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Entry Length and Wall Shear Stress in Uniformly Collapsed-Pipe Flow

M. Thiriet 1, S. Naili2 and C. Ribreau2

Abstract: The laminar steady flow of incompressible
Newtonian fluid is studied in rigid pipes with cross con-
figuration of a collapsed tube to determine both the entry
length and the wall shear stress (WSS). The cross sec-
tion shapes have been defined from the collapse of an
infinitely long elastic tube subjected to an uniform trans-
mural pressure. Five characteristic collapsed configu-
rations, from the unstressed down to the point-contact
states, with a finite and infinite curvature radius at the
contact point, are investigated, although the wall con-
tact is not necessary observed in veins. Such collapsed
shapes induce cross gradient in WSS in straight pipes.
The Navier-Stokes equations, associated with the clas-
sical boundary conditions, are solved using a finite ele-
ment method. The numerical tests are performed with
the same value of the volume flow rate whatever the tube
configuration. Entry length, axial and cross variations
in WSS are computed to design flow chambers in order
to explore the mechanotransduction function of the en-
dothelial cells.

keyword: collapsed tube flow, contact, entry length,
finite element method, flow chamber design, wall shear
stress.

1 Introduction

Biofluids (air, blood, lymph, urine, ...) are conveyed
in flexible vessels which undergo deformation under
varying transmural pressures p= pi − pe (pi , pe: internal
and external pressures). In the present work, the biofluid
of interest is the blood. The blood is a suspension of
cells and particles. In large blood vessels, the ratio be-
tween the vessel length scale and the convected particle
characteristic size is such that the blood is considered as
a continuous homogeneous medium. The computational
model is then based on Navier-Stokes equations. The red
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blood cells (RBC) play a major role on the rheological
behaviour of the blood due to both their size and number;
the blood is thus supposed to behave like a concentrated
suspension of RBCs. In steady state conditions, the
blood has a shear-thinning behaviour (Chien, 1970).
The sigmoid relationship between the shear rate γ̇ and
the fluid viscosity µ is explained by RBC agregation at
low shear rates associated with high viscosity values
(maximum: µ0) in the one hand while RBC deformation
and orientation lead to a low viscosity plateau µ∞ at high
shear rates γ̇ ≥∼ 102 s−1 (Newtonian behaviour). When
both RBC agregation and deformation are inhibited, µ0 is
close to µ∞ (Chien, 1975). In the present study, RBCs are
assumed neither to agregate due to the undergone shear
history nor to deform in large vessels; consequently, the
blood is supposed to be Newtonian.

The blood macrocirculation, i.e. the part of the circula-
tion composed of blood vessels of dh > 300µm, is made
of two vessel types whether the vessel conveys the blood
from the cardiac pump to the organs or to the heart from
the periphery: (i) proximal (from the heart) elastic and
distal muscular arteries and (ii) superficial and deep veins
respectively. Arteries dilate while the pressure waves are
travelling through the vascular bed. The storage of blood
by the aorta, which is an elastic artery, during the systolic
ejection of blood by the left ventricule transforms the
transient blood flow at the heart exit (protosystolic start-
ing - protodiastolic stopping flow) into a pulsatile flow in
the arterial tree, with more or less back flow during the
diastole (blood flows then permanently through the distal
arteries during the cardiac cycle). This compliant prop-
erty of the proximal arteries is the so-called Windkessel
effect. The cross-sectional area A of the artery, which
is circular, is inflating whereas p, which is positive, is
increasing. The cross-sectional shape may be sligthly af-
fected because of the non-uniform distribution of p over
the entire vessel perimeter. Veins constitute the storage
compartment of the blood vessel network (the vein com-
pliance allows the blood volume to reside mainly - up to
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70 % - in the venous collector). However, veins can be
subjected to negative transmural pressures. The superfi-
cial veins are much more deformable than the deep ones
(Bassez et al., 2001); they may experience changes both
in cross-sectional area and shape when they are subjected
to negative transmural pressures during natural prompt-
ing, functional testing maneuvers or therapeutic actions,
even if p is uniformly distributed in the entire cross sec-
tion (e.g.Ribreau and Thiriet, 1998, Thiriet et al., 2001).

The large and medium sized veins, located far from the
trunk, are assumed to be free from the periodic variations
of the thoracic or abdominal pressures induced by the
respiration and the periodic outlet effects of the cardiac
pump. Furthermore, at rest, the respiratory motions
have small amplitude and the venous flow is not af-
fected by alternate muscle contractions and relaxations.
The Windkessel effect is supposed to damp the small
unsteady factors from the downstream segments of the
venous bed. The flow at rest in the large veins of the
inferior limbs, for instance, can be assumed to be steady.

The wall of the blood vessels is circumferentially
composed of three layers, the internal thin intima,
the muscular media and the external adventitia. The
endothelial cells (EC) constitute the interface between
the flowing blood and the solid vessel wall. ECs are
involved in coagulation, hemostasis, immune pathways,
vessel wall growth and remodelling. Moreover, they
locally control the vasomotor tone of the media by
producing both contracting and relaxing agents, and thus
the lumen size available for the blood convection. The
synthesis of vasoactive factors is triggered by the stresses
imposed on the cell wetted surface by the circulating
blood (local flow-induced regulation of the blood circu-
lation). Since two decades, a huge set of investigations
has been performed to explore either the cell rheology
or the behaviour of mechanical stress-subjected cells.
Several rheological techniques have been developed:
micropipette technique, twisting magnetocytometry (e.g.
Laurent et al., 2000) and optical twizer (e.g. Lenormand
et al., 2000). Flow chambers coated with homogeneous
confluent monolayer of EC cultures are used for EC
exposure to laminar shear stresses (e.g. Franke et al.,
1984, Olesen et al., 1988, DePaola et al., 1992, Barbee
et al., 1994, Sun et al., 2000).

