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Freeand Forced Vibrations of Thick Rectangular Platesusing Higher-Order
Shear and Normal Defor mable Plate Theory and M eshless Petrov-Galerkin
(MLPG) Method

L.F. Qian®2 R.C.Batra®and L. M. Chen!

Abstract: We use a meshless local Petrov-Galerkin
(MLPG) method to analyze three-dimensional infinitesi-
mal elastodynamic deformations of a homogeneous rect-
angular plate subjected to different edge conditions. We
employ a higher-order plate theory in which both trans-
verse shear and transverse normal deformations are con-
sidered. Natura frequencies and the transient response
to externa loads have been computed for isotropic
and orthotropic plates. Computed results are found to
agree with those obtained from the analysis of the 3-
dimensional problem either analyticaly or by the finite
element method.

1 Introduction

Numerical methods used to find an approximate solution
of an initial-boundary-value problem include the finite
element method (FEM), the finite-difference method, the
boundary element method and meshless methods. Ad-
vantages of a meshless method over the FEM include
the flexibility of placing nodes in the domain of study
and not having to connect them to form closed polygons.
Out of several meshless methods available in the litera-
ture, e.g. see Belytschko et al. (1994), we use here the
Meshless Local Petrov-Galerkin (MLPG) method pro-
posed by Atluri and Zhu (1998) and further developed
by Atluri et a. (1999, 2000, 2002a,b), Lin and Atluri
(2000), and Long and Atluri (2002). Kim and Atluri
(2000) and Ching and Batra (2001) used it to analyze
plane strain el astostatic deformations of an edge-cracked
plate. Warlock et a. (2002) adopted it to study the ef-
fect of frictional forces in a contact problem. Gu and
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Liu (2001) have used the MLPG method to find natu-
ral frequencies and forced plane strain deformations of
a cantilever beam. Batra and Ching (2002) have delin-
eated the time evolution of the stress-intensity factor in a
double edge-cracked plate.

Atluri and Shen (2002a,b) have compared the perfor-
mance of six variants of the MLPG method for solving
Poisson’s equation. Qian et al. (2002) used two of these
formulationsto study el astostatic deformations of athick
rectangular plate with a compatible higher-order shear
and normal deformable plate theory (HOSNDPT) pro-
posed by Batra and Vidoli (2002). Batra et a. (2002)
have shown that for the same order of the plate theory
the mixed HOSNDPT derived from a Hellinger-Rei ssner
principlein which stresses satisfy natural boundary con-
ditions at the major surfaces of the plate gives results
closer to the 3-dimensional solution of the problem than
the compatible HOSNDPT in which stresses are derived
from the assumed displacement field and Hooke's law.
However, the compatible HOSNDPT is easier to use
than the mixed HOSNDPT. We use the former and the
MLPG1 formulation to analyze natura frequencies and
theforced transient response of a thick rectangular plate.
We compare computed results with those obtained ei-
ther from the 3-dimensiona analysis of the problem by
the FEM or available in the literature. In the MLPG1
method, the test function is set equal to the weight func-
tion of the moving least squares (MLS) approximation
(see Lancaster and Salkauskas (1981)) of the trial solu-
tion.

The paper is organized as follows. Sections 2, 3 and 4
briefly review respectively the HOSNDPT, the weak for-
mulation of the problem and the MLPG1 formulation.
Section 5 gives results and compares them with those
found either from the analysis of the 3-dimensional prob-
lem by the FEM or analytical solutions available in the
literature. Conclusionsare summarized in Section 6.
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2 Brief Review of the Compatible HOSNDPT
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Figure 1 : Schematic sketch of the problem
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Figure 1 shows a schematic sketch of the problem stud-
ied, the rectangular Cartesian coordinate axes used to
describe deformations of the homogeneous plate, and
dimensions of the rectangular plate which in the un-
stressed reference configuration occupies the region Q =
[0,a] x [0,b] x [-h/2,h/2]. The midsurface of the plate
is denoted by S, the boundary of Sby I', and displace-
ments of a point along the x, y and z-axes by u, v and
w respectively. By using Legendre polynomialsin z or-
thonormalized by

h/2
/—h/z Li(Z)Lj(Z)dZ: 6”', (1)

wewrite

u(x,y,zt) kK [ u(xyt)
u(x,y,zt) =< v(xy,zt) } = Z){ Vi (X, Y, 1) }Li(z).
wixy,zt) ) =0 (wi(xyt)
2

In (1), &; isthe Kronecker delta. Expansion (2) for dis-
placements has been used by Mindlinand Medick (1959)
who attributed it to W. Prager, Batra and Vidoli (2002),
and Batra et a. (2002). When K > 2, the plate theory
is called higher-order. Equation (2) elucidates that both
transverse normal and transverse shear deformations are
being considered. Expressionsfor Lo(z),L1(2),...,L7(2)
are given in the Appendix. We notethat L;(z) is a poly-
nomial of degree i in z. Hence L{(z) = dL;/dz can be
written as

K

L= diLi(@, ®
i ZD ik

where d;; areindependent of z. The matrix d;; isgivenin

Batra and Vidoli’s (2002) paper for K =0,1,2,...,7 and

for K = 7 isaso listed in the Appendix.
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For infinitesimal deformations, strains € are given by

aui (x,y)
[1)4
avi(x,y)
dy
K
Exx wj (x,y)dji
Eyy K jZO K
=125 (=3 ) oy K Li@=3 (L)
Zszx i= i(XY +ZOVj(X7y)dji i=
2y oy i=
wi(xy) K
'(T+j;uj(x,y)dji
ovi(x,y) oui(X,y)
0X oy

