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Entrance of a Bioartificial Capsule in a Pore

A. Diaz1 and D. Barthès-Biesel2

Abstract: This paper deals with the numerical study of
the flow of a bioartificial capsule in a long axisymmetric
pore with a hyperbolic entrance. The capsule consists of
an infinitely thin and hyperelastic membrane filled with a
Newtonian liquid. The resolution of the problem is based
on an integral formulation of Stokes equations along with
a boundary element method. The model allows the study
of the influence of various parameters such as the mem-
brane rheology, the membrane elasticity, the viscosity ra-
tio λ between the capsule fluid and the suspending fluid,
the capsule shape and size.
Owing to the important number of parameters involved
in the problem, the effect of viscosity ratio λ and of
the membrane rheology are investigated separately in the
regime of large deformations. Special attention is given
to the influence of the capsule initial shape. Specifically,
we have considered ellipsoidal capsules with aspect ratio
A/B=0.28 which thus have the same sphericity index as
red blood cells. It is found that the entrance of the cap-
sule in the pore is very sensitive to the capsule shape and
volume. The influence of viscosity ratio λ is important in
cases where quasi-plugging of the pore is reached. The
effect of capsule rheology is significant when the defor-
mations are very large.

1 Introduction

A capsule consists of an internal liquid enclosed by a de-
formable membrane. Liquid filled artificial capsules have
many industrial applications (pesticides, inks, toothpaste,
cosmetics,...). In Biomedical Engineering, artificial cap-
sules are used in drug delivery systems, artificial organs
or cell therapy [Lim (1984); Kühtreiber, Lanza and Chick
(1999)]. However, a liquid filled capsule is also an ap-
propriate model of a simple cell like the red blood cell,
which is a biconcave disk filled with a hemoglobin so-
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lution and enclosed by an area incompressible thin lipid
bilayer, lined with a protein network. A capsule will be a
crude model for more complex cells with nuclei, such as
eggs or white blood cells.

We consider capsules that are designed to be suspended
in another liquid. The hydrodynamic forces due to the
flow of the internal and external liquids lead to the defor-
mation of the capsule, and sometimes to breakup. From
the mechanical point of view, this constitutes a very inter-
esting fundamental problem of fluid structure coupling.
Here the fluid stresses are essentially viscous (the flow
Reynolds number based on the particle dimensions is
small) and the capsule membrane undergoes large dis-
placements and deformations. The modeling of the re-
sponse of a capsule to such hydrodynamic forces has two
main applications. Firstly, it allows the prediction of the
response of cells to physiological flows and possibly the
diagnostic of pathological states. Secondly, since it is
essential to control the deformation and breakup of arti-
ficial capsules, the model allows the optimization of the
design of the particle and of its membrane.

Some models of capsule motion in unbounded shear
flows are available. The case of an initially spherical
capsule subjected to small deformations is amenable to
analytical solutions [Barthès-Biesel and Rallison (1981);
Barthès-Biesel and Sgaier (1985); Brunn (1983)]. For
arbitrary initial geometry and large deformations, it is of
course necessary to resort to a numerical model. Since
the flows are governed by the Stokes equations, a popu-
lar method consists in using a boundary integral formu-
lation, first applied successfully to liquid droplets [Ralli-
son and Acrivos (1978)]. The advantage of this approach
as compared to an Arbitrary Langragian-Eulerian [ALE,
Le Tallec and Mouro (2001)] formulation is that it is not
necessary to map the entire external fluid domain for the
numerical solution of the problem but only its bound-
aries. Moreover, there is no need of an interface tracking
method since the positions of the membrane points can
be updated by a kinematic condition.
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The boundary integral formulation of Stokes flows has
been used for the study of large deformations of cap-
sules in various configurations: equilibrium and break-
up in an elongational flow of a capsule with a Mooney-
Rivlin membrane [Li, Barthès-Biesel and Helmy (1988);
Diaz, Pelekasis and Barthès-Biesel (2000)], with an
area incompressible membrane [Pozrikidis (1990a)], or
with a viscoelastic membrane [Diaz, Barthès-Biesel and
Pelekasis (2001)]. The tri-dimensional deformation in
a simple shear flow has been studied for capsules with
a hyperelastic membrane [Pozrikidis (1995); Ramanu-
jan and Pozrikidis (1998)] or an area incompressible
membrane [Zhou and Pozrikidis (1995)]. The effect of
the bending rigidity of the membrane on the capsule
steady equilibrium was investigated recently [Kwak and
Pozrikidis (2001); Pozrikidis (2001)].

Here we focus on a special situation where the capsule is
forced to flow through a small pore. This corresponds to
the microcirculation of blood in the small capillary ves-
sels and to filtration of capsule or cell suspensions. Us-
ing lubrication theory, Secomb and Hsu (1996) designed
an axisymmetric model for the flow of a red blood cell
through a pore driven by a constant pressure drop. The
cell membrane is area incompressible. Its viscosity is
taken into account, but its bending rigidity is ignored.
Moreover, on physiological arguments, it is assumed that
the main viscous dissipation effects occur in the mem-
brane rather than in the internal liquid.

A boundary integral model of the flow of a capsule
in a pore allows accounting for the effects of the in-
ternal liquid viscosity, of the membrane elastic proper-
ties and of the geometry of the capsule. A hyperbolic
[Leyrat-Maurin and Barthès-Biesel (1994)] or cylindrical
pore with a hyperbolic entrance [Quéguiner and Barthès-
Biesel (1997), to be called I in the following] has been
considered. These studies have been conducted under
the assumption of equal viscosity for the internal and
external liquid phases. This restriction does not affect
the steady state results but becomes important during the
transient entrance or exit phases. In I, capsules with
elastomer membranes or with area incompressible mem-
branes were studied. However, owing to numerical limi-
tations, only ellipsoids with an axis ratio of at most 0.67
could be considered. This aspect ratio is quite larger than
the one (0.28) of an ellipsoid with the same surface to
volume ratio as a red blood cell.