The magnitude and orientation of the wall shear stresses
(WSS) depend both on the axial - and transverse tube
configuration and on the flow pattern. Change in direc-
tion of the WSS axial component occurs when the pul-
satile flow generates a back flow in the whole vessel lu-
men or in a layer near the wall. A WSS circumferen-
tial component appears when the vessel presents a curva-
ture of its axis. Cross variation in wall curvature, which
are also observed in collapsed tubes due to the trans-
verse bending of the wall, induces transverse gradient
of the WSS axial component. The WSS cross changes
in a fully-developed steady laminar flow has been in-
vestigated in two-dimensional collapsed configuration by
Naili and Ribreau (1999). Using their results, a peculiar
flow chamber has been designed to expose ECs to biaxial
stress (Haond et al., 1999). The axially uniform cross-
section of the test section, located downstream from a
long pipe to ensure a fully-developed flow, has the shape
of a line-contact cross-section of a thin-walled collapsi-
ble tube in a bilobal collapse mode. The cross-section
configuration used by these authors was not aimed at
mimicing actual collapsed veins but creates at the cell
scale a shear stress which generates two forces applied at
the cell inertia center: (i) a shear force which stretches
the cell in the streamwize direction, e.g. the force arising
from the shear stress at the cell inertia center, and (ii) a
shear torque which twists the cell perpendicularly to the
cell plane, induced by the WSS transverse gradient. Four
regions of the wetted cell culture were defined by these
investigators: (i) region I near the contact point where
both the WSS and its transverse gradient (WSSTG) are
small, (ii) region II of low velocity flow where WSS
is low but WSSTG is significant, (iii) region III with a
change in wall curvature sign where both the WSS and
WSSTG are great and (iv) region IV where WSS reaches
its highest values but WSSTG is small. In region II, these
authors discussed the role of the torsion in the EC detach-
ment both from the wall of the flow chamber and from the
cell layer, i.e. from the adjoining ECs. The present work
is aimed at providing some design parameters for flow
chambers as well as understanding tools for EC rheology
and EC biological functions.

2 Method

The numerical simulations of developing steady lami-
nar flows of an incompressible homogeneous Newtonian
fluid are carried out for three Reynolds numbers (35, 500,
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1000). Each investigated rigid smooth straight conduits
have axially uniform cross section which represent the
cross shape in unstressed and balanced states correspond-
ing to collapsed configurations at selected values of the
transmural pressure. The explored vessel are straight of
axis êz.

2.1 Geometry

Biovessels do not present perfectly circular cross section.
In the reference unstressed configuration (subscript 0),
the cross section shape is elliptical (ellipticity k 0, ratio
of the semi-major axis a0 to the semi-minor axis b0).
The cross section collapsed configurations are computed
from a deformation model of an infinitely long straight
floppy tube with a thin homogeneous isotropic and purely
elastic wall (Bonis et al., 1981, Ribreau et al., 1993).
The transmural pressure is supposed to be uniformly
distributed in every tube section and bending effects are
assumed to be predominant. The wall thickness is small
relative to the wall mid-line curvature radius. The neutral
mid-line is deformed without circumferential extension.
The tube collapses then according to a bilobal mode.
Due to symmetry, a quarter of the wetted perimeter at
different collapsed states is displayed in Fig. 1, where
100 points define the wall position. Let S denotes one
of the five investigated two-dimensional cross sections
(defined by the subscripts 0, q, t, c, �). The point on
the y-axis is the mid-face point whereas the point on
the x-axis defines the edge. The cross sectional area A
and its normalized values Ã, the dimensionless hydraulic
diameter d̃h = (4Ã/χ̃)(π/k0) (χ : wetted perimeter of the
cross section) as well as the dimensionless maximum
height (ordinate) and width (abscissa) of the cross
section of the unstressed (k0 = 1.005) and investigated
collapsed tubes are given in Tab. 1 (see section 2.2 for
dimensionless variables).

Due to the symmetry of the cross wall with respect to
the coordinate axes, only the quarter of the cross section
is studied in the positive quadrant (x ≥ 0, y ≥ 0) of
the Cartesian reference frame R(O; êx, êy, êz), where O
is the point on the z-axis at the inlet cross section and
(êx, êy, êz) an orthonormal basis for the space. Apart
from p = 0, four transmural pressures are of interest: (i)
the quasi-ovalisation pressure pq, (ii) the stream division
pressure pt , the greatest pressure associated with two
lateral peak velocities, (iii) the point-contact pressure pc,

Figure 1 : Unstressed cross section shape S0 (solid line)
and four explored collapsed configurations correspond-
ing to geometrical data given in Tab. 1: Sq (+), St (×),
Sc (∗), S� (◦).

Table 1 : Bidimensional geometrical data: area A, nor-
malized area Ã, maximum dimensionless cross wall co-
ordinates and dimensionless hydraulic diameter d̃h of the
investigated cross sections.

variables S0 Sq St Sc S�

A 3.12 2.76 1.79 0.84 0.66
Ã 1.00 0.89 0.57 0.27 0.21
x̃M 1.000 1.228 1.353 1.366 1.398
ỹM 0.995 0.681 0.390 0.282 0.243
d̃h 2 1.76 1.14 0.54 0.42

the greatest pressure at which the opposite sides touch
and (iv) the line-contact pressure p�, when the radius of
curvature at the contact point becomes infinite.

Let s be the arclength along the wall boundary of any
cross section S, with the origin at the mid-face. The wall
cross line is clockwize oriented. The dimensionless local
curvature κ̃ vs. dimensionless arclength s̃ relationships
for the investigated configurations are shown in Fig. 2.
In S0, κ̃ is constant and equal to -1. The curvature is
indeed defined at the point of the wall mid-line from
the angle gradient dθ/ds̃ where θ is the angle between
êx and the clockwize oriented unit tangent. Along the
selected quarter of the wall of S0, θ = −s̃, therefore
dθ/ds̃ = −1. At mid-face (s̃ = 0), the curvature is
negative in Sq, is equal to zero in S�, and is positive in St
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and Sc. The curvature minimum is observed at the edge
whatever Σ; the maximum is located at the mid-face,
except in S�, where it is located near s̃ = 0.4.