4

wherefori =0,1,2,...,K, nj isa6-dimensiona vector
with components given by

K
Ni(z) = OUI/0X, Ni(2) = OVi/BY, Nig) = > djiwj,
1=0

K K
Nia) = OW; /0y + Y vjdji, Nis) = 0w /oX+ Y u;d;i,
i(4) | jZOJ i Hi(5) | JZO jYji

Ni(s) = OVi/0X~+0U; /dy.
(5)

Since d;j = 0, the transverse norma and the trans-
verse shear strainsfor K > 1 depend upon displacements
Uo, Vo, Wo, U1,V1, Wy, ... UKk-1,VK—-1,WK—-1. Us ng Hooke's
law, stresses at apoint x = (X, Y, z) are given by
0= {Ox Oy Oz Oy; Ox Oxy}' = De, (6)
where D is the matrix of elastic constants. The plate has
been assumedto beinitially stressfree. Substitutionfrom
(4) and (5) into (6) gives stresses at the point x in terms
of displacementsand in-plane gradients of displacements
of the point (x,y) on the midsurface S

We omit here derivation of the plate equations which are
givenin Batraand Vidoli (2002) for a piezoelectric plate
based on the mixed variational principle of Yang and Ba-
tra (1995) and in Batra et al. (2002) for an elastic plate
based on the Hellinger-Reissner principle. The weak for-
mulation of the problem used here is described below.

Denoting the velocity of apoint by u and the acceleration
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by 0, it followsfrom equation (2) that

u(x,y,zt) K Ui(X,Y,t)
U(x,y,z,t){ V(X,Y,2t) }Z){ Vi(X,Y,t) }Li(z),
Wixy,zt) ) =0 WXyt

(7)
and a similar expression holds for 4. Knowing
u(x,y,z0), G(xYy,0), V(xYy,0) and W;(x,y,0) can be
computed from (7) by multiplying both sides with L j(z)
and integrating the resulting expression with respect to z
from —h/2toh/2.

3 Weak Formulation of the Problem

In the absence of body forces, equations governing tran-

sient deformations of the plate are
divo=pl in Qx(0,T),

on=f on fo[—

u

Ev

U on IMyx [—b,—] x(0,T), (8)
2'2
T

on=qg* on S*x(0,T),
U(X7y7270) = UO(X,y,Z) in Q7
U(x,y,20)=1%(x,y,2) in Q.

Equation (8)1 expressesthe balance of linear momentum,
equations (8),-(8)4 boundary conditions, and equations
(8)s and (8)¢ initial conditions. Here p is the mass den-
sity, div the three-dimensional divergence operator, n is
an outward unit normal to the surface, and a superim-
posed dot denotes partial derivative with respect to time
t. St and S~ are the top and the bottom surfaces of the
plate where surface tractions are prescribed respectively
asqtandq . 'y andl ¢ are partsof the boundary dSof S.
On the edge surfaces of the plate, displacementsand sur-
face tractions are prescribed ast and f on 'y x [, 1]
and ¢ x [—8, 8] respectively.

Let 0, Vand W be three linearly independent functionsde-
fined on Q. Likeu, vand winegn. (2), (4, Vand W are
expanded in terms of Legendre polynomiasin z. Mul-
tiplying the three equations (8); expressing the balance
of linear momentum in X, y, and z directions by 0, ¥V and
W respectively, adding the three resulting equations, and
using the divergence theorem, we obtain

/ £ od0 — / o ondS+ / 0" idQ = 0. )
Q 0Q Q

Here € is the 6-dimensional strain vector derived from
displacements 0 = (0, V,W), and 0Q is the boundary of
Q. Substitution from (4), (6), and (8),-(8)4 into (9) and
integration with respect to zfrom —h/2to h/2 give

5 [ [ifioimas- [ 1@y nplnger
- [ 8T (Tyar + [(a)Tp(utds
-1 (+5) f@riates <o

where

(10)

_ h/2 _
{fi}:/ Li(2){T}dz (11)
~h/2

In the Galerkin formulation of the problem {;} is usu-
aly taken to vanish on I'y,. However, in the MLPG
formulation, it is not necessary to do so since essential
boundary conditions are imposed either by the penalty
method or by the elimination of the corresponding de-
grees of freedom or by the method of Lagrange multipli-
ers.

4 Implementation of the MLPG Method
4.1 Semidiscrete formulation

Let M nodes be placed on § and $,S,...,Su
be smooth two-dimensional closed regions enclosing

M
nodes 1,2,...,M respectively such that U L S =S
o=

S1,S, ..., Su need not be of the same shape and size, and
the intersection of any two or more of them need not be
empty. Let @, @,...,¢@n and Yy, Yo, ..., Yy belinearly
independent functions defined on Sy. For a Kth order
plate theory there are 3(K + 1) unknowns ug, us, .. ., Uk
atapointin Sy. Wewritetheseasa3(K + 1) dimensional
array {u}, and set

N
{ulx,y,t)} = le[CPJ(X, y)H{& (1)}, (12)
N

{U(Xv y)} = Zl[wJ(Xa y)]{SJ}v (13)

where, for each value of J, {§;} isa 3(K+ 1) dimen-
sional array and {¢, } isasquare matrix of 3(K+1) rows,
similar remarks apply to {0}, [W;] and {&;}. Note that
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0y vary with time t. The 3(K + 1) x 3(K + 1) matrix
{@} can bedividedinto (K 4 1) submatriceseach of size
3x 3(K +1). Theith such submatrix is given by