Here we present a boundary integral model of the entry

flow of a capsule into a long pore until a steady state is
reached. Our model is more precise and powerful than
Quéguiner and Barthès-Biesel’s, in the sense that it al-
lows the investigation of elongated axisymmetric shapes
(with the same surface to volume ratio as a red blood cell)
without the resort of smoothing or volume correction
procedures. This is achieved by the introduction of some
out-of-plane bending stiffness in the membrane constitu-
tive behavior. In practice, a capsule membrane presents
some bending rigidity due to the finite thickness of the
constitutive elastic material (e.g. Green and Zerna 1964)
or due to its molecular structure [Lipowski (1991)]. The
model also accounts for different internal and external
viscosity. Furthermore the entrance of the pore is less
tapered than the one used in I. Special attention is given
to the influence of the membrane constitutive law on the
transient and steady behavior of the capsule. We consider
two types of membrane constitutive equations based ei-
ther on the Mooney-Rivlin law designed for elastomers
or on Skalak law [Skalak, Tözeren, Zarda and Chien
(1973)]. This last law was originally proposed for the
area incompressible red blood cell membrane, but is oth-
erwise quite general and can be applied to a whole class
of membranes, area incompressible or not. Our results
are then useful for artificial capsules subjected to large
deformations.

The problem assumptions, equations and boundary inte-
gral formulation of Stokes equations are given in section
2. The boundary element method is detailed in section
3. The model predictions are presented and discussed
in section 4 for a number of different cases where the re-
spective roles of the capsule intrinsic physical parameters
are investigated. In particular, burst of a capsule can be
predicted.

2 Problem statement

2.1 Problem geometry

The problem geometry is similar to that studied in I. The
pore is axisymmetric and consists of a long cylindrical
tube of radius Rtand of a coaxial hyperbolic entrance.
All lengths are scaled with Rt . A system of cylindrical
coordinates (x, r, φ) is used where the x-axis is the tube
axis and where the origin O is located on the tube en-
trance (Figure 1). The equations for a meridian of the
pore (coordinates xB, rB, φ) are then:
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(rB)2� (xB)2 tan2 α = 1 for xB � 0;
(rB)2 = 1 for xB > 0

(1)

where α is the angle between the axis of revolution and
the asymptote of the hyperbolic pore.

2.2 Problem equations

The capsule reference geometry is a spheroid with ax-
ial semi-diameter A and radius B. It consists of a drop
of a Newtonian incompressible liquid of viscosity λµ en-
closed by an infinitely thin impermeable membrane (M)
with a surface shear elastic modulus G and a surface
bending rigidity modulus D. The revolution axis of the
particle is aligned with the tube axis so that the configu-
ration is fully axisymmetric (Figure 1). The pore is filled
with a Newtonian incompressible liquid of viscosity µ
which flows with a constant flow rate Q. The tube is sup-
posed to be sufficiently long to allow the capsule to reach
a steady motion in the cylindrical part.

2.2.1 Membrane mechanics

Under the hypothesis of infinitesimal thickness, the 3D
stresses in the deformed membrane are replaced by ten-
sions (forces per unit length) and bending moments (mo-
ments per unit length). Because of the specific geome-
try of the problem, the deformation of the membrane is
purely axisymmetric with no torsion. Consequently the
material points remain on the same membrane meridian
during this process. In the reference configuration, the
points of the membrane are labeled by their co-ordinates
(X, R, φ) in the system of cylindrical co-ordinates defined
in section 2.1, or by the arc length S along a meridian
curve (S=0 at the upstream pole). In the deformed config-
uration, the surface points co-ordinates are (x(S, t), r(S,
t), φ) with arc length s(S,t) (s(0, t)=0). The principal di-
rections of stress and strain are along the meridian (index
s) and azimuth (index φ). The membrane deformation
may be defined in terms of the principal extension ratios
λs and λφ:

λs =
ds
ds

; λφ=
r
R
: (2)

The associated principal curvatures κ s and κφ are :

κs =�
dt
ds
�n; κφ=

nr

r
; (3)

where t is the unit tangent vector oriented in the direction
of increasing s and n the outer unit normal vector to the
capsule.

The membrane is supposed to be isotropic in its plane,
of the hyperelastic type and to deform at constant tem-
perature. Two membrane constitutive laws are consid-
ered in this work: a Mooney-Rivlin law and a Skalak law
[Skalak, Tözeren, Zarda and Chien (1973)]. For each
law, the principal meridional tension is given. The az-
imuthal principal tension is obtained by interchanging
the subscripts s and φ.

In the case of a Mooney-Rivlin law, the membrane corre-
sponds to the infinitely thin limit of a tri-dimensional hy-
perelastic and incompressible rubber-like material. The
membrane initial thickness is uniform. The simplest neo-
Hookean form (NH) of this law is given by Green & Ad-
kins (1970):

Ts =
G

λsλφ

�
λ2

s �
1

(λsλφ)2

�
; (4)

where G is a surface shear elastic modulus. According to
the assumption of 3D incompressibility, the thickness de-
creases when the membrane surface area increases. Such
a law, would then be appropriate for an homogeneous
gelatin membrane which is almost 3D incompressible.

For a material obeying the Skalak law (noted SK), the
tension and extension ratio are related by :

T2 =
G

λsλφ

�
λ2

s (λ
2
s �1)+C(λsλφ)

2(λ2
s λ2

φ�1)
�
: (5)

The first term of the right hand side of equation (5) cor-
responds to the contribution of shear deformations (with
associated surface modulus G). The second term arises
from surface dilatation (with associated surface modulus
CG). Originally, this law was designed to model the red
blood cell membrane. Such a membrane is almost area-
incompressible but easy to shear. It is then usual to study
the prediction of this law in the limit C� 1. However, (5)
is very general and may be also applied to surface com-
pressible membranes by taking O(1) values for C. This
may be particularly useful for polymerized interfaces or
for gelatin membranes reinforced by a polymer network
[Levy and Edwards-Levy (1996)], which may not be well
represented by a neo-Hookean law. Barthès-Biesel, Diaz
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Figure 1 : Schematic description of the problem

and Dhenin (2002) show that for C=1, a NH membrane
and a SK membrane have the same small deformation be-
havior (i.e., same shear, Young and area dilatation mod-
uli). However, for large deformations, the NH membrane
is strain softening, whereas the SK membrane is strain
hardening for all values of C (C > 0).