Σ denotes one of the five three-dimensional fluid domains
obtained by a translation of the choosen cross section ac-
cording to z-axis.

Figure 2 : Relationships between κ̃ and s̃ for the un-
stressed S0 (solid line) and the four investigated collapsed
bidimensional configurations: Sq (+), St (×), Sc (∗),
S� (◦).

2.2 Governing equations

The governing equations of a pipe steady flow are derived
from the mass and momemtum conservation:

∇ ·u = 0 ; ρ(u · ∇ )u = f + ∇ ·C,

where u is fluid velocity, f = −∇Φ the body force den-
sity (Φ: potential from which body force per unit vol-
ume are derived), C = − pi I + T the stress tensor,
T = 2µD the extra-stress tensor (Newtonian fluid),
D = (∇ u + ∇ uT)/2 the deformation rate tensor, I
the identity tensor, ρ the fluid density and µ the fluid dy-
namic viscosity (∇ , ∇ · and ∆ are the gradient, divergence
and Laplace operators respectively). The Navier-Stokes
equation becomes:

ρ(u · ∇ )u = − ∇ p�
i +µ∆u, (1)

where p�
i = pi + Φ. The pressure notation is simplified

in the following sections (p�
i = pi).

Scales and dimensionless equationsThe semi-axis a0

is used as the transverse and axial length scale. There-
fore, the dimensionless perimeter, which is constant
in the set of investigated configurations, is given by
χ̃0 = χ0/a0. Furthermore, the cross sectional area Ã
is normalized with respect to its unstressed value A0 so
that Ã = A/A0. Normalised coordinates are used in the
present paper; for instance, z+ = z̃/z̃M = z̃/L̃ (zM: max-
imum). The dimensionless kinematic and dynamic vari-
ables are obtained from the dimensional quantities using
the velocity scale: ũ = u/V, p̃i = pi/(ρV2). The dimen-
sionless governing equations become:

(ũ · ∇̃ )ũ = − ∇̃ p̃i +Re−1∆̃ũ; ∇̃ · ũ = 0. (2)

Boundary conditions The boundary of the fluid
domain Σ is partioned into three surfaces: the entry
cross section Γ1, the exit cross section Γ2 and the
pipe wall Γ3. The boundary conditions (BCs) are:
ũ · êz = ũΓ on Γ1, C̃n̂2 = 0 on Γ2, ũ = 0 on Γ3, where
ũΓ is the uniform injection velocity and n̂2 the outer unit
normal vector at Γ2.

The computations can be performed either with constant
axial pressure difference or with constant flow rate, what-
ever Σ. The present work is linked to experiments with
constant flow rate on cell cultures in flow chambers. Let
us consider the fully developed steady laminar flow in a
straight tube of rigid smooth wall and of circular cross
section, i.e. the Poiseuille flow, with its axisymmetrical
velocity profile ũz(r̃) = (1− r̃2) (r̃: radial distance from
tube axis). The dimensionless flow rate is thus equal to
1/2. The values of ũΓ are adjusted to maintain a constant
q̃ whatever Σ. Consequently, ũΓ = 1/(2Ã). The values
of ũΓ are given in Tab. 2.

Governing parameter The Reynolds number is de-
fined by the local velocity scale V, the length scale a0

and the fluid kinematic viscosity ν. Because q̃ = 1/2,
V = 2uΓÃ; since χ is constant for the whole Σ set,
Re = Udh/ν, where U is the cross sectional average
velocity. Therefore, Re= 4q/(χν); Reis invariant what-
ever Σ. In any Σ, changes in Reare obtained by suitable
changes in ν. The numerical tests were carried out for
three given Reynolds numbers Reequal to 35,500 and
1000. The minimum and maximum values are found in
large and medium sized veins of the lower limbs; 500 is
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an intermediate value.

Wall shear stress The dimensionless extra-stress ten-
sor is equal to T̃ = 2Re−1 D̃. At each point of the bound-
ary Γ3 of Σ, the dimensionless dissipative stress vector
τ̃ττ = 2Re−1 D̃n̂ associated with the dimensionless extra-
stress tensor T̃ is defined by:

τ̃ττ = Re−1

{[
(2ũx,xnx +(ũx,y + ũy,x)ny+

(ũx,z+ ũz,x)nz

]
êx

+
[
(ũx,y+ ũy,x)nx +2ũy,yny +(ũy,z+ ũz,y)nz

]
êy

+
[
(ũx,z+ ũz,x)nx+(ũy,z+ ũz,y)ny+2ũz,znz

]
êz

}
,

where n̂ is the inner unit normal vector of the boundary
Γ3. ũx is the x̃-component of ũ in the Cartesian basis
(êx, êy, êz). ũx,y is the partial derivative of ũx with
respect to ỹ. The same notation is used for every vector
component and partial derivative.

The dimensionless stress vector τ̃ττ is expressed in a lo-
cal basis. Let t̂ the transverse tangent unit vector, which
is perpendicular to n̂ (in straight duct of uniform cross
section, it belongs to the plane of the cross section); t̂ is
oriented in the anticlockwise direction. Let b̂ = t̂∧ n̂; the
Frenet trihedron (P; n̂, t̂, b̂) is then defined in each point
P of Γ3. (τ̃t, τ̃n, τ̃b) denote the components of the vector
τ̃ττ in this trihedron. In the local Frenet basis τ̃ττ becomes:

τ̃ττ = J

{
[(tybz− tzby)τ̃x +(tzbx− txbz)τ̃y

+(txby− tybx)τ̃z] n̂
+ [(bynz−bzny)τ̃x +(bznx−bxnz)τ̃y

+(bxny−bynx)τ̃z] t̂
+ [(nytz−nzty)τ̃x +(nztx−nxtz)τ̃y

+(nxty−nytx)τ̃z] b̂
}

,

where J is the determinant of the Jacobian matrix of the
Cartesian-to-Frenet frame change:

J = bx(nytz−nzty)−by(nxtz−nztx)+bz(nxty−nytx).