[ith submatrix of @3] =

0 ,L K
000 @ 0 O 000 (14)
000 0O @ O 000 [’
000 0 0 @ 000

Note that the location of the 3 x 3 diagonal matrix @;l,
where | isa 3 x 3 unit matrix, depends upon the value of
i. For example, for i = 0, @1 occupies the first three
rows and columns of [¢g;]; for i = 1, the second three
rows and columns etc. The analogue of unknowns {d;}
is the nodal displacements in the FEM. However, in the
MLPG method, {d;} do not generally equal nodal dis-
placements. Substitution from (12) and (13) into (5)
gives

N N .
{n}= Zl[BJ]{éJ}v {n} = le[éa]{éa}, (15)

where {n} isa 6(K + 1) dimensional array and B is a
6(K + 1) x 3(K + 1) matrix which can be divided into
(K 4 1) submatrices each of size 6 x 3(K+1). Theith
such submatrix is given by

[ith submatrix of B;] =

r 0 [ K 7
0 0 O .o0g/dx O 0 0O 0 0O
0O 0 0. 0 og/y O 0O 0 0
0 0 @dg.. O 0 @di .. O 0 @dg;
0 @doi O .. O (@di O0g/dy.. 0 @dki O
@dsi 0 0 .. @d; 0 OJ@/ox.@dki O O
L 0O 0 O .dg/dyog/ox O .. 0O O O |
(16)

where the repeated index i in d;; is not summed. The
matrix B; is obtained from B by substituting g 3 for @;.

We now replace the domain of integration Sin equation
(10) by &, substitute for {n}, {n}, {u} and {G} from
equations (12), (13) and (15), require that the resulting
equation hold for al choicesof {8}, and arrive at thefol-
lowing system of coupled ordinary differential equations
(ODEs).

[Kia]{85} +[Mi]{8s} = {R}. (17)
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Here

K= [ (BI"D)iBs]) as- | (] [m[D][B)ar

- | (W' mpyed)ar. (19)
(Ri= [ @dss [ wlT{Tor
FLin/2) [ [T {g}ds (19
S
M= [ plual" fos)ds (20

where Mo = 0Sy —Tou — Taf, Fau = 0& NTy, Taf =
0S; NI ¢. Thematrix [K)y] isusually called the stiffness
matrix, [M,;] the mass matrix, and {F, } the load vector.
For the MLPG formulation, M and K need not be sym-
metric and K may not be positive definite even after es-
sential boundary conditions have been imposed. Equa-
tions like (17) are derived for each Sy, a =1,2,...,M.
Initial conditions on {&;} are obtained by substituting
from (12), (8)s and (8)e into (7) and following the proce-
dure outlined after equation (7). For u®=0= 10", {3;(0)}
and {0;(0)} are null matrices. Essential boundary con-
ditions (8)3 are satisfied by following the procedure out-
lined in section 4.3.

For afree vibration problem, {F } = {0} and
{8a(t)} = &*{ds},

where {3;} is the amplitude vector and w a natural fre-
guency. Thus natural frequencies are given by

(21)

det [[Kiy] - w’[Myg]] =0 (22)

and the corresponding mode shapes {53} can be com-
puted from

[Ki3]{ds} = 0 [M3]{d;}

by imposing a suitable normalization constraint on {6_ i}

(23)

In order to complete the formulation of the problem, we
now describe briefly the moving least squares (MLS) ap-
proximation (see Lancaster and Salkauskas (1981)) for
details) for finding basis functions {@;}, and the tech-
nigue to impose essential boundary conditions.

4.2 Brief Description of the MLS Basis Functions

In the MLS method, the approximation f"(x y,t) of a
scalar-valued function f(x,y,t) defined on Sy is written
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as
h m
f (Xay?t) = Z Pj (Xay)aj(xay7t)v (24)
j=1
where
pT(Xay) = {17X7y7X27Xy7y27"'}7 (25)

is a complete monomia in (x,y) having m terms. For
complete monomials of degrees 1, 2and 3, m=3, 6 and
10 respectively. The unknown coefficients a1, ay, . .., am
are functionsof x = (x,y) and timet, and are determined
by minimizing J defined by

1= 5 Wix-x) [ (x)alt) - L0 26)

where fi(t) isthefictitiousvalueat timet of f at the point
(%,¥i), and n is the number of pointsin the domain of
influence of x for which theweight function W (x —x;) >
0. We take

di\? _/d\3_/d\*
— 6l — )32 <d <
W(X—Xi)= ! 6<rw> +8<rw> 3<rw> 0=di< .
0 7d| Z rW7
(27)

where di = |x —X;| is the distance between points x and
Xi, and r, isthe size of the support of the weight function
W. Thus the support of W is a circle of radiusr,, with
center at the point x;.

The stationarity of J with respect to a(x,t) givesthe fol-
lowing system of linear equations for the determination
of a(x,t):

A(x)a(x,t) = B(x)f(t), (28)
where
AG) = 3 WO xR (x)p(s).
o (29)
B(x) = [W(x—x1)p(X1), W(X—=X2)p(X2); - - -,
W(X = Xn)P(Xn)]-
Substitution for a(x,t) from (28) into (24) gives
) = 3 @00, (30)
=

1

where

000 = 3 pi0IA 800 @y
2

may be considered as the basis functions of the MLS ap-
proximation. It is clear that @«(x;) need not equal the
Kronecker deltad;. Inorder for the matrix A, defined by
(29)1, to be invertible, the number n of pointsin the do-
main of influence of x must at least equal m. For mequal
to 3 or 6, Chati and Mukherjee (2000) have found that
15 < n < 30 givesacceptabl e resultsfor two-dimensional
elastostatic problems. For a two-dimensional elasto-
dynamic problem, Batra and Ching (2002) used Gauss
weight functions, the complete set of quadratic mono-
mials and r,, = 3.5 times the distance to the third node
nearest to the node at x;. Thusr,, and the locations of
nodesin S, and hence Smust be such that n satisfiesthe
required constraint. We take

rw = chi (32

where h; isthe distance from nodei to its nearest neigh-
bor and c isascaling parameter.

