have multiple discrete layers. In the transformed do-
main, we presented the analytical solutionin terms of the
propagator matrix method and cylindrical system of vec-
tor functions. In order to find the solutionin the physical-
domain, we introduced and adopted an adaptive Gauss
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-5, 0, 5, and 10, respectively. Figures (&) and (b) show

the responses due to the uniform surface pressure (loading Case 1) and negative electric charge (loading Case 2),

respectively.

guadrature with which the one-dimensiona infinite in-
tegrals of the Bessel function productscan be accurately
and efficiently calculated. We finally applied our solu-
tions to two piezoelectric functionally graded half-space
modelsto demonstrate the effect of different exponential
factors of the functionaly graded material on the field
responses. The developed solutions are expected to be
useful in the characterization of material properties us-
ing indentation tests, and could indirectly contribute to
the design and manufacturing of piezoelectric function-

ally graded structures.
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Appendix A:  Appendix A Material properties of
PZT-4 and PZT-6B

For the PZT-4, the elastic, piezodectric, and dielectric
coefficient matrices are respectively [Pan, Yang, Cai, and

Yuan (2001)]
(139 0778 0.743 0 0 0 ]
0.778 1.39 0.743 0 0 0
o) — 0.743 0743 115 0 0 0
—|o 0 0 0.256 0 0
0 0 0 0 0.256 0
|0 0 0 0 0 0.306 |
(10"N/n) (35)
o 0 0 0 1270
]=|0 0 0 127 0 0 |(C/nmP)
52 -52 151 0 0 O
(36)
0.64605 0 0
] =]0 0.64605 0 (10-%cvtm™)
0 0 0.561975

(37)

and for PZT-6B, they are [Wang, Fang, and Chen (2002)]

(168 06 06 O 0 0 ]
0.77 1.68 06 O 0 0
0] — 06 06 163 0 0 0
0 0 0 02710 0
o 0 0 O 0271 0
|0 0 0 O 0 0.54 |
(10MN/m?) (38)
O 0 0 0 460
[€°] = { 0O 0 0 460 o] (C/m?)
-09 09 710 0 O
(39)
03 0 0
€] = { 0 036 0 }(lOSCV1m1) (40)
0O 0 034