2.3 Numerical Method

Three numerical steps are associated with the finite el-
ement method: (i) the configurations Σ are meshed, (ii)
the Navier-Stokes equations are solved and (iii) the fields
of the mechanical quantities are processed.

Mesh generation The quarter of cross section (x̃ ≥ 0
and ỹ≥ 0) is meshed from its boundaries (wall part and
segments on axes x̃= 0 and ỹ= 0). The wall boundary of
the cross section is meshed from the minimum number
of 15 points which fits the wall contour drawn from an
original set of 100 points. The mesh is composed of a
peripheral cell layer of significant thickness in order to
avoid a discontinuity between the wall and entry velocity
Dirichlet conditions, even in high node density meshes;
uniform injection velocity BC is thus associated with
high entry WSS.

Once the bi-dimensional mesh, which defines the
inlet cross section (z̃ = 0), is obtained, a translation
according to axis (O; êz) provides the mesh of the
three-dimensional domain with the choosen length L̃
(L̃ > 30d̃h), taking into account the influence of the
exit BC on the flow. Each induced pentahedron is then
decomposed into three tetrahedra. The whole meshes
of the non-contact configurations (Σ0, Σq and Σt ) are
carried out by two successive symmetry according to
x̃ = 0 and ỹ = 0 planes. The meshes of Σc and Σ� are
performed by a single symmetry operation according
to the ỹ = 0 plane. The computations in the contact
configurations are only made on the x̃ ≥ 0 space. The
cross sections are thus identical thoughout the whole
length of each Σ. Moreover, numerical artifacts due to
the mesh asymmetry are avoided. Geometrical and mesh
characteristics are respectively given for each Σ in Tab. 2.

Table 2 : Mesh features, dimensionless tube length and
inlet boundary condition used to obtain a dimensionless
volume flow-rate equal to 1/2 whatever Σ.

Σ node number element number L̃ ũΓ
Σ0 17885 96768 84.0 0.50
Σq 16219 86976 74.8 0.56
Σt 16709 86976 80.0 0.87
Σc 8460 43188 67.5 1.85
Σ� 9150 45720 67.7 2.38

Numerical solution of the governing equations The
numerical solution of the Navier-Stokes equations for in-
compressible fluids is based on a variational formulation
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of the governing equations:

B(u,v)+T (u;u,v)+B ′(v, p) =< l ,v >,
∀v ∈ V ⊂ H1(Σ)3,

B ′(u,q) = 0, ∀q∈ Q ⊂ L2(Σ)

where B et B ′ are bilinear forms, T a trilinear form,
< l ,v > the dual product (the quantity l takes into
account the nonhomogeneous velocity and possible pres-
sure BCs as well as the possible forcing term f), H 1(Σ)
and L2(Σ) the Sobolev spaces of order 1 defined on Σ for
vector-valued functions and the space of functions that
are square integrable in the Lesbegue sense with respect
to Σ respectively.

The discretization uses finite elements defined by a La-
grange interpolation; the pressure and the velocity are
computed in P1/P1isoP2 tetrahedra (Glowinski, 1984).
The computational method is suitable for unsteady flow.
In steady flow, the time acts as iteration parameter un-
til convergence, i.e. until the norms provided with the
classical Hilbert spaces of the difference between two
successive iterations of the pressure and velocity fields
is constantly below a given tiny threshold. The time
discretization uses a fractional step scheme of order 2
(Boukir et al., 1992). The convection step is processed by
a characteristic method (Pironneau, 1982). The diffusion
step is based on the Chorin-Temam method. The linear
system is solved using the conjugate gradient method.

Computation of the dissipative stress vector The dis-
sipative stress vector τ̃ττ is computed using the nodal val-
ues of the velocity in each tetrahedron and an interpola-
tion by Lagrange polynomials of degree one. The vis-
cous component of the stress tensor is thus constant in
each tetrahedron; τ̃ττ is then constant on each face of the
tube wall Γ3. τ̃ττ is computed at each node of Γ3 using a
weighting factor which is the area of the corresponding
triangle.

3 Results

Longitudinal pressure difference The fluid is con-
veyed in straight tubes; consequently, the so-called pres-
sure pi is uniform throughout any cross section. The
pressure differences δp̃ between the tube inlet and out-
let, where the pressure is set to zero, are given in each

Σ for the three values of Re in Tab. 3. Since q is con-
stant, the higher the Reynolds number the smaller the
pressure difference for a given Σ (Fig. 3). The pressure
variations along the tube axis are non-linear in the en-
trance region whereas they are linear in its downstream
segment. Whereas Ã decreases from 1 to 0.21, δp̃ is mul-
tiplied by a factor of about 45 at high Reand about 50 at
low Re.

Table 3 : Pressure differences between the tube inlet and
outlet for the same flow rate (zero exit pi).

Re 35 500 1000
Σ0 9.5 0.78 0.45
Σq 12.5 1.02 0.58
Σt 57.9 4.26 2.26
Σc 277.1 21.14 12.00
Σ� 489.4 37.45 20.52

Velocity field Velocity profiles in the planes (O; êx, êz)
and (O; êy, êz) at selected axial stations are displayed
rather than velocity distributions in the whole cross sec-
tion in order to compare easily in one plot the axial ve-
locity changes, for each Σ at given Re. The boundary
layer develops in the streamwise direction from the en-
trance cross section since the inlet boundary conditions
is defined by an uniform injection velocity. The velocity
profiles remain similar after a given length, the so-called
entrance or entry length; the flow is then fully developed
and corresponds to the solution of Ribreau et al. (1994).

Entry length The dimensionless entry length (L̃e) of
a laminar flow in an axially uniform straight rigid duct
is, in the present work, defined using a relative velocity
index with a threshold of 0.05. The relative velocity
index (ũM − ũz)/ũM is computed from the dimensionless
velocity maximum ũM at Re = 35: indeed, at low Re,
the flow is fully developed downstream from a short
entry length. Moreover for a given Σ, the velocity
profiles are the same whatever Rebecause q̃ is constant.