In the present problem, the capsule membrane may be
subjected to compressive tensions. It is thus useful to
take into account the bending rigidity of the membrane.
As a first approximation, the bending moments are,
Ms;Mφ expressed as linear combinations of the change in
principal curvatures [Zarda, Chien and Skalak (1977)]:

Ms =
D
λφ

�
λsκs�κ0

s +ν(λφκφ�κ0
φ)
�
;

Mφ=
D
λs

�
λφκφ�κ0

φ+ν(λsκs�κ0
s )
�

(6)

where κ0
s and κ0

φ represent the principal curvatures of
the membrane in the reference state. The parameter ν is
equivalent to a two-dimensional Poisson ratio, it is equal
to C/(1+C) for a SK membrane and to 1/2 for a NH mem-
brane. The coefficient D is the surface bending modulus.
In the range of small deformations and small variations
of curvature, the law (6) is analogous to the relation be-
tween moments and curvatures that would be obtained
for a thin sheet of a Hookean material. This law is thus
very simple and does not depend on the structure of the
membrane. The lack of information on the bending prop-
erties of natural cells or of artificial capsules membranes
excludes however the consideration of more complicated
laws.

The shell equilibrium equations provide a relation be-
tween the elastic tensions, the bending moments and the
load per unit of deformed area -q :

q:t =
dTs

ds
+

1
r

dr
ds
(Ts�Tφ)�κs

�
1
r

dr
ds

Mφ�
1
r

d
ds
(rMs)

�

q:n =�κsTs�κφTφ�
1
r

d
ds

��
dr
ds

Mφ�
d
ds
(rMs)

��
: (7)

2.2.2 Equations of motion for the fluids

It has been shown theoretically for a pore with the most
severe opening (α = 90Æ) that, in absence of particle, a
Poiseuille velocity profile is observed for x= 1/2 [Dagan,
Weinbaum and Pfeffer (1982)]. It was observed in I, that
in presence of a capsule, a Poiseuille profile is recovered
within 1% at one pore radius upstream and downstream
from the capsule tips. Furthermore, when the pore is suf-
ficiently long to allow the capsule to reach a steady state,
the entrance phase is independent from the exit phase.
We shall thus focus on the entrance of a capsule in an in-
finitely long pore under constant flow rate. The external
fluid domain Ωext is accordingly delimited by the pore
walls SB, an entrance section SE , an exit section SP lo-
cated at x=LP and the capsule membrane M. The domain
occupied by the internal fluid is denoted Ω intand is de-
limited by M. The meridians of the boundaries SB and M
are respectively denoted CB and CM. The radius of Sp is
denoted Cp.

Non dimensional variables are used throughout: lengths
are scaled with Rt , velocities with Q/πR2

t , viscous
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stresses and pressure by µQ=πR3
t , elastic tensions by G

and bending moments by GRt . The dimensionless pa-
rameters governing the capsule dynamics are accord-
ingly:

� the capsule initial aspect ratio: A/B,

� the ratio between the radius of the sphere with the
same volume as the capsule and the pore radius:
Req=(AB2)1=3/ Rt ,

� the ratio between internal and external fluid viscos-
ity: λ,

� the capillary number: ε=
µQ

πR2
t G

,

� the bending ratio: δ=D/GR2
t

The Reynolds number based on the capsule dimension is
supposed to be very small. Consequently, the motion of
the outer fluid is described by the Stokes equations :

∇ �vext(x) = 0
∇ �σσσext(x) = 0

for x 2Ωext (8)

where vext is the velocity field and σσσext the stress tensor
given by Newton’s law. The same equations obviously
apply for the internal flow (v int, σσσint). The boundary con-
ditions associated to the Stokes equations are :

a) no slip and membrane impermeability:

vext(x) = vint(x) = vM(x) for x 2 M; (9)

vM(x) = ∂x=∂t for x 2 M; (10)

where vM is the membrane velocity.

b) dynamic membrane equilibrium:

ε(σσσext�σσσint) �n =�q for x 2 M; (11)

c) no-slip and impermeability on the tube wall S B :

vext(x) = 0 for x 2 SB; (12)

d) the entrance section SE is located in the reservoir at
a distance LE that is far from the tube entrance (here
LE=30). As shown in I, the pressure on SE is uniform
within and set to zero.

Pext = 0 for x 2 SE: (13)

e) the section SP is located at a position x=LP (here
Lp=15) which is far enough downstream in the tube for
Poiseuille flow to prevail :

vext(x) = 2(1� r2)ex at x = Lp; (14)

The solution of the equations of motion with boundary
conditions (9) to (14), leads to the values of the pressure
Pext in section SE .

Pext = PP
np +∆P at x = Lp; (15)

where PP
np is the pressure in absence of particle and ∆P

the unknown additional pressure drop that varies as the
capsule enters the pore.

2.2.3 Boundary integral formulation

A boundary integral formulation is used for the fluid
problem. This method is particularly well adapted to
free surface flows because it allows to relate the mem-
brane velocity vM at a point x of the interface M
to the velocity and force distributions on the bound-
aries SB[SP[SE[M. Boundary integral formulations of
Stokes equations have been used to compute the mo-
tion and deformation of different particles suspended in a
flowing liquid: bubbles [Youngren and Acrivos (1976)],
drops [Rallison and Acrivos (1978), Pozrikidis (1990b),
Stone and Leal (1989), Martinez and Udell (1990),
Couillette and Pozrikidis (1998)], capsules (Li, Barthès-
Biesel and Helmy (1988); Leyrat-Maurin and Barthès-
Biesel (1994); Quéguiner and Barthès-Biesel (1997);
Pozrikidis (1995); Zhou and Pozrikidis (1995); Ramanu-
jan and Pozrikidis (1998); Diaz, Pelekasis and Barthès-
Biesel (2000); Kwak and Pozrikidis (2001); Pozrikidis
(2001)].

