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A Meshless Local Petrov-Galerkin (MLPG) Formulation for Static and Free
Vibration Analyses of Thin Plates

Y. T. Gu and G. R. Liu1

Abstract: A meshless method for the analysis of
Kirchhoff plates based on the Meshless Local Petrov-
Galerkin (MLPG) concept is presented. A MLPG for-
mulation is developed for static and free vibration anal-
yses of thin plates. Local weak form is derived using
the weighted residual method in local supported domains
from the 4th order partial differential equation of Kirch-
hoff plates. The integration of the local weak form is
performed in a regular-shaped local domain. The Mov-
ing Least Squares (MLS) approximation is used to con-
structed shape functions. The satisfaction of the high
continuity requirements is easily met by MLS inter-
polant, which is based on a weight function with high
continuity and a quadratic polynomial basis. The validity
and efficiency of the present MLPG method are demon-
strated through a number of examples of thin plates un-
der various loads and boundary conditions. Some impor-
tant parameters on the performance of the present method
are investigated thoroughly in this paper. The present
method is also compared with EFG method and Finite
Element Method in terms of robustness and performance.

keyword: Meshless Method; Meshless Local Petrov-
Galerkin (MLPG) method; Kirchhoff plates; Free Vibra-
tion; Numerical Analysis

1 Introduction

With the wide use of plate structures, analyses of plates
become very important. Exact analyses of plates are usu-
ally very limited. Therefore, numerical techniques with
different discretization schemes, such as Finite Element
Method (FEM), are widely used in these analyses. How-
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ever, in FEM, a mesh must be required to establish ele-
ment connectivity to form element equations.

Meshless method has attracted more and more attention
from researchers in recent years, and it is regarded as a
potential numerical method in computational mechanics,
as it does not require a mesh to discretize the problem
domain, and the approximate solution is constructed en-
tirely based on a set of scattered nodes. Several mesh-
less methods, such as Diffuse Element Method (DEM)
[Nayroles et al. (1992)], Element Free Galerkin (EFG)
method [Belytschko et al. (1994)], Finite Node (FN)
method [Oñate et al. (1996); Wordelman et al. (2000)],
Reproducing Kernel Particle Method (RKPM) [Liu et
al. (1995)], Point Interpolation Method (PIM) [Liu
and Gu (2001a)], Point Assembly Method (PAM) [Liu
(1999)], Boundary Node Method (BNM) [Mukherjee
and Mukherjee (1997)] have been proposed and achieved
remarkable progress in solving a wide range of static
and dynamic problems for solids and structures. Tech-
niques of coupling meshless methods with other estab-
lished numerical methods have also been proposed, such
as coupled EFG/FEM [Belytschko and Organ (1995)],
EFG/Boundary Element Method (BEM) [Liu and Gu
(2000a); Gu and Liu (2001a)].

The above-mentioned meshless methods are all based on
global weak forms or Boundary Integral Equation (BIE).
In particular, these meshless methods are “meshless”
only in terms of the interpolation of the field or boundary
variables, as compared to the usual FEM or Boundary El-
ement Method (BEM). These meshless methods have to
use background cells to integrate a weak form over the
global problem domain and boundary.

Some research work have been done for alleviating
the global integration background cells. Truly mesh-
less methods, called the Meshless Local Petrov-Galerkin
(MLPG) method [Atluri and Zhu (1998), (2000a,b);
Atluri et al. (1999a,b); Kim and Atluri (2000)], the Lo-
cal Boundary Integral Equation (LBIE) method [Zhu et
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al. (1998)], and the Local Point Interpolation Method
(LPIM) [Liu and Gu (2001b)] have been developed.
These meshless methods don’t need any “element” or
“mesh” for both field interpolation and background in-
tegration. Therefore, they are so-called “truly” meshless
methods.
The MLPG concept is proposed by Atluri and his col-
leagues. In the MLPG, a local weak form is proposed
by locally using weighted residual method. The integra-
tion for the local weak form is only based on a regular-
shaped local domain (such as spheres, rectangular, and
ellipsoids). Therefore, the global integration background
cells are not needed. The Moving Least Squares (MLS)
approximation is used to construct shape functions. The
detailed assessment of MLPG method is presented in a
paper by Atluri et al. [Atluri et al. (1999b)]. The MLPG
method has been successfully used for one-dimensional
4th order thin beam static analysis [Atluri et al. (1999a)],
two-dimensional elasto-static analysis [Atluri and Zhu
(2000b); Chang and Batra (2001)] and dynamic analy-
sis [Gu and Liu (2001b)], fluid mechanics and potential
problems [Lin and Atluri (2000); Lin and Atluri (2001)].
In addition, the MLPG method has been combined with
finite element method or boundary element method [Liu
and Gu (2000b)].