The dimensionless entry length L̃e and its normalized
values L̃e/L̃ are given for each Σ and each Rein Tab. 4.
The smaller the Reynolds number the shorter the entry
length for a given Σ (Fig. 4). For a given Re, L̃e is
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Figure 3 : Top: pressure variations along the axis of Σ �

for the three values of Re: 35 (+), 500 (×) and 1000 (∗).
Bottom: same as top for Re = 500 and 1000 in order
to display the non-linearity of the pressure change in the
entry region of the tube in its contact configuration.

divided by a factor of about 2 between Σ0 and Σq in the
one hand and Σt , Σc and Σ� in the other hand, except
for Σ� at Re = 35. The ratio L̃e/L̃m is used to estimate
the entry length for comparison between the studied Σ,
where L̃m is the dimensionless length of Σc (L̃m is the
shortest length of our tube set). The smallest values of
this ratio are obtained in Σt whatever the investigated
values of Re.

Configurations without contact In the vicinity of the
entrance section, the velocity profile exhibits a plateau
in the core region and high velocity gradient near the
wall, due to the imposed inlet boundary condition. Fur-
ther downstream from the entrance section, a velocity

Table 4 : Dimensionless entry length ( L̃e) and normal-
ized entry length (L̃e/L̃), estimated from a velocity index
with a threshold of 0.05. For comparison purpose, a ratio
(L̃e/L̃m) is also given.

Re 35 500 1000
Σ0 L̃e 2.8 31.6 63.1

L̃e/L̃ 0.03 0.38 0.75
L̃e/L̃m 0.04 0.47 0.94

Σq L̃e 2.8 31.8 62.1
L̃e/L̃ 0.04 0.43 0.83
L̃e/L̃m 0.04 0.47 0.92

Σt L̃e 1.60 12.9 24.9
L̃e/L̃ 0.02 0.16 0.31
L̃e/L̃m 0.02 0.19 0.37

Σc L̃e 1.70 16.6 31.9
L̃e/L̃ 0.03 0.25 0.47
L̃e/L̃m 0.03 0.25 0.47

Σ� L̃e 3.1 15.7 30.6
L̃e/L̃ 0.05 0.23 0.45
L̃e/L̃m 0.05 0.23 0.45

maximum is observed for every axial stations on Σq axis
(Fig. 5). When the opposite walls are concave (Σt ), the
velocity maximum migrates laterally where the tube lu-
men is the largest (Fig. 6).

Contact configurations In contact configurations, the
velocity field is explored in the part of the tube lumen lo-
cated in the space x̃≥ 0. The lumen region near the con-
tact point is characterized by a very low velocity flow.
The results are displayed for Re = 1000. Let us de-
compose the x̃-coordinate of the investigated part of the
cross section in 4 zones: (i) zone I where the velocity
which is nearly equal to zero (0 ≤ x̃ ≤ 0.20 for Σc and
0 ≤ x̃ ≤ 0.29 for Σ�), (ii) zone II where the velocity
increases up the left ‘intersection point’ of the velocity
profiles (0.20 ≤ x̃ ≤ 0.64 for Σc and 0.29 ≤ x̃ ≤ 0.75
for Σ�), (iii) zone III where the velocity either displays
a plateau or reaches its maximum (0.64 ≤ x̃ ≤ 1.23 for
Σc and 0.75 ≤ x̃ ≤ 1.29 for Σ�) and (iv) zone IV near
the outer edge, of small thickness, where the velocity
decreases to satisfy the no-slip condition, as shown in
Fig. 7. The axial velocity gradient in zone II decreases
significantly downstream, whereas the speed axial vari-
ations in zone III are very small. The tube length over
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Figure 4 : Variations of the velocity index in Σ t (top)
and in Σc (bottom) for the three Re: 35 (+), 500 (×) and
1000 (∗). The solid line defines the 5 per cent arbitrary
choosen threshold.

which the velocity profiles display a plateau is great, es-
pecially for large Re. The velocity profiles are displayed
in one axial station z+ ∼ 0.04 (z̃/d̃h ∼ 11.5) of Σ�

(z+ = z̃/L̃), for the three Re in Fig. 8. The higher Re
the higher the slope of the velocity profile near the con-
tact point. Further downstream from the entrance section,
a velocity maximum is observed for every axial stations
along a line parallel to the tube axis and through the point
(x̃ ∼ 0.96, ỹ = 0) for Σc and (x̃ ∼ 1.1, ỹ = 0) for Σ�.

Wall shear stress τ̃b = τ̃z because the cross section is
axially uniform. In fully-developed steady laminar flow
in long uniform ducts of smooth rigid walls and of circu-
lar cross sections, the so-called Poiseuille flow, the wall
shear stress is constant throughout the whole tube, in the
streamwize direction as well as along the wetted perime-

Figure 5 : Velocity profile in the centerplane (top) and
in the plane normal to the centerplane at the tube axis
(bottom) of Σq when Re= 1000 at selected axial stations
z+: 0.0 (solid line), 0.07 (+), 0.13 (×), 0.27 (∗), 0.53 (◦),
0.67 (�), 0.80 (
), 0.99 (�).

ter. Because, in such a flow, τ̃b×Re= 2, τ̃b×Reis taken
here as the variable of interest.

Configurations without contact The variation in
τ̃b ×Re along s̃ at selected cross sections is plotted in
Fig. 9 when Re= 1000 for Σq and Σt respectively. In
Σq, WSS maxima are located at mid-faces (s̃ = 0),
whatever the axial station, whereas κ̃ is maximum. WSS
minima are observed at both edges (s̃ ∼ π/2) where κ̃ is
minimum. For a given s̃, the WSS differences between
the tube entrance region and the downstream segment is
the smallest at both mid faces and the greatest at both
edges. The WSS increases with Rewithout appreciable
change in the cross variations at given axial stations. In
Σt , the WSS decreases from its maximum located in the
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Figure 6 : Velocity profile in the centerplane (top) and
in the plane normal to the centerplane at the tube axis
(bottom) of Σt when Re = 1000 at selected z+: 0.0 (solid
line), 0.05 (+), 0.13 (×), 0.23 (∗), 0.33 (◦), 0.50 (�),
0.75 (
), 0.88 (�).

middle of the face to its minimum at the edge.