In Atluri and Shen's (2002a,b) terminology we use the
MLPG1 formulation and set Y3 = W(Xx —Xx3) withry, =
h;. Thus the support of i is acircle centered at x; and
radius equal to the distance from x; to the nearest node.

4.3 Matrix Transformation Technique for Satisfying
Essential Boundary Conditions

We use the matrix transform techniqueto satisfy essential
boundary conditions. In this subsection, the dependence
on time is not explicitly indicated. Let D and | denote
respectively the set of nodes where x-displacements are
and are not prescribed; a similar procedure is used for y-
and z-displacements. Writing the x-displacements of all
nodesas {u}, we have

_Jup |l _ {9oo@i| [
w-{si-lm a5}
Solving thefirst of these equationsfor dp, we obtain
1 1
®popUp —@ppPoi
{6}—{55?}—{ ’ }+[ ° ]{a}, 3

where 0 and | are the null and the identity matri-
ces respectively.  Substitution from (34) into (17)

(33)
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and the premultiplication of the resulting equation by

[ LIJDID Woi ] give

[Kio]{8s} + [M13]{8s} = {F},

where
Riyl= [—waléwm ]T K] [—cpgllg%. ] |
Mol [—waléwm ]T M) [—cpalécpm ] |
{f&_{—¢ﬁé¢m]25}_[—wﬁé¢m]hﬂﬂ{qB%uD}

__[—¢ﬁé¢m]T[Mu]{¢B%ma}'

For the free vibration problem matrices [K 3] and [M,;] in
equations (22) and (23) can be similarly modified.

(35)

(36)

4.4 Numerical Integration of ODEs

Two techniques, namely, the Newmark family of meth-
ods and the Wilson-8 method have been employed to
integrate equations (35) subject to the initial conditions.
In the Newmark family of methods, displacements &'

N Ry . i
and velocities 6t+ : at timet + At are related to their val-
ues at timet by

t-+A

gt 6t+At6+(A;) (1—2p)8 +2p8),

(37)
At

Vo +yd ),

'6t+At —St—l—At((l

where parameters 3 and y control the accuracy and the
stability of the integration scheme and At is the uniform
time increment. The Newmark family of methods is un-
conditionally stable if

1 1/1 \?

> = > =
v=gemdp> 5 (5) (@)
and second-order accurate for y = % only; otherwiseitis
first-order accurate. Here we usey = 0.5 and 3 = 0.25;
thus the integration scheme is unconditionally stable and
non-dissipative. A way to use this algorithm is to solve

equations (35) for 8 ™ and then find 3™ and 5
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from (37) and the known solution at timet. One can thus
march forward in time.

The Wilson-8 method assumes that the acceleration
varies linearly in the time interval [t, t+ 6At] where
0 > 1l andisusualy taken as 1.37. Thus

8t+9At (1- 9)6 +96t+At

StHBA 92At t+At 2 B2At .t
FSB T (0 FE
srea _ —I—BAtSt n 3 6692At26 3 gt g

The method isunconditionally stablefor 6 > 1.37. Equa-
tions (35) are written at time t + BAt, equations (39) 1

are used and the resulting equations are solved for 5

Then equations (40) are used to evaluate 8 and 6t+At

S 8 At (28 + 6t+At)Aé
. . . ot A
6t+At _ 6t n (6t+At —|—6t)3t. (40)

5 Computation and Discussion of Results

When computing numerical results the region Sy associ-
ated with node o is set equal to acircle of radiushy with
center at Xq; it preservesthelocal character of the MLPG
formulation. Integrals appearing in equations (18)-(20)
are evaluated by using a 9 x 9 Gauss quadrature rule.
The MLS basis functions ¢; in equation (31) are found
for each Gauss quadrature point Xq.

Thefollowing boundary conditionsare imposed at asim-
ply supported (S), aclamped (C) and afree (F) edge.

S: 0x=0,v=w=00nx=0,3;
Oy =0, u=w=00ny=0,Db;
C:u=v=w=0onx=0,a y=0,Db; (41)

F: Ox=0x=0x=00nx=0,3;

Oyy = Oyy = Oy = 00ny=20,b.

Henceforth Swill be used to denote a smply supported
edge and not the midsurface.

Unless otherwise noted, we have set ¢ = 15, K = 5,
M = 196 and m= 15. Complete monomials of degree
4 are employed to generate the MLS basis functions.
Equal number of nodes, asshowninFig. 2, are uniformly
placed in the x and y-directions.
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Figure 2 : Locations of uniformly distributed nodes on
the midsurface

5.1 Natural Frequencies

We compute natural frequencies of ahomogeneous plate
made of either an isotropic or an orthotropic material and
compare them with either the analytical solution of Srini-
vas and Rao (1970) as augmented by Batra and Aim-
manee (2003) or with those obtained by the analysis of
the 3-dimensional problem with the FEM and/or with re-
sults available in the literature. Srinivas and Rao (1970)
found analytically frequencies of vibrations of a simply
supported plate by assuming that

ux,y,zt) = €My ( )cos—sm
mgzl a b’
V(X,Y,Z,t) = oMtV n(2) SN cos Y, (42)
mn=1 a b
wW(X,y,z,t) = ei“’m”twm(z)sin?sin%ly

mn=1

For an isotropic simply supported plate, Batra and Aim-
manee (2003) have recently found that frequencies

mere | nPre\
o (25)"

(43)

of the in-plane vibration mode shapes

u(x,y,z) = Umncos?snngy
v(X,Y,2) = ansm?cos Ey (44)
w(x,y,z) = 0.

when either m= 0 or n = 0 were missed by Srinivasand
Rao. In equation (43) G isthe shear modulus. The am-
plitudes Uy, and Vi, of in-plane modes satisfy the con-
straint

bU M+ aVimn = 0. (45)
For either m= 0 or n= 0, the amplitudesU o, and Vo are
unconstrained.