The goal of the present paper is to develop the MLPG
formulation for static and free vibration analyses of thin
plates. Studies have been reported on solving the plate
problem by the EFG method [Krysl and Belytschko
(1995); Liu and Chen (2001)]. In the Kirchhoff plate the-
ory, which leads a 4th order partial differential equation,
the high continuity in trial functions is required. Atluri et
al. (1999a) proposed a generalized moving least squares
(GMLS) formulation to incorporate the information con-
cerning the derivative of the field variable into the in-
terpolation scheme. The GMLS has been used in anal-
yses of 1-D thin beams, and it also can be extended to
the analysis of thin plates. However, the requirement of
high continuity can be easily satisfied by the traditional
MLS interpolation, in which no derivative term of the
field variable is included. The continuity of the shape
functions is primarily governed by the continuity of the
weight function. Therefore, as it is not difficult to con-
struct sufficiently smooth weight functions, the high con-
tinuity requirements can be easily satisfied by the tradi-
tional MLS interpolation. The numerical approach can
be greatly simplified by use of the traditional MLS ap-

proximation.

In this paper, a MLPG formulation is proposed for static
and free vibration analyses of thin plates. The local weak
form is developed using weighted residual method lo-
cally from the 4th order partial differential equation of
Kirchhoff plates. The Moving Least Squares approxima-
tion is used to constructed shape functions with the high
continuity. Several examples of static and free vibration
analyses of thin plates under various loads and boundary
conditions are presented to demonstrate the convergence,
validity and efficiency of the present method. Some im-
portant parameters on the performance of the present
method are investigated thoroughly in this paper. The
present method is also compared with EFG method and
FEM in terms of robustness and performance.

2 Governing equations
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Fig. 1 Thin plate and its coordinate system

Figure 1 : Thin plate and its coordinate system

Consider a Kirchhoff plate shown in Fig. 1. A Cartesian
coordinate system is used. The classical theory of thin
plates is based on the displacement field

ux � x � y � z ��� u � z
∂w
∂x

uy � x � y � z ��� u � z
∂w
∂y
�

uz � x � y � z ��� w � x � y � (1)

where (ux,uy,uz) denote the displacements of the point
(x,y,z) along the x,y and z directions, and (u,v,w) repre-
sent displacements of a point on the midplane (x,y,0).
The slope, θ, is also the function of w, θi � ∂w

∂xi
. There-

fore, w can be taken as only an independent variable. The
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partial differential equation [Reddy (1993)] governing w
for static and free vibration analyses of thin plates is

∂2

∂x2 	 D11
∂2w
∂x2 
 D12

∂2w
∂y2 ��
 ∂2

∂y2 	 D12
∂2w
∂x2 
 D22

∂2w
∂y2 �


 2
∂2

∂x∂y 	 2D66
∂2w
∂x∂y ��
 f 	 x � y ��
 I0

∂2w
∂t2


 I2
∂2

∂t2 	 ∂w
∂x 
 ∂w

∂y ��� 0 inΩ (2)

where Di j are the plate rigidities

D11� D22� Et3

12 	 1 
 ν2 � � D12� νD11 � D66� Gt3

12
� (3a)

for isotropic material and I0 and I2 are the mass moments
of inertia:

I0 � � h � 2� h � 2 ρdz � ρh � I2 � � h � 2� h � 2 ρz2dz � ρh3 � 12

(3b)

The boundary conditions are give at global boundary, Γ
as

essential boundary conditions:

w � w � onΓw;θn � ∂w
∂n � θ � on Γθ (4)

natural boundary conditions: Mn � M � on Γm; Vn � V �
on ΓV

where M and V denote the moment and the equivalent
shear force. Γw, Γθ, ΓM and ΓV denote the boundaries
where deflection, slope, moment, and shear force are
specified, respectively. n is the unit outward normal to
domain Ω.

3 Moving Least Squares

In this paper, the moving least squares approximation is
employed [Lancaster and Salkauskas (1981)]. Consider
a thin plate domain Ω The MLS interpolant wh(x) is de-
fined in the domain Ωy

wh 	 x ��� m

∑
j � 1

p j 	 x � a j 	 x ��� pT 	 x � a 	 x � (5)

where p(x) called basis functions is considered in the
space coordinates xT=[x, y]. m is the number of basis
functions. The quadratic polynomial basis functions in
two-dimension is given by

pT 	 x ����� 1 � x � y � x2, xy, y2 � m � 6 (6)

The coefficient a j(x) in equation (5) is also functions of x.
a(x) is obtained at any point x by minimizing a weighted
discrete L2norm of:

J � n

∑
i � 1

υ 	 x 
 xi ��� pT 	 xi � a 	 x ��
 wi
� 2 (7)

where n is the number of points in the neighborhood of x
for which the weight function υ(x 
 xi) �� 0, and wi is the
nodal value of w at x=xi .