Contact configurations The magnitude of the WSS
is much greater than in configurations without contact
whatever the axial station. The variation in τ̃b×Realong
s̃ at selected z̃ is plotted in Fig. 10 for Σc and Σ�. In
quarter S (space x̃ ≥ 0, ỹ ≥ 0), the cross variation in
wall shear stress is defined by three extrema. The WSS
is equal to zero at the contact point. A second minimum
occurs at the edge, while a maximum appears at a point
of the face. The maximum moves from s̃ ∼ 0.5 in
the entrance segment (z+ = 0.03) to s̃ ∼ 0.9 in the
downstream segment (z+ = 0.27) in Σc; it migrates
from s̃ ∼ 0.65 at z+ = 0.03 to s̃ ∼ 0.87 at z+ = 0.53

Figure 7 : Velocity profile in the centerplane at
Re = 1000. Top: in Σc at z+: 0.0 (solid line), 0.03 (+),
0.07 (×), 0.13 (∗), 0.22 (◦), 0.27 (�), 0.71 (
), 0.94 (�).
Bottom: in Σ� at z+: 0.0 (solid line), 0.03 (+), 0.04 (×),
0.11 (∗), 0.13 (◦), 0.16 (�), 0.53 (
), 0.95 (�). Four
zones are defined in the developing velocity profiles (see
text).

in Σ�. The ratio between the edge minimum and the face
maximum is the same in both contact configurations
(0.63 at Re = 1000). The higher Re, the closer to
the contact point the location of the WSS maximum
(Fig. 11). Fig. 11 shows that the WSS circumferential
variations with Re are superimposed at z+ = 0.53,
i.e. downstream from the entry length. In the entrance
region, the magnitude of the maximum increases when
Rerises. This result is in agreement with the slope of the
velocity traces exhibited in zone II (Fig. 8).

Axial variations of τ̃b × Re for a set of given s̃ (isos̃
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Figure 8 : Velocity profile in the centerplane of Σ� at
z+ = 0.04. Re= 35 (+), 500 (×) and 1000 (∗).

τ̃b×Re vs.z̃ relationships) show that the WSS, like the
velocity, decreases over a more or less long tube segment
according to Reand reaches a value at z̃ = L̃e which is
constant throughout the entire segment of the duct down-
stream from the entry length: the s̃-set fully developed-
flow WSS (SFDFWSS) value. The SFDFWSS depends
on s̃ whatever Σ. In Σq, the cross-sectional wall remain-
ing concave, the greater the arc length the lower the SFD-
FWSS, as expected from the isoz̃ τ̃b×Re vs.s̃ relation-
ships plotted in Fig. 9. In configurations caracterized by
a change in cross wall curvature from a convex wall to a
concave wall, the isos̃ τ̃b×Re vs.z̃curves are not sorted
according to s̃. In contact configurations, the greater the
arc length the greater the SFDFWSS in the wall part as-
sociated with small s̃ (regions I and, partially, II depicted
in Fig. 10) whereas the greater the arc length the lower
the SFDFWSS in the wall part associated with high s̃ (re-
gions III and IV of Fig. 10).

4 Discussion

The stress exerted on the pipe wall by the flowing fluid
is the main variable of interest of the present study. A
mixed formulation could be more appropriate to control
the accuracy of the WSS computation, especially in the
case of flow-induced evolution of the fluid microstructure
with more or less memory effects. The usual velocity-
pressure formulation is used because the fluid is here as-
sumed to be Newtonian.

The whole set of numerical simulations has been car-
ried out with a constant flow rate and zero pressure at

Figure 9 : Wall shear stress τ̃b×Rewhen Re = 1000
along one forth of the dimensionless wetted cross
perimeter from the mid-face (left) to the edge (right).
Top: in Σq at z+: 0.07 (+), 0.13 (×), 0.27 (∗), 0.53 (◦),
0.67 (�), 0.80 (
), 0.99 (�). Bottom: in Σt at z+:
0.05 (+), 0.13 (×), 0.23 (∗), 0.33 (◦), 0.50 (�), 0.75 (
),
0.88 (�).

the tube outlet. In the momemtum equation 2, the pres-
sure term is balanced by the difference between the diffu-
sion term and the inertia term. The greater the Reynolds
number, the smaller the diffusion term and, consequently
the lower the pressure gradient, in particular downstream
from the entry length, where the convective term is equal
to zero.

While the finite element method is used in the present
work, the emergence of “meshless method” to solve the
Navier-Stokes equations may alleviate some of the dif-
ficulties associated with the finite element methods (e.g.
Atluri and Shen, 2002). Vortex methods offer also an al-
ternative method for numerical solutions of the Navier-
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Figure 10 : Wall shear stress τ̃b×Rewhen Re = 1000
along s̃. Top: in Σc at z+: 0.03 (+), 0.07 (×), 0.13 (∗),
0.22 (◦), 0.27 (�), 0.71 (
), 0.94 (�). Bottom: in Σ�

at z+: 0.03 (+), 0.04 (×), 0.11 (∗), 0.13 (◦), 0.16 (�),
0.53 (
), 0.95 (�). Regions I to IV correspond to the
velocity-profile zones of Fig. 7.

Stokes equations; in particular, such a numerical tool
may be used for simulations of incompressible viscous
flows (e.g.Cottet and Koumoutsakos, 2000).

Test validation Result validation and error estimation
may be done using the quasi-circular cross sectional
configuration Σ0 for which the analytical solution of the
Poiseuille flow gives τ̃b×Re= 2. The maximal relative
error obtained in Σ0, when the flow is fully developed,
whatever Re, of the WSS computation is about 4% with
respect to the theoretical solution.