The frequency eguation (22) is solved by the three-
term |ook-ahead L anczos algorithm devel oped by Freund
(1994). This method was found to be more accurate and
efficient than some of the otherswe tried.

Results are presented in terms of the nondimensional fre-
guency o related to the dimensional frequency w by

— P

®=wh £’ (46)
where E is Young's modulus. For an isotropic square
plate with a = 250 mm, h/a = 0.1, and Poisson’s ratio
= 0.3, Table 1 compares the presently computed flexural
frequencies with those obtained by other researchers and
also by the FE analysis of the three-dimensional problem
with the commercial code IDEAS. The FE results were
computed with a uniform 40 x 40 x 4 20-node brick ele-
ment mesh with 4 elementsin the thicknessdirection. We
employed the consistent mass matrix with both the FE
and the MLPG formulations. It is clear that the MLPG
results agree very well with those of other researchers.
Kant’s (2001) results are based on hismodel 2. A shear
correction factor of 5/6 isused in computing resultswith
the Whitney-Pagano’s theory. However, no such correc-
tion factor is used in the present compatible HOSNDPT.

Frequencies listed in Table 1 are not the 13 lowest fre-
guencies but are frequencies corresponding to the flex-
ural modes of vibration signified by the values of m
and n. These are identified by looking at the mode
shapes computed with the FEM. The first 10 lowest fre-
quencies of a ssimply supported square plate with h/a =
0.1,0.2,0.3,0.4 and 0.5 obtained with the ML PG and the



526 Copyright (€ 2003 Tech Science Press CMES, vol.4, no.5, pp.519-534, 2003

Table1: Natural frequencies @ = wh+/p/E of a SSSSisotropic square plate withv = 0.3, and h/a= 0.1.

No. | m MLPG Srinivaset al. |[Kanteta.| FEM | Whitney-Pagano | Senthilnathan et al.
' (Consistent mass) | (1970) (2001) |(I-Desas) (1970) (1987)
1(1(1 0.0578 0.0578 0.0578 | 0.0577 0.0577 0.0577
2 11|2 0.1391 0.1381 0.1381 | 0.1379 0.1377 0.1377
312|2 0.2133 0.2122 0.2122 | 0.2118 0.2112 0.2112
41113 0.2606 0.2587 0.2587 | 0.2583 0.2573 0.2574
51213 0.3214 0.3249 0.3250 | 0.3242 0.3229 0.3230
6 |14 0.3973 0.4075 0.4076 | 0.4063 0.4044 0.4046
7133 0.4226 0.4272 0.4274 | 0.4259 0.4238 0.4241
8 2|4 0.4651 0.4658 0.4661 | 0.4643 0.4618 0.4622
9 3|4 0.5456 - 0.5577 | 0.5548 0.5517 0.5525
10|15 0.5632 0.5748 0.5752 | 0.5723 0.5689 0.5697
111|215 0.6154 - 0.6265 | 0.6148 0.6192 0.6202
12|44 0.6909 0.6753 0.6759 - 0.6676 0.6688
13|35 0.7066 - 0.7002 - 0.6989 -

Table 2 : First ten natural frequencies w = wh/p/E for a SSSSisotropic square plate with v = 0.3. An* indicates
the frequency of an in-plane mode of vibration.

h/a=0.1 h/a=0.2 h/a=0.3 h/a=0.4 h/a=0.5
No Batra- Batra-
Aimmanee Aimmanee
MLPG | FEM (2003) MLPG |FEM MLPG | FEM MLPG | FEM MLPG |FEM (2003)

0.0578 |0.0578 0.0578 ]0.2122 |0.2122 |0.4273 |0.4273 [0.67/53 |0.6754 [0.9401 |0.9403 0.9401
0.1391 |0.1381 0.1381 |0.3897*|0.3897* | 0.5845* | 0.5845* | 0.7793* | 0.7793* | 0.9741* | 0.9742* | 0.9742
0.1391 |0.1381 0.1381 |0.3897*|0.3897* | 0.5845* | 0.5845"* | 0.7793* | 0.7793* | 0.9741* | 0.9742* | 0.9742
0.194810.1948* | 0.1949 |[0.4675 |0.4659 |0.8276* | 0.8266" | 1.1035* | 1.1021* | 1.3793" | 1.3777*| 1.3777
0.1948"10.1948* | 0.1949 |[0.4675 |0.4659 |0.8733 [0.8713 |1.3051 |1.3028 |1.7438 |1.7416 1.7406
0.2133 |0.2122 0.2122 |0.5517*|0.5511*|0.8734 |0.8713 [1.3051 |1.3028 |1.7438 |1.7416 1.7406
0.2606 |0.2587 0.2587 [0.6772 |0.6754 [1.1698* | 1.1690* | 1.5598* | 1.5587* | 1.9497* | 1.9483" | 1.9483
0.2606 |0.2587 0.2587 |0.7799*|0.7793* | 1.1700* | 1.1690* | 1.5600* | 1.5587* | 1.9500" | 1.9483" | 1.9483
0.2759* | 0.2755* | 0.2757 |0.7799*|0.7793* | 1.2157 |1.2133 |1.7470* | 1.7426* | 2.17/83"* | 2.1783*| 2.17/83
0.3214 10.3249 0.3249 [0.8014 [0.7990 |1.3103*|1.3070* |1.74/0" | 1.7426* | 2.1783* | 2.1/83* | 2.1783