In the present case, the velocity of a point x located on
SB[SP[SE[M is given by:
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βv j(x) =

1
8πε

Z

M

Jji(x;y)qi(y)dA(y)

+(λ�1)
Z

M

vi(y)Ki jk(x;y)nk(y)dA(y) (16)

1
8π

Z

SB[Sp[SE

Jji(x;y) fi(y)dA(y)

�

Z

Sp[SE

vi(y)Ki jk(x;y)nk(y)dA(y)

Boundary conditions (9), (11) and (12) have been taken
into account. The force f is the force exerted by the
boundary on the external fluid and dA(y) a surface ele-
ment. The value of the parameter β depends on position
x :

β=
1+λ

2
for x 2 M;

β= 0 for x 2 SB; (17)

β=
1
2

for x 2 SP[SE :

The tensors J and K are the Green functions for an un-
bounded Stokes flow and correspond respectively to the
single and double-layer potentials. They are known func-
tions of position:

Jji(x;y) =
δji

jjx�yjj
+
(x�y) j(x�y)i

jjx�yjj3
;

Ki jk(x;y) =�
3

4π
(x�y)i(x�y) j(x�y)k

jjx�yjj5
: (18)

On SE , J and K are respectively at most O(1/LE) and
O(1/L2

E) while dA is O(L2
E). The average velocity on SE

is O(1=L2
E), consequently the contribution of SE to the

4th integral of the right hand side of (16) is negligible.

When y = x, J and K are singular and the integrals of
(17) become improper. The single-layer potential may be

shown to converge (because of the order of the singular-
ity) and the double-layer must be taken in the principal
value sense. The latter may be regularized [Pozrikidis
(1990b)]. Since the problem considered in the present
work is axisymmetric, the integration in the azimuthal di-
rection may be performed analytically and the surface in-
tegrals of (17) reduce to curvilinear integrals taken along
the corresponding meridian curves and along the radius
of Sp [Pozrikidis (1992)].

3 Numerical procedure

The numerical method used here is similar to that used
by Diaz, Pelekasis and Barthès-Biesel (2000). It con-
sists in following the transient response of the initially
undeformed capsule to the start of the flow. At time t=0,
the undeformed capsule is placed far downstream from
SE and far upstream from the tube entrance. The algo-
rithm consists in following its motion and deformation
as it flows into the pore until a steady state is reached.
The adopted approach is Lagrangian: at each time step
the position of the membrane material points is known.
Consequently q can be easily obtained from (2) to (7).
The unknowns of the problem are then the force fB on
SB, the perturbed pressure PP

np + ∆P at x=LP and the
velocity of the capsule membrane vM. The unknowns
are determined from the solution of the axisymmetric
and φ-integrated form of (16) written for x 2 CM, CB,
CP. Finally, the kinematic condition (10) allows to ob-
tain the new position of the material points and the next
deformed profile by means of a simple time integration.
This method enables an

The axisymmetric and φ-integrated form of integral
equation (16) is treated by means of a boundary element
method. The meridians CM, CB and CP are partitioned
in respectively NM, NB and NP two-nodes elements Ee

delimited by the nodes ye and ye+1. The NM+1 nodal
points are unevenly spaced along CM with a higher den-
sity in the regions of large curvatures. The partition of
CB and CP are similar to that used in I.

The geometry of each curvilinear boundary element Eeof
the meridian CM is approximated using the following
parametric relation:

y(ζ) = yx(ζ)
yr(ζ)

=
NM+2

∑
j=0

ψ j
x

ψ j
r

BS j(ζ): (19)
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The parameter ζ is such that ye=y(ζe) and ye+1=y(ζe+1).
The shape functions BS j( j = 0; : : : ;NM + 2) are cubic
B-splines. Cubic splines are piece-wise polynomials of
degree 3 that guarantee the continuity at the nodes of
the interpolant y and of its first and second derivatives
(DeBoor 1978). For a given degree of interpolation,
B-splines are nonzero over the smallest possible num-
ber of consecutive elements. In the present case BS j

is non zero over the interval [ζ j�2; ζ j+2]. The sets
fψ j

xg; fψ j
rg( j = 0; : : :;NM + 2) are the spline interpo-

lation coefficients. The computation of the coefficients
fψ j

xg (respectively fψ j
rg) from the abscissa of the nodes

yi
x (respectively yi

r) necessitates the solution of a system
of NM+3 equations with NM+3 unknowns. The NM+1
first equations are given by :

yx(ζe) =
NM+2

∑
j=0

ψ j
xBSj(ζe); e = 1; : : :;NM+1: (20)

Two additional equations are provided by symmetry con-
ditions at the extremities of the meridian CM. The as-
sumptions of a closed, regular and axisymmetric surface
lead to:

∂yx

∂ζ
= 0 for ζ = ζmax and ζ = 0: (21)

For yr, a relation similar to (20) is written and the appro-
priate symmetry conditions are :

∂2yr

∂ζ2 = 0 in ζ = ζmax and ζ = 0: (22)

The unit tangent vector and the second order surface
properties are readily computed from the derivation of
(19). Cubic B-splines are respectively O(∆ζ4), O(∆ζ3)
and O(∆ζ2) accurate in interpolating a smooth function,
its first and second derivatives (where ∆ζ denotes a typ-
ical variation of ζ over one element). Cubic B-splines
interpolation allows a precise computation of the tangent
vector and principal curvatures which is essential for ap-
plications to membrane mechanics problems, where sec-
ond order surface properties are needed.

Although the pore geometry is very simple, the same B-
spline interpolation scheme is chosen for CB for the sake

of consistency. Moreover, this method makes it simple
to tackle more complicated pore shapes. The following
procedure is used to generate two end conditions: at each
extremity of CB, the value of ∂y/∂ζB is evaluated numer-
ically by constructing a cubic lagrangian interpolant of
y over the four first (or last) nodes. This interpolation
is not expected to affect much the overall accuracy of
the method since the lagrangian interpolation is of the
same order of accuracy as the cubic B-spline interpola-
tion. The corresponding boundary condition is then ob-
tained by setting ∂y/∂ζ B equal to the interpolated value.