For each Σ, the tetrahedron number has been multiplied

Figure 11 : Wall shear stress τ̃b ×Re in Σ� along s̃ at
two z+, 0.04 and 0.53, and three Re: 35 (+ and ◦ respec-
tively), 500 (× and � respectively) and 1000 (∗ and 

respectively). Regions I to IV correspond to the velocity-
profile zones of Fig. 7.

by a factor of about 4 from a low element density mesh.
The bulk flow properties remains unchanged; the mesh
effects have been considered negligible.

Besides, two finite element techniques were used. The
method of the commercial N3S package (EDF-Simulog,
France) is described in section 2. The INRIA NSI3 soft-
ware is based on P1 bubble P1 tetrahedra. The pressure
p̃i is defined at the four vertices of the tetrahedron (P1

element) and the velocity ũ at both the vertices and the
barycenter (P1 bubble element). The order of the method
is O(ξ2) for ũ and O(ξ) for p̃i in the L2 norm, ξ being
the characteristic size of the tetrahedron (Arnold et al.,
1984). The solution is obtained via a generalized Uzawa-
preconditioned-conjugate gradient method (Glowinski,
1984). In both case, the time acts as an iteration parame-
ter for convergence, and the convection step is processed
by a characteristic method. The flow behaviour is sim-
ilar for given flow conditions associated with the same
boundary conditions. In particular, the entry length is the
same (the plots of the streamwize variations in fluid ve-
locity are similar). The mean relative difference over the
whole mesh node set between the two computational ve-
locity fields, the quantity of interest from which both the
entry length and the wall shear stress are computed, ob-
tained with N3S and NSI3 softwares, is lower than 4%
and the maximum relative difference is lower than 9%.
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Entry length The normalized entry length L̃e/L̃ is
given in Tab. 4 for the set of studied configurations. In
Σ�, L̃e/L̃ = 0.23 and 0.25 when Re= 500 and 1000
respectively. These normalized streamwize coordinates
correspond to the stations at which the pressure plots
displayed in Fig. 3 lose their curvilinear shape to become
linear. The pressure evolution is thus in agreement with
the variation of the velocity index aimed at determining
the entry length.

The dimensionless entry length are also computed
using different formulas L̃e/d̃h (d̃h is given in Tab. 1)
and L̃e/(d̃h.Re) for comparison with the literature data
(Tab. 5). Note that such expressions must be provided
with the cross-sectional shape otherwize the geometry
influence may be overlooked. When Re = 35, L̃e/d̃h of
Σ0 is multiplied by a factor of about 2.3 and about 5.3 in
Σc and in Σ� respectively. L̃e/(d̃h.Re) is nearly constant
when Re≥ 500 for a given Σ. It takes its highest values
for the smallest investigated values of Re (Re = 35)
whatever Σ, whereas it remains nearly constant when
Re≥ 500. When Re≥ 500, the values of L̃e/(d̃h.Re)
in Σc and in Σ� are about 2 and about 2.3 times greater
than the values in Σ0 respectively. The ratio between
its values at high Re and at low Re depends on the
cross-sectional configuration. It is almost constant for
Σ0 and Σq (0.78 and 0.79 respectively) and is equal to
0.5, 0.67 and 0.33 for Σt and Σc, and Σ�.

Textbook data provide usually the entry length in a
straight duct of circular cross section (Appendix Ap-
pendix A), with a huge between-author variability. In Σ0,
L̃e/d̃h ∼ 1.4 when Re < 100 and L̃e/(d̃h.Re) ∼ 0.03
when Re > 200 are close and equal respectively to the
most common values proposed in the literature (1.2 and
0.03 respectively).

Biological implications The present work deals with
the interaction between flow and cultured cells in pipes.
Geometrical and dynamical similarity criteria can be
applied between the bioconduit and the experimental
duct. However such principles can not be used for the
living cells in culture in the flow chamber. The shear
stresses applied to the ECs in vitro must be the same in
magnitude and in direction than the ones experienced
by the ECs in vivo. When the flow is fully developed

Table 5 : Two other usual expressions of the dimension-
less entry length (L̃e/d̃h, L̃e/(d̃h.Re)).

Re 35 500 1000
Σ0 L̃e/d̃h 1.4 15.8 31.6

L̃e/(d̃h.Re) 0.04 0.03 0.03
Σq L̃e/d̃h 1.6 18.1 35.3

L̃e/(d̃h.Re) 0.05 0.04 0.04
Σt L̃e/d̃h 1.4 11.3 21.9

L̃e/(d̃h.Re) 0.04 0.02 0.02
Σc L̃e/d̃h 3.2 30.7 59.1

L̃e/(d̃h.Re) 0.09 0.06 0.06
Σ� L̃e/d̃h 7.4 37.4 72.9

L̃e/(d̃h.Re) 0.21 0.07 0.07

and when the flow rate is kept constant, the WSS scale
is given by µq/a3

0 (Ribreau and Thiriet, 1998, Thiriet
et al., 2001). Same WSS are obtained if the criterion
µq/a3

0 = cst. is satisfied. Knowing the ratio between the
test fluid viscosity and the Newtonian value of the blood
viscosity in the one hand and the venous flow rate in
the other hand, the experimental flow rate can then be
deduced, when the flow rate in the test section is fully
developed.

Geometrical data of large and medium-sized veins of the
systemic circulation are given in Tab. 6. Haemodynamic
quantities in the same veins are either provided by
the literature data or computed from dh with a blood
kinematic viscosity ν of 4.10−6 m2.s−1 (Tab. 7). There
is a large between-subject variability in vein size and
flow for a given vein in healthy subject. Subject position
and activity (rest / exercise) affect the vein size. For
instance, the flow rate in the common femoral vein of a
lying atheletic young male at tidal respiration is equal
to about 230 ml.mn−1 (vein diameter: 5 mm) while it is
equal to about 150 ml.mn−1 (vein diameter: 16 mm) in
the same standing subject. The provided WSS values are
thus only estimates (Tab.8).