5| ©| | ~| oof o1 | | | -
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Table 3: Natural frequenciesw = wh+/p/D11 of a SSSSsquare orthotropic plate withh/a= 0.1 and D 1; = 160GPa

No. min MLPG Srinivaset al. |[Kanteta.| FEM | Whitney-Pagano | Senthilnathan et al.
' (Consistent mass) (1970) (2001) |(I-Deas) (1970) (1987)
111 0.0477 0.0474 0.0474 | 0.0477 0.0476 0.0478
2 11|2 0.1028 0.1033 0.1033 | 0.1021 0.1041 0.1049
3121 0.1236 0.1188 0.1188 | 0.1227 0.1188 0.1198
4 12]|2 0.1729 0.1694 0.1694 | 0.1721 0.1698 0.1726
511|3 0.1850 0.1888 0.1888 | 0.1828 0.1905 0.1919
6 |31 0.2172 0.2180 0.2181 | 0.2169 0.2178 0.2197
7123 0.2439 0.2475 0.2476 | 0.2459 0.2485 0.2533
8 3|2 0.2727 0.2624 0.2625 | 0.27%4 0.2623 0.2677
9 1|1|4 0.3066 0.2969 0.2969 | 0.2811 0.2994 0.3012
10|41 0.3307 0.3319 0.3319 | 0.3372 0.3340 0.3340
11|33 0.3371 0.3320 0.3320 | 0.3406 0.3321 0.3414
12|12 |4 0.3441 0.3476 0.3476 | 0.3449 0.3491 0.3558
13|42 0.3733 0.3707 0.3707 | 0.3649 0.3698 0.3775

Table 4 : First ten natural frequencies @ = wh+/p/E for aCCCC isotropic plate withv = 0.3.
h/a=01 | h/a=02 | h/a=03 | h/a=04 | h/a=05
MLPG|FEM |MLPG|FEM |MLPG|FEM |MLPG|FEM |MLPG|FEM
0.0999 |0.0992 | 0.3272 | 0.3260 |0.5975 |0.5965 |0.8780 |0.8775 |1.1592 |1.1595
0.1909|0.1896 | 0.5736 | 0.5708 |0.9908 |0.9882 1.4099 |1.4080 |1.8262 |1.8252
0.1909|0.1896 | 0.5736 | 0.5708 |0.9909 |0.9882 1.4099 |1.4080 |1.8262 |1.8252
0.2673|0.2660 | 0.7506 |0.7496 |1.1270 |1.1261 |1.5036 |1.5027 |1.8798 (1.8790
0.3144(0.3137|0.7507 | 0.7496 |1.1271 |1.1261 |1.5036 [{1.5027 |1.8798 |1.8790
0.3171{0.3167|0.7706 |0.7676 |1.3088 |1.3054 |1.7799 |1.7777 |2.2251 |2.2225
0.3749|0.3740|0.8804 | 0.8760 |1.3347 |1.3330 |1.8499 |1.8470 |2.3912 |2.3891
0.3749|0.3740|0.8897 | 0.8881 |1.4766 |1.4699 |2.0794 |2.0713 |2.6861 (2.6772
0.3807 {0.3797|0.8897 | 0.8881 |1.5023 |1.4915 |2.1141 [2.1007 |2.7111 |2.7114
10|0.3807 |0.3797 | 1.0388 | 1.0403 [1.6371 |1.6365 [2.1777 |2.1775 |2.7280 2.7127

No

OO N[OOI BW N -

Table 5 : First ten natural frequencies @ = wh+/p/E for a SCC isotropic plate with v = 0.3. An* indicates the
frequency of an in-plane mode of vibration.

Nol_ N/a=01 | h/a=02 | h/a=03 | h/a=04 | h/a=05
MLPG |FEM MLPG | FEM MLPG | FEM MLPG | FEM MLPG | FEM
0.0816 |0.0812 |0.2747 |0.2740 |0.5134 |0.5129 |0.7697 |0.7696 |0.9741*|0.9742"
0.1507 |0.1494 |0.3897*|0.3897* | 0.5845* | 0.5845* | 0.7793* | 0.7793" | 1.0341 |1.0344
0.1820 |0.1808 |0.4899 |0.4879 |0.8978 |0.8954 |1.3281 |1.3256 |1.7264 |1.7256
0.1948* | 0.1948* | 0.5519 |0.5495 |0.9614 |0.9590 |1.3793 |1.3775 |1.7649 |1.7627
0.2417 |0.2405 |0.6895 |0.6888 |1.0349 |1.0341 |1.3805 |1.3798 |1.7997 |1.7987
0.2674 |0.2644 |0.7230 |0.7205 |1.0978 |1.0968 |1.4586 |1.4574 |1.8132 |1.8117
0.3110 |0.3103 |0.7333 |0.7325 |1.1699*|1.1690" | 1.5599* | 1.5587* | 1.9498" | 1.9483"
0.3400 |{0.3421 |0.7799*|0.7793"*|1.2586 |1.2556 |1.8065 |1.8038 |2.1783 |2.1787
0.3445 |0.3440 |0.8117 |0.8074 |1.3876 |1.3888 |1.8503 |1.8520 |2.3130 |2.3153
10 0.3635 |0.3640 [0.8782 |0.8722 [1.4234 |1.4170 |2.0457 |2.0375 |2.3564 |2.3541