The stationarity of J with respect to a(x) leads to the fol-
lowing linear relation between a(x) and wi:

A 	 x � a 	 x ��� B 	 x � w (8)

Solving a(x) from equation (8) and substituting it into
equation (5), we have

wh 	 x ��� n

∑
i � 1

φi 	 x � wi (9)

where the MLS shape function φ(x) is defined by

φi 	 x ��� m

∑
j � 1

p j 	 x ��	 A � 1 	 x � B 	 x ��� ji (10)

where A(x) and B(x) are the matrices defined by

A 	 x ��� n

∑
i � 1

υi 	 x � pT 	 xi � p 	 xi � � υi 	 x ��� υx 
 xi � (11)
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B  x !�"�# υ1  x ! p  x1 !�$ υ2  x ! p  x2 !�$�%�%&%'$ υn  x ! p  xn !)( (12)

It can be found from above discussion that the MLS ap-
proximation does not pass through the nodal parameter
values. Therefore the MLS shape functions given in
equation (10) do not, in general, satisfy the Kronecker
delta condition.
For convenience to obtain the partial derivatives of shape
functions, equation (10) is re-written as

Φ  x !�" γT  x ! B  x ! (13a)

Aγ " P (13b)

The partial derivatives of γ can be obtained as follows:

Aγ * i " P * i + A * iγ (14a)

Aγ * i j " P * i j +  A * iγ * j , A * jγ * i , A * i jγ ! (14b)

Aγ * i jk " P * i jk +  A * iγ * jk , A * jγ * ik , A * kγ * i j , A * i jγ * k, A * ikγ * j , A * jkγ * i , A * i jkγ ! (14c)

where i, j and k denote coordinate x and y. A comma des-
ignates a partial derivative with respect to the indicated
spatial variable. The partial derivatives of shape function
Φ can be obtained as follows:

Φ * i " γ * iB , γB * i (15a)
Φ * i j " γ * i jB , γ * iB * j , γ * jB * i , γB * i j (15b)

Φ * i jk " γ * i jkB , γ * i jB * k , γ * ikB * j , γ * jkB * i , γ * iB * jk, γ * jB * ik , γ * kB * i j , γB * i jk (15c)

From equation (10), it can be found that the continuity
of the shape function Φ is governed by the continuity of
the basis function p j, and by the smoothness of the ma-
trices A and B. The latter is governed by the smoothness
of the weight function. Therefore, the choice of weight
function plays an important role in the performance of
the MLS approximation. In this paper, the following 4-
orders spline function is used:

υi  x !�".-/0
/1
1 + 6 2 di

rυ 3 2 , 8 2 di
rυ 3 3 + 3 2 di

rυ 3 4
0 4 di 4 rυ

0 di 5 rυ

6

(16)

Where di= 7 xQ-xi 7 is the distance from node xi to the sam-
pling point xQ, rυ is the size of the support for the weight
function. The weight function posses 4-order continu-
ity in the support domain and the boundaries of support
domain.

In MLS approximation, the number of nodes, n, chosen
in the influence domain should ensure matrix A in equa-
tion (10) invertible and the interpolation accurate. The
reasonable n depends on the problem and the number of
basis function, m. It is usually no theoretical best value
of n. In general, the parameter can be determined by nu-
merical examination.

4 Local weak form of MLPG
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Fig. 2  The support domain Ωv and integration domain ΩQ for node

i; the interpolation domain Ωi for Gauss integration point xQ

Node i

Figure 2 : The support domain Ωv and integration do-
main Ω0 for node i; the interpolation domain Ωi for
Gauss integration point xQ

The penalty method is used to enforce the essential
boundary condition. A local weak form of equation (2),
over a local subdomain Ωi bounded by Γs, can be ob-
tained using the weighted residual method.

8
Ωs

v 9 ∂2

∂x2  D11
∂2w
∂x2 , D12

∂2w
∂y2 ! , ∂2

∂y2  D12
∂2w
∂x2 , D22

∂2w
∂y2 !

, 2
∂2

∂x∂y
 2D66

∂2w
∂x∂y

! + f  x $ y! , I0
∂2w
∂t2 + I2

∂2

∂t2  ∂w
∂x , ∂w

∂y
! : dΩ

+ 8
Γsw

αv  w + w ! dΓ + 8
Γsθ

β
∂v
∂n
 θn + θ ! dΓ " 0 (17)
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where v is the weight function. α and β are the penalty
constant for deflection and slope, respectively. The val-
ues of α and β can be taken as the range of the young’s
modulus.

Equation (17) can be integrated by parts to become

;
Ωs < ∂2v

∂x2 = D11
∂2w
∂x2 > D12

∂2w
∂y2 ?�> ∂2v

∂y2 = D12
∂2w
∂x2 > D22

∂2w
∂y2 ?