Since the geometry of the membrane M and of the tube
SB is known at any time step, the above spline interpo-
lation coefficients are known. Cubic B-splines are also
used to interpolate the unknowns v M and fB:

vM(ζ) = vM
x (ζ)

vM
r (ζ)

=
NM+2

∑
j=0

ϖj
x

ϖj
r

BS j(ζ); (23)

and,

fB(ζB) =
fB
x (ζ

B)

fB
r (ζ

B)
=

NB+2

∑
j=0

φj
x

φj
r

BS j(ζB): (24)

The associated symmetry conditions for the membrane
velocity vM are:

∂vM
x

∂ζ
= 0 for ζ = ζmax and ζ = 0; (25)

∂2vM
r

∂2ζ
= 0 for ζ = ζmax and ζ = 0: (26)

At the extremity of CB corresponding to the entrance of
the pore (ζB=0), the axial and radial components of f B

are nearly zero and vary weakly with ζB. Appropriate
end conditions are thus :

∂fB
x

∂ζB = 0 and
∂2fB

r

∂ζB2 = 0 for ζB = 0: (27)

The other extremity of CB corresponds to the intersection
with the meridian on which a Poiseuille flow is recov-
ered. The conditions for fB are thus:

fB
x (ζ

B) = �4 and
∂2fB

r

∂ζB2 = 0 for ζB = ζB
max: (28)

The B-spline interpolations of the geometry of C M and
CB are used in the axisymmetric and φ–integrated form
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of equation (16). The integrals over CM, CB and CP

are decomposed into a sum of elementary integrals taken
over each boundary element. Regular integrals are com-
puted by means of regular 5-point Gauss quadrature. For
singular integrals, the singularity is logarithmic and in-
tegration is performed by means of a 12-point logarith-
mic quadrature. This ensures that the numerical error is
due to the interpolation procedure rather than to the nu-
merical integration (Stroud & Secrest 1966). A set of
2(NM+NB+3) unknowns arises from the incorporation of
the B-spline interpolation (( 23) and (24)) and conditions
((25) to (28)) into the φ-integrated form of (16). Requir-
ing this equation to be satisfied at each of the N M nodes
of CM , the NB nodes of CB and at the point x=LP, a ma-
trix equation is obtained:

0
@ L11 L12 L13

L21 L22 L23

L31 L32 L33

1
A

| {z }
L

������������������������������

ϖ0
x

ϖ0
r

...

...
ϖNM+2

x
ϖNM+2

r
ϕ0

x
ϕ0

r
...
...
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The matrix L is divided into nine blocks. The lines 1, 2
and 3 respectively correspond to the case where the col-
location point is on CM, on CB or at x=LPon CP. The
columns 1, 2, 3 respectively correspond to the contribu-
tions of the double-layer potential for the velocity v M,
the single-layer potential for the traction at the wall f B

and the single-layer potential for the pressure P P
np +∆P.

The right hand side H contains the contributions of the
single-layer potential for the load -q and the force on CP

as well as the contributions of the double-layer potential
for the Poiseuille velocity given by equation (14)

At each time step, the position of the membrane merid-
ian nodes is known and the coefficients of the matrix L,
which are functions of the geometry of the boundaries,
are computed. A standard LU decomposition method is
used for the solution of (29). The shape of the capsule

is then updated by means of equation (10) which is time
integrated with an explicit first order Euler-scheme.

4 Results

The capsule behavior depends on many different param-
eters. We have focussed our attention on the effect of:

� the viscosity ratio λ on the transient entrance of the
capsule into the pore;

� a neo-Hookean (NH) or a Skalak (SK) constitutive
equation for the membrane;

� the volume for spherical capsules (Req=0.8; 0.9 or
1.1);

� the initial geometry for spheres or ellipsoids.
Specifically, we have considered ellipsoidal cap-
sules with aspect ratio A/B=0.28, which thus have
the same sphericity index as red blood cells.

The model computes the additional pressure drop ∆P, the
position xg and velocity vg of the capsule center of mass
as functions of time or of position along the tube axis.
Furthermore, at each time step, the capsule deformed
profile is determined, as well as the distribution of elastic
tensions and deformations in the membrane.

Unless specified otherwise, the tube opening corresponds
to α = 78:5Æ. It is close to that of filtration micropores
[Reid, Barnes, Lock and Dormandy (1976)]. The Stokes
model is adequate for describing the flow through such
micropores. In cell transit analyzer (CTA) experiments
for example, micropores are usually 5 µm in diameter and
15 µm in length. The pressure across the filtration mem-
brane varies between 100 and 1000 Pa and the external
fluid is a buffer or a Dextran solution [Fisher, Wenby and
Meiselman (1992)]. The Reynolds number of the flow in
the pore is therefore much smaller than 1.

The starting position of the capsule center of mass is x g=-
4. This was found to be far enough upstream of the pore
entrance for the results to be independent of the parti-
cle initial position. For standard cases, the number of
points on the pore wall and the exit section are N B=120
and NP=30.

4.1 Effect of bending rigidity

The entrance of any capsule in a long cylindrical pore
consists of successive phases of aspiration, compres-
sion and then relaxation to steady state. For a sphere
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(A=B=0.8, ε=0.12, λ=1), the compression phase happens
for xg > 1. The back of the capsule membrane is then
subjected to in-plane compression in both principal di-
rections s and φ. If the membrane out-of-plane bending
rigidity is zero or too small, the membrane wrinkles or
buckles locally (Figure 2) and it can be physically un-
stable. A small amount of bending stiffness can be in-
troduced to prevent this phenomenon and stabilize the
membrane. The objective of the present work is to study
the deformations of the capsule in absence of buckling
but not to investigate systematically of the effect of the
bending ratio δ. Correspondingly, we have selected the
smallest value of δ that leads to bending moments large
enough to sustain in-plane compressive tensions. This
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Figure 2 : Profiles of an initially spherical capsule de-
void of bending stiffness during entrance in the pore
(A=B=0.8, ε=0.12, λ=1, NH membrane).

minimal compensatory stiffness depends on many pa-
rameters such as the geometry of the entrance of the pore,
the value of the capillary number, the membrane law and
the capsule initial shape. Several values of δ (δ=; 10�9;
10�5; 10�4; 10�3) were tested in the case of an initially
spherical capsule (A=B=0.8) with a NH membrane and
large deformations (ε = 0:12). For values preventing lo-
cal buckling, the effect of δ on the pressure drop is weak,
as shown on Figure 3. Consequently, for each case, the
smallest value of δ (10�5 for this case) which prevents
buckling was selected.