OO N[O O AW N -
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Table 6 : First ten natural frequencies @ = wh/p/E for aCFCF isotropic plate withv = 0.3,

h/a=01 | h/a=02 |

No

h/a=03 |

h/a=04 | h/a=05

MLPG|FEM |MLPG|FEM

MLPG

FEM |MLPG|FEM |MLPG|FEM

0.0633|0.0629 |0.2158 | 0.2152

0.4047

0.4038 |0.6029 |0.6024 |0.8025 |0.8024

0.0740|0.0731|0.2448 | 0.2435

0.4490

0.4478 |0.6596 |0.6587 |0.8681 |0.8675

0.1186|0.1172 | 0.3568 | 0.3557

0.5355

0.5338|0.7143 |0.7121 |0.8933 |0.8905

0.1620|0.1609 |0.3835 | 0.3814

0.7038

0.7017 |1.0466 |1.0455 |1.4001 |1.3980

0.1752|0.1741|0.4939 | 0.4911

0.8547

0.8520 |1.2142 |1.2122 |1.5692 |1.5679

0.1783|0.1777|0.5312 | 0.5272

0.9207

0.9160 |1.2809 |1.2786 |1.6025 |1.6000

0.2046 | 0.2081 |0.6386 | 0.6370

0.9595

0.9575|1.3123 |1.3100 [1.6403 |1.6375

0.2192|0.2198 | 0.6469 | 0.6492

0.9843

0.9826 {1.3149 |1.3101 [1.7099 |1.7056

OO NOOU AW N -

0.2912|0.2907 | 0.6555 | 0.6531

1.0533

1.0514 |1.3992 {1.3968 |1.7389 (1.7359

10 0.3021 | 0.3008 | 0.6562 | 0.6550

1.1384

1.1318 |1.5805 |1.5785 |1.9515 (1.9481

FE methods are listed in Table 2 where frequencies of
in-plane modes of vibration are marked with an asterisk.
Liew et al. (1995) analyzed free vibrations of a thick
rectangular plate and listed a few of the in-plane modes
of vibration for simply supported edges. It is clear that
as the plate gets thicker, more of the in-plane modes of
vibration have frequencies lower than the third flexural
mode of vibration. For a square plate, m=0, n= 1 and
m= 1, n= 0 give the same frequency but have different
mode shapes. The in-plane modes of vibration are not
predicted by a plate theory, such as the classical one, that
neglects ug and vp.

In order to compute natural frequencies of a simply sup-
ported orthotropic square plate, we take elastic constants
for Aragonite given by Srinivaset a. (1970).

(160 37.3 172 O 0 0
86.87 15.72 O 0 0
8481 O 0 0
D= sym 2558 0 0 GPa
4268 0
I 42.06
(47)

Table 3 lists frequencies of different flexural modes ob-
tained by various methods. It is interesting to note that
frequencies computed with the MLPG method and em-
ploying only 196 nodes are closer to the analytical solu-
tion than those obtained with the FEM and much larger
number of nodes. For the HOSNDPT, there are 3(K + 1)
unknowns at each node. The number of degrees of
freedom in the 3-dimensional FE analysis of the prob-
lem is significantly more than that in the MLPG. Batra

and Aimmanee (2003) have pointed out that the in-plane
modes of vibration (44) are admissible in a simply sup-
ported orthotropic plate. However, we did not attempt to
find the first 10 natural frequencies.

We have listed in Tables 4-6 the first 10 natural frequen-
ciesfor an isotropic plate with different edge conditions
andh/a=0.1,0.2,0.3,0.4and 0.5. For each one of these
15 cases, the MLPG solution of the HOSNDPT is very
closeto the 3-dimensional analysis of the problem by the
FEM. Frequencies of in-plane modes of vibration of a
SCSC isotropic plate are marked with an asterisk in Ta-
ble 5; these modes are absent for the other two edge con-
ditionsstudied.

We now delineate the effect of different parameters on
the frequencies computed with the MLPG method for a
simply supported isotropic square plate withh/a= 0.2.

5.1.1 Order of the Plate Theory

Figure 3 exhibits the dependence of the four flexural or
bending frequencies upon the order K of the plate the-
ory. Results were computed by using 9 x 9 = 81 Gauss
guadrature points and 169 uniformly distributed nodes.
These results show that K = 2 givesvery good resultsfor
the first bending frequency, K = 3 for the second, K = 4
for the third and the fourth. Additional results presented
in Tables 1 through 6 revealed that K = 5 will give very
good results even for plates of aspect ratio h/a = 0.5.
As noted earlier, the number of unknowns at each point
equals3(K +1).
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Figure 3: Bending frequencies of the plate vs. the order
K of the plate theory.

5.1.2 Number of Nodes

For a 5th order plate theory, the dependence of the first
four flexural frequencies upon the total number of nodes
equispaced in the x- and the y-directions is depicted in
Fig. 4. Whereas the first four bending frequencies can
be accurately computed with 144 nodes, 169 nodes were
needed for obtaining higher frequenciesfor asquare plate
of aspect ratio 0.5.

5.1.3 Number of Monomialsused to find the MLS basis
functions

Since the bending modes for higher frequencies involve
more complex deformation fields than those for lower
modes, it would seem that more number of monomial
terms used to find the ML S basisfunctionswill help. Re-
sultsplottedin Fig. 5 and additional onesincluded in Ta-
bles 1-6 suggest that m = 15 suffices. This value of m
corresponds to complete monomials of degree 4.

5.1.4 The Scaling Parameter ¢

It is clear from results evinced in Fig. 6 that the depen-
dence of the first four bending frequencies upon c is not
monatonic. Whereas ¢ = 10 provides very good values
of thefirst two flexural frequencies, ¢ = 15 is needed for
computing accurately the higher frequencies which in-
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Figure 4 : Convergence of the bending frequency of the
plate with the increase in the total number of nodes.
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Figure5: Bending frequency of the plate vs. number of
monomiasin the MLS basis function.

volve complicated deformation patterns.