> 4D66
∂2v
∂x∂y

∂2w
∂x∂y @ v f A dΩ> ;

Ωs < I0v ∂2w
∂t2 > I2

∂2

∂t2 = ∂v
∂x

∂w
∂x > ∂v

∂y
∂w
∂y ?�B dΩ

> ;
Γs

AdΓ @ ;
Γsw

αv = w @ w ? dΓ @ ;
Γsθ

β ∂v
∂n = θn @ θ ? dΓ C 0

(18a)

and

A C @ v D = ∂Mx
∂x > ∂Mxy

∂y ? nx >E= ∂Mxy
∂x > ∂My

∂x2 ? ny> I2
∂2

∂t2 = ∂w
∂x nx > ∂w

∂y ny ?)FG> ∂v
∂x = Mxnx > Mxyny ?> ∂v

∂y = Mxynx > Myny ? (18b)

where Mx, My and Mxy are bending moments. (nx, ny) is
the unit outward normal to domain Ωs. Mx, My and Mxy
can be expressed by the deflect, w, as

Mx C @ =D11
∂2w
∂x2 > D12

∂2w
∂y2 ?IH My C @ =D12

∂2w
∂x2 > D22

∂2w
∂y2 ?�H

Mxy C @ 2D66
∂2w
∂x∂y

(19)

As shown in Fig. 2, the support sub-domain Ωs of a node
xi is a domain in which v(x) JC 0. An arbitrary shape sup-
port domain can be used, such as, a rectangular and circle
support domains for thin plate problems. It can be found
that the boundary Γs for the support domain Ωs is usu-
ally composed by five parts: the internal boundary Γsi,
the boundaries Γsw , Γsθ H ΓsM , ΓsV over which the es-
sential boundary conditions w, θ and natural boundary
conditions M, V are specified. The boundaries Γsw with
ΓsV and Γsθ with ΓsM are mutually disjoint. Because the
boundary conditions are often given on the local, normal
and tangential, coordinates (n,s), the derivatives in the
integrations on the ΓsM , and ΓsV are converted to the co-
ordinates (n,s) from the global coordinates(x,y) [Reddy

(1993)]. Imposing the natural boundary condition given
in equation (4), we obtain:

;
Ωs < ∂2v

∂x2 = D11
∂2w
∂x2 > D12

∂2w
∂y2 ?K> ∂2v

∂y2 = D12
∂2w
∂x2 > D22

∂2w
∂y2 ?

> 4D66
∂2v

∂x∂y
∂2w
∂x∂y @ v f B dΩ> ;

Ωs < I0v ∂2w
∂t2 > I2

∂2

∂t2 = ∂v
∂x

∂w
∂x > ∂v

∂y
∂w
∂y ? B dΩ

> ;
Γsi

AdΓ > ;
Γsw L A @ αv = w @ w ?)M dΓ > ;

ΓsθL A @ β ∂v
∂n = θn @ θn ?)M dΓ

@ ;
ΓsM L v = Q̂n> ∂Mns

∂s ? @ ∂v
∂n Mn M dΓ @ ;

ΓsV L vV n @ ∂v
∂n Mn M dΓ C 0

(20)

where

Mn C Mxn2
x > Myn2

y > Mxynxny H
Mns C = My @ Mx ? nxny > Mxy = n2

x @ n2
y ?�H

Q̂n C = ∂Mx

∂x > ∂Mxy

∂y ? nx

>N= ∂Mxy

∂x > ∂My

∂y ? ny > I2
∂2

∂t2 = ∂w
∂x

nx > ∂w
∂y

ny ?�H
Vn C Q̂n > ∂Mns

∂s
∂

∂n
C nx

∂
∂x > ny

∂
∂y H ∂

∂s
C nx

∂
∂y @ ny

∂
∂x

(21)

For a support domain located entirely within the global
domain, there is no intersection between Γs and the
global boundary Γ Γsi=Γs, and the integrals over Γsw,
Γsθ, ΓsM and ΓsV vanish.

With equation (20) for every node xi, instead of dealing
with a global problem equation (2), the problem becomes
to deal with a localized problem over a local support do-
main.

5 Discretization and numerical implementation for
the MLPG

5.1 Discrete equations of MLPG

The problem domain Ω is represented by properly scat-
tered nodes. The Moving Least Squares approximation
(9) is used to approximate the value of a point xQ. Sub-
stituting equation (9) into the local weak form (20) for all



468 Copyright c
O

2001 Tech Science Press CMES, vol.2, no.4, pp.463-476, 2001

nodes leads to the following discrete system of equations:

Mẅe P Kwe Q f (22)

where the “mass” matrix M, the “stiffness” matrix K and
nodal “load” vector f are defined by

mi j QSR
Ωs T