In large and medium sized blood vessels, where the ratio
between the vessel-flow length scale and the characteris-
tic size of the circulating cells is quite small, RBCs are
not expected to deform. In large blood vessels, when
RBCs have undergone a stress history such that there is
no residual RBC agregates and when the convection time
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Table 6 : Usual hydraulic diameter at p = 0 and perime-
ter of cross section of selected veins supposed to have
circular cross section in normal adults in lying position.

Vein dh χ
(mm) (mm)

Vena cava 25 78.5
Common femoral 9 28.3

Posterior tibial 4 12.6

Table 7 : Estimated cross sectional average velocity U ,
volume flow rate q and Reynolds number Rein some se-
lected veins.

Vein q U Re
(ml/s) (m/s)

Vena cava 75 0.15 955
Common femoral 2 0.03 71

Posterior tibial 0.08 0.006 6

scale is greater than the agregation time scale, the blood
is supposed to be Newtonian. This assumption is rele-
vant in open configurations Σ0, Σq and Σt . However, in
the contact configurations Σc and Σ�, the flow region near
the contact point is characterized by a slow flow. In the
present work, the agregation time constant, supposed to
be greater than the platelet one, is assumed to be higher
than the local convective time scale. The convective time
scale is supposed to be higher than in a flow separation
region, where the fluid is recirculating with a low speed,
especially near the pipe wall, or in a lateral cavity, like
arterial aneurisms, where the viscous effects induce less
driving forces on the fluid than in a slow flow region of
the vessel lumen. RBC agregation, which might occur in
flow stagnation regions, is expected to be inhibited in the
very low shear region located in the vessel lumen near the
wall contact. Any RBC rouleau network, which appears
in rest blood, are indeed distroyed into small rouleaux at
very low shears (γ̇= 10−2 s−1).

5 Conclusion

Flow chambers made of channels with cell-coated
walls are aimed at exploring the mechanotransduction
properties of endothelial cells of the interface between
the blood and the vessel wall. The wall shear stress has
been found to trigger changes in shape, density, rate

Table 8 : Wall shear stress (WSS) extrema (mini-
mum WSSm and maximum WSSM in Pa) and maxima
of its cross- (WSScgM) and axial (WSSagM) gradient
(Pa.m−1) estimated in systemic veins from the compu-
tational model results.

Vein Vena Common Posterior
cava femoral tibial

Re 1000 35 35
Σ0

WSSm 0.2 0.2 0.01
WSSM 0.3 0.4 0.02
WSScgM 0. 0. 0.
WSSagM 0.4 1.4 0.1

Σq

WSSm 0.2 0.2 0.01
WSSM 0.4 0.5 0.02
WSScgM 6.4 21.6 2.0
WSSagM 0.8 2.7 0.3

Σt

WSSm 0.4 0.5 0.02
WSSM 1.1 1.4 0.05
WSScgM 18.3 61.6 5.7
WSSagM 1.5 5.0 0.5

Σc

WSSm 2.0 2.4 0.1
WSSM 4.4 5.3 0.2
WSScgM 630. 2380. 220.
WSSagM 7.7 25.6 2.1

Σ�

WSSm 2.9 3.5 0.1
WSSM 5.9 7.2 0.3
WSScgM 629. 2110. 195.
WSSagM 6.7 22.5 2.1
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division and biochemical syntheses of the endothelial
cells. The field of the wall shear stress induced by an
homogeneous Newtonian incompressible fluid which
flows steadily with given Reynolds numbers is here
investigated in collapsed tubes of axially uniform cross
sections. Such cross section shapes are associated with
tranverse variations in the longitudinal component of
the wall shear stress. Consequently, in addition to the
pressure, the cell is subjected not only to a shear force
but also to a shear torque at its inertia center.

The cross section shape affects significantly the distri-
bution of the wall shear stress along the wetted tube
perimeter. Variations in the wall shear stress are greater
when the opposite walls of the cross section are in con-
tact. Moreover, the higher the Reynolds number and/or
the closer the station from the entry section, the greater
the variation range of the cross distribution of the wall
shear stress. The results can be used to design flow cham-
bers composed of a collapsed pipe to introduce cross ef-
fects. Cell adherence to the conduit wall, tissue cohe-
sion, shape and functions can then be tested by a local
two-component force, which is closer to the in vivocon-
ditions. Moreover, the present results are necessary to in-
terpret the data collected during biological observations
and measurements on cell cultures in such flow cham-
bers.

Acknowledgement: The authors are grateful to a ref-
eree for his very useful comments.

Appendix A: Entry length

The entry length Le (or entrance length or inlet length),
of a steady flow, whatever its regime, in any pipe, is
the distance between the inlet section and the station
from which the flow profile does not change. More
precisely, for a steady laminar flow in a long straight
cylindrical conduit of circular cross section and smooth
rigid impermeable wall, with uniform injection velocity
for instance, the entry length is the pipe length from
which the deviation of the velocity distribution from the
Poiseuille distribution is less than 1 percent (Boussinesq,
1891). The viscous effects have then pervaded the whole
tube lumen. The inlet length has also been defined,
for an easier record, as the distance through which the
developing maximum velocity, which is the centerline
velocity in a long straight tube, reaches 99 percent of the

peak velocity of the fully developed flow.

Boussinesq (1891) proposed Le/(dh.Re) = 0.065
through which the velocity is redistributed approxi-
mately into a parabolic profile3. However, this value
is overestimated, and the following value is proposed 4:
Le/(dh.Re) ∼ 0.015 when 200 < Re < 2500. When5

Re < 200, Le/dh = 1.2. The entry length can also be
calculated using literature formulae from Reand a set of
fitting constants; the calculated quantity is either Le6 or
Le/dh, using either a linear7 or a meromorph equation8.
For a single and simple investigated flow as the laminar
steady flow in a long uniform straight pipe with rigid
smooth wall and circular cross section, there is a range
of available data and not a single value.
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