5.1.5 Number of Quadrature Points

We have plotted in Fig. 7 the variation of the first
four bending frequencies with the number of quadrature
points used to evaluate various integrals in the MLPG
formulation. 36 quadrature points suffice for computing
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the 4th flexural frequency. Our experience with comput-
ing resultsfor plates of different aspect ratios and higher
frequencies suggests that 64 Gauss points without any
partitioning of the domain of integration are sufficient.

5.2 Forced Response of a Plate

The forced response of a clamped square isotropic plate
with h/a= 0.1 has been analyzed by the Newmark fam-
ily of methods with 3 = 0.25 and y = 0.5 and aso by

CMES, vol.4, no.5, pp.519-534, 2003

the Wilson-8 method with 8 = 1.37. Thus both integra-
tion techniques are unconditionally stable. Results com-
puted with the MLPG method are compared with those
obtained from the 3-dimensional analysis of the problem
by using the commercia FE code ANSY Sand auniform
mesh of 20 x 20 x 3 20-node brick elements. We used
the consistent mass matrix with the MLPG method and
alumped mass matrix in the FE analysis of the problem.
The material and geometric properties used are the same
asfor the free vibration problem. We have compared the
time histories of the centroidal deflection w of the plate
and of the axial stress 0y at the centroid of the top sur-
face of the plate computed by the two methods and for
each of the two time-dependent pressure loads = qog(t)
applied on the top surface. These quantities are nondi-
mensionalized as

100Eh3 _ h\ 2 0y
W, O = | - | —.
12gpa*(1—-V?) a/ Qo

5.2.1 SmpleHarmonic Load

W= (48)

We first set g(t) = sin5000t and At = 2.0 x 10~ ’sfor the
Newmark and the Wilson-8 methods. For K =5, M =
169, m= 15, Ng = 81 and ¢ = 15, the computed cen-
troidal deflection and the axial stressvs. timet are plot-
ted in Figs. 8 and 9 respectively. For most values of t
the three curves in both Figs. overlap. One can thus con-
clude that the MLPG solution agrees very well with the
FE solution. The axial stress at the centroid of the top
surface was computed with the plate equations.

5.2.2 Transient Load

We now set g(t) = H(t — 0) — H(t — 2 x 10~3s) where
H is aHeaviside step function. Thus a uniform pressure
Qo is applied to the top surface of the plate for the first
2 ms. The MLPG method is used to compute the tran-
sient response with and without damping but no damp-
ing was used in the FE analysis. The damping matrix in
the MLPG formulation equaled 0.005 /g v'VdS where
VI isthe matrix of test basis functions and V the matrix
of trial basis functions. The time step was set equa to
2 x 10~ s for the MLPG and the FE solutions. Time his-
tories till t = 5 ms of the centroidal deflection and the
axial stress at the centroid of the top surface of the plate
have been plotted in Figs. 10-13; resultsin Figs. 10 and
11 are without damping, and those in Figs. 12 and 13
are with damping. Again the MLPG solution with the
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HOSNDPT matches very well with the FE solution of Figure11: Axial stressat the centroid of the top surface

the corresponding 3-dimensional problem. vs. time (The three curves are very close to each other).

6 Conclusions . )
Computed frequencies and the transient response un-

We have used the ML PG method and ahigher order shear der time-dependent loads are found to agree very well
and normal deformable plate theory to study the natural  with the corresponding results available in the litera-
frequencies and the forced response of arectangular plate ture and also computed by the FE analysis of the three-
subjected to different edge conditions. No shear correc- dimensiona problem. For the same accuracy of results,
tion factor isused, and al domain integralsare evaluated the number of degrees of freedom employed with the
by using the full quadrature rule. Transverse stressesare MLPG method is considerably less than that with the
evaluated from eguations of the plate theory. FEM. Whereas the MLPG method requires only the lo-
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Figure 13: Axial stressat the centroid of the top surface
vs. time (The two solutions coincide with each other).

cations of nodes, the FEM also requires the nodal con-
nectivity which is time consuming even for a regular 3-
dimensiona rectangular domain considered here. The
computation of the mass matrix, the stiffness matrix
and the load vector takes more CPU time in the MLPG
method than that in the FEM. Furthermore, the mass and
the stiffness matrices in the MLPG method are not sym-
metric but are generally symmetric in the FEM.

Results presented in Tables 1 through 6 evince that fre-

guencies computed by the Galerkin FEM are higher than
their corresponding analytical values. However, those

CMES, vol.4, no.5, pp.519-534, 2003

computed by the ML PG method do not exhibit this prop-
erty.

For anincompressiblelinear elastic material, first ten fre-
guencies for a simply supported sgquare plate computed
by the MLPG method and the HOSNDPT are compared
below in Table 7 with the analytical solution of Srini-
vas and Rao (1970) augmented by Batra and Aimmanee
(2003). It is clear that the present approach does not ex-
hibit the locking phenomenon prevalent in the FEM.
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Appendix

Expressionsfor thefirst seven orthonormalized Legendre
polynomialsdefined on [ 8, 1] are

- 350

11 (15 /z Z\3 Z\5
L5<Z>—\E [Z () -70(5) +22(5) ]
=3[ 5 () () o ()]
0=\ g (1) + 7 () 1aee o) |

(A-1)

For K = 7 the matrix d;j appearing in equation (3) is
given by

0O 0 0 0 0 0 00
V3 0 0 0 0 0 00
0v50 0 0 0 0 O

4 _2/V7 0 vEB O 0 0 00

""h| 0332037 0 0 0 O
VII 0 V55 0 311 0 0 0
0 v3 0 VoI 0 V143 0 O
(VI 0 5/3 0 3/ 0 +I%0

(A-2)