4.2 Validation of results

There is no available analytical solution for the problem
presented in this paper. However, when the capsule has
reached a steady state, it behaves like a solid particle.
The inner fluid is at rest, and the velocity of any mem-
brane point is equal to that of the capsule center of mass.
Consequently, the steady state does not depend on λ and
the values of jvM

x -vgj and jvM
r j should go to zero. Since
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Figure 3 : Pressure drop variation for different values of
the bending ratio δ (A=B=0.8, ε=0.12, λ=1, NH mem-
brane).

the exact value of vg is not known, only the quantity jv M
r j

can be studied to evaluate the precision of the proposed
numerical scheme. Another global indicator of the preci-
sion of the numerical model is given by the final volume
variation between the initial (Vini =

4
3 πAB2) and steady

deformed shapes, which should be zero in principle.

Spatial convergence of the numerical method was veri-
fied for ε=0.09, A=B=0.8 and a NH membrane by means
of mesh refinement using a time step ∆t=2.5�10�4, low
enough to ensure stability for all considered meshes (Ta-
ble 1). Increasing the number of elements on CM from
60 to 112 and from 112 to 224 shows that the numerical
error on the value of jvM

r j is smaller than O(∆ζ). Further-
more, the volume variation varies approximately linearly
with ∆ζ. In all cases presented throughout, the volume
variation was less than 0.1% of the capsule initial vol-
ume. It can then be considered that the overall precision
of the numerical results is O(∆ζ). Moreover, increasing
the number of elements from 60 to 224 leads to a change
in the steady pressure drop smaller than 0.18% (Table 1).
Consequently, NM=60 is chosen as the standard number
of elements except in the case of very large deformations
where it was found necessary (on the basis of the volume
change) to increase the number of points (see for exam-
ple section 4.4).

Since the steady equilibrium in the cylindrical part of
the pore is independent on the entrance phase, the nu-
merical results can be compared as a first validation with
those obtained in I for an initially spherical capsule with
a NH membrane, λ=1 and α=45 ˚ . In I, a finite difference
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NM ∆ζ xg jvM
r jmax (V-Vini)/Vini(%) ∆Pss

60 0.0523599 11.7255558 0.0000100 -0.0887481 7.1959
112 0.0280499 11.7254507 0.0000078 -0.0345955 7.1845
224 0.0140249 11.72542403 0.0000077 -0.0172439 7.1835

Table 1 : Influence of spatial discretization at steady state on the capsule center of mass position, the maximum of
the absolute value of the radial velocity, the relative variation of volume and the steady pressure drop (NH membrane,
δ=10�5, A=B=0.8, λ=1, ε=0.09, NB=180, NP=30, ∆t=2.5�10�4 and Vini =

4
3πAB2).

method (with 113 collocation points) is used in conjunc-
tion with smoothing and volume correction (the two pro-
cedures were found necessary to ensure numerical stabil-
ity). The steady profiles are compared for ε=0.12 (cor-
responding to the value ε=0.04 in I where ε is based on
the membrane Young modulus rather than on the shear
modulus). A very good agreement is obtained (Figure
4). It should be noted that only 60 boundary elements
have been necessary in the present model to obtain the
same degree of accuracy as in I.
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Figure 4 : Comparison of the steady profiles obtained
here (NM =60) and in I (NM =112). Case: A=B=0.8,
ε=0.12, λ=1, NH membrane.

The absence of effect of λ on the steady state is verified
for capsules with a SK membrane (C=0) and ε = 0.04,
for which a significant deformation is achieved. Steady
deformed profiles are compared for different viscosity
ratios (λ=0.2; 1; 5; 10) and for xg=11.84. For initially
spherical capsules, the steady profiles are superimposed
within graphical precision (Figure 5a). For λ=0.2; 1;
5, the maximum values of jvM

x -vgj and jvM
r j are of or-

der 2.1�10�5 (Table 2), thereby indicating that steady
state has been reached quite reasonably. Accordingly, the
same steady values ∆Pss are obtained for ∆P and for vg

within O(∆ζ), (i.e. at most 0.5%). For λ=10, owing to the

high internal viscosity, steady state has not been reached
with the same precision. The maximum of jvM

x -vgj, al-
though small, is about 50 times greater than for λ=1 or 5.
The pressure drop is about 2% lower than for λ=1. This
shows that very viscous capsules need a long length of
tube to reach a steady state.
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Figure 5 : Steady profiles of capsules for different val-
ues of λ( Req=0.9, ε=0.04, SK membrane with C=0). a)
initially spherical capsule A/B=1. b) ellipsoidal capsule
A/B=0.28 NM=90.

Similar results are obtained for initially ellipsoidal cap-
sules (Figure 5b and Table 3). The same steady values
are obtained for ∆P and for vg within at most 1%. The
maximum values of jvM

x -vgj and of jvM
r j are now of order

2�10�3. Furthermore, oscillations of ∆P (relative ampli-
tude 0.05) are observed. They are probably due to the
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numerical errors generated by the computations of the
large curvatures that appear on the profile. In the micro-
circulation of blood, it is well known that the red blood
cells take on parachute shapes similar to the one shown
on Figure 5b.

λ vg ∆Pss jvM
x -vgjmax jvM

r jmax

0.2 1.2048 14.3144 0.000018 0.000018
1 1.2047 14.3212 0.000017 0.000014
5 1.2053 14.2518 0.000019 0.000021

10 1.2076 14.0064 0.00095 0.000873
Table 2 : Center of mass velocity, steady pressure drop
and relative velocity for different values of λ at position
xg=11.84. Initially spherical capsules : A/B=1, R eq=0.9,
ε=0.04, SK membrane with C=0 (Results obtained for 60
boundary elements).

λ vg ∆Pss (�0.05) jvM
x -vgjmax jvM

r jmax

0.2 1.1689 18.49 0.0021 0.0016
1 1.1717 18.30 0.0023 0.0020
5 1.1722 18.31 0.0018 0.0018
10 1.1734 18.20 0.0017 0.0013

Table 3 : Center of mass velocity, steady pressure drop
and relative velocity for different values of λ at posi-
tion xg=11.84. Initially ellipsoidal capsules : A/B=0.28,
Req=0.9, ε=0.04, SK membrane with C=0.

4.3 Effect of λ on the entrance process of capsules
with different initial shapes.

We have shown that the viscosity ratio affects only the
entrance phase into the pore. The entrance of capsules
with NH or SK membranes has been studied for capsules
with λ=1 (Leyrat-Maurin & Barthès-Biesel, I). The aim
of this section is to appraise the effect of the viscosity
ratio λ on the entrance phase of capsules with different
sizes and shapes. The following results have been ob-
tained for a SK membrane with C=0 and for ε=0.04.

4.3.1 Effect of size for a spherical capsule

The successive profiles of an initially spherical capsule
(Req=0.9) as it enters the pore are shown on Figure 6a.
The capsule first elongates and then takes an equilibrium
parachute shape. The additional pressure drop ∆P first

increases to a peak value just before the entrance of the
pore where partial plugging occurs (Figure 7a). It then
decreases as the capsule takes an elongated shape to en-
ter the pore. Although it creates a lower pressure per-
turbation, this elongated shape is not in equilibrium with
the hydrodynamic forces, so that ∆P increases again to
the equilibrium value that corresponds to the parachute
profile. The effect of λ on ∆P or on vg is weak (Figure
7a and b). However, the relaxation to steady equilibrium
is longer for more viscous capsules: Figure 8 shows the
profiles at time t=18.7 of two capsules with A=B=0.9,
λ = x and λ=10. The capsule (λ=1) has almost reached
its steady state whereas the capsule (λ=10) has not.
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Figure 6 : Entrance of two isovolumic capsules
(Req=0.9, SK membrane with C=0, ε=0.04). a) sphere
A=B=0.9, b) ellipsoid A/B=0.28.

For large capsules (Req=1.1), the effect of λ on the entry
peak of ∆P is enhanced because of the situation of quasi-
plugging as the capsule enters the pore. Figure 9 com-
pares the evolution of ∆P for initially spherical capsules
with volumes corresponding to Req=0.8; 0.9, 1.1 and for
λ=1 to 10. The volume plays an important role on the
tube length (or time) necessary to reach a steady state,
and on the steady value of pressure drop ∆Pss. Indeed,
an increase of 35% in capsule volume (from Req=0.8 to
Req=0.9) leads to an increase of 48% in ∆Pss.
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Figure 7 : Evolution of pressure drop ∆P (a) and of cen-
ter of mass velocity vg (b) with capsule center of mass
position xg for different values of the viscosity ratio λ
(A=B=0.9, SK membrane with C=0, ε=0.04).

4.3.2 Effect of capsule geometry

The capsule initial shape is also an important param-
eter. The successive profiles of an ellipsoidal capsule
(A/B=0.28, Req=0.9) are shown on Figure 6b. As com-
pared to a spherical capsule with the same volume, the
ellipsoidal capsule behaves differently. During the en-
trance phase, the capsule (A/B=0.28) almost plugs the
pore. The entry peak of pressure drop is thus larger and
more λ dependent than for a spherical capsule (Figure
10). Owing to its excess surface area, as compared to
the isovolumic spherical capsule, the ellipsoidal capsule
creates a 26% larger steady pressure drop (Tables 2 &
3). However, the steady center of mass velocity is only
slightly smaller for the ellipsoidal capsule (Tables 2 & 3).
This indicates that volume is the main parameter that de-
termines vg, whereas ∆Pss depends on both volume and
geometry. However, the entrance time is longer for an el-
lipsoidal capsule than for a spherical one, as can be seen
on Figure 11 which shows the time evolution of the cen-
ter of mass position for the two capsules with λ=5.
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Figure 8 : Profiles obtained at time t=18.7 for two
capsules with λ = 1 (xg=3.46) and λ=10 (xg=3.44).
A=B=0.9, SK membrane with C=0, ε=0.04.
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Figure 9 : Pressure drop for initially spherical capsules
with different volumes (Req=0.8; 0.9; 1.1) and for differ-
ent values of λ (SK membrane with C=0, ε=0.04).

4.4 Effect of membrane constitutive law

In order to study the effect of the membrane constitutive
law, we compare identical capsules (same initial geome-
try, same small deformation behavior), but with different
membrane rheology (NH or SK), flowing under the same
flow conditions (same ε and λ = 1). We first focus on a
small enough value of ε (ε=0.09) for which a steady state
exists.

The steady deformed profiles of two spherical capsules
(Req=0.9) are shown on Figure 12. The NH capsule is
more deformed than the SK capsule. The steady addi-
tional pressure drop is slightly smaller for the NH cap-
sule (∆Pss=11.12) than for the SK one (∆Pss=12) (Figure
13). This may be due to the fact that the liquid film sur-
rounding the NH capsule is slightly thicker than the one
around the SK capsule as shown on Figure 14. The front
tips of the two capsules are very similar although the lo-
cal meridian extensions are 22% different (Figure 15).
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Figure 10 : Effect of λ on the pressure drop for an ini-
tially ellipsoidal capsule (A/B=0.28, R eq=0.9, SK mem-
brane with C=0, ε=0.04, NM=90).
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Figure 11 : Time evolution of the position of the center
of mass of two isovolumic capsules with two different
aspect ratios (Req=0.9, SK membrane with C=0, ε=0.04,
NM=90 for A/B=0.28).

For initially ellipsoidal capsules (A/B=0.28), the effect
of membrane law on the steady shape is important (Fig-
ure 16). The high curvature at the rear of the NH capsule
leads to numerical errors and the variation of volume is
thus of 0.1% at steady state for NM=112. However, the
NH capsule is considered to have reached equilibrium,
since the maximum values of jvM

x -vgj and jvM
r j are of or-

der 5� 10�3. The SK capsule is less deformed with a
maximum value of λs of 1.26. Correspondingly, the vol-
ume variation is smaller (0.075%) than in the NH case.
The effect of membrane law and capsule geometry on
steady deformation is summarized in Figure 17. The lo-
cal meridian extentions of a NH capsule, either spheri-
cal or ellipsoidal, are shown on Figure 17a. The exten-
sion ratio is larger in the case of an ellipsoidal capsule,
particularly at the downstream tip where the local exten-
sion is 23% larger for the ellipsoid than for the sphere
(λs =1.40 for A/B=1 and λ s =1.72 for A/B=0.28). For a
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Figure 12 : Steady profiles of two initially spherical
capsules with a NH or SK membrane (A=B=0.9, λ=1,
ε=0.09).
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Figure 13 : Pressure drop variation of two initially spher-
ical capsules with a NH or SK membrane (A=B=0.9,
λ=1, ε=0.09).
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Figure 14 : Detail of the film thickness of two ini-
tially spherical capsules with a NH or SK membrane
(A=B=0.9, λ=1, ε=0.09).

0.5

1

1.5

0 0.5 1 1.5 2 2.5 3

LAM1 MR

LAM1 C=

NH

SK C=1

S

λs
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cal capsules with a NH or SK membrane (A=B=0.9, λ=1,
ε=0.09).
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SK capsule, the strain hardening effect of the law leads
to a weaker difference in local deformation between the
spherical and ellipsoidal cases (Figure 17b).

0

0.5

1

-2.5 -2 -1.5 -1 -0.5 0

ar C=1

ar NH

SK C=1

NH

r

x

Figure 16 : Steady profiles of two ellipsoidal capsules
with a NH or SK membrane (A/B=0.28, Req=0.9, λ=1,
ε=0.09, NM=112 for NH, NM=90 for SK).

It is interesting to note that, for an ellipsoidal capsule, the
steady pressure drop does not depend significantly on the
membrane rheology (Figure 18), although there are some
oscillations of ∆Pss for both the SK (amplitude 0.1) and
the NH cases (amplitude 0.15). The amplitude of the os-
cillations is larger than that observed for an ellipsoidal
capsule with an SK membrane. C=1 and ε = 0:04 (sec-
tion 4.3). This is probably due to numerical errors in the
curvature computation. Surprisingly enough, the entry
pressure peak is larger for the NH capsule (presumably
more deformable) than for the SK one. The SK material
is less amenable to deformation than the NH one under
equivalent stress. This limits the deformation of the SK
capsule and thus creates a smaller transient plugging ef-
fect. A similar effect is probably observed for a red blood
cell, which has a SK membrane with C � 1.

Burst occurs because some break-up criterion (based on
either deformation or stress) for the membrane material
has been exceeded. Such break-up criterion is not in-
cluded in the present model. If it were, membrane burst
could be easily predicted since the local deformations
and tensions in the membrane are computed. There is
however a specific process that leads ineluctably to the
burst of the capsule. Indeed it has been observed [Li,
Barthes-Biesel and Helmy (1988); Diaz, Pelekasis and
Barthes-Biesel (2000), I] that in some cases, when the
capillary number exceeds a critical value εc, there is no
possible equilibrium between the elastic and the viscous
stresses. The capsule then elongates continuously un-
til of course burst occurs. It is this mode of burst that
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Figure 17 : Distribution of steady meridional exten-
sion ratio λ s for two isovolumic capsules (Req=0.9, λ=1,
ε=0.09), a) NH membrane NM=112, b) SK membrane
NM=90.

we consider now. Consequently, we set ε to a large
value (ε =0.18) and simply monitor the maximum value
of the meridian extension ratio (λ s)maxas a function of
xg for two spherical (A=B=0.9) capsules with NH and
SK membranes (Figure 19). The maximum extension ra-
tio (λs)maxof aSK capsule reaches a equilibrium plateau
value, indicating that the capsule SK reaches a steady
state. This may be attributed to the strain-hardening be-
havior of the SK material. For the NH capsule however,
(λs)max grows continuously, as had been observed be-
fore (I). Using two different spatial partitions (N M=50
and NM=100) leads to the same conclusion for the NH
capsule.

5 Conclusion

The entrance of a capsule in a pore may be sensitive to
the capsule initial shape, volume and internal viscosity.
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Figure 18 : Pressure drop variation of two initially ellip-
soidal capsules with a NH or SK membrane (A/B=0.28,
Req=0.9, λ=1, ε=0.09, NM=112 for NH, NM=90 for SK).
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Figure 19 : Evolution of maximum meridional extension
ratio (λs)max with center of mass position xg for a capsule
with a NH membrane and a capsule with a SK membrane
(A=B=0.9, λ=1, ε=0.18).

The introduction of some bending rigidity of the mem-
brane allows to study elongated ellipsoidal capsules. The
effect of λ is weak as long as a situation of quasi-pore
plugging has not been reached. Area compressible mem-
branes with different large deformation behavior have
been compared. Membrane rheology is an important pa-
rameter only in the regime of large deformations. The
existence of a critical capillary number past which no
steady state exists has been confirmed for a capsule with
a neo-Hookean membrane. No such critical value has
been found for capsules with a Skalak type, strain hard-
ening, membrane. The model may provide information
for the analysis of several experimental configurations
such as the cell transit analyzer experiments. In this these
experiments, a very dilute suspension of red blood cells

flows through a micropore filter. The change in electric
resistance of the filter as one cell passes through one pore
is monitored [Fisher, Wenby and Meiselman (1992)]. In
the present model, the occupied pore electrical resistance
may be readily estimated supposing the Maxwell approx-
imation for long conductor [Deblois and Bean (1970)].
Moreover, the present model, which allows to relate the
capsules deformed profiles to the membrane rheology,
could be used to characterize the mechanical behavior
of bioartifical capsules. The interesting characteristic of
this flow configuration is that during the entrance pro-
cess, the capsule is subjected to transient hydrodynam-
ics stresses involving simultaneously area dilatation and
simple shear. It would then be interesting to compare the
numerical predictions with corresponding experimental
results.

Finally, the model could easily be extended to treat the
case of a train of capsules in a tube. In particular, it would
be interesting to consider the case of two capsules which
are close enough for hydrodynamic interactions to mod-
ify the single capsule solution as regards the additional
pressure drop created by each particle.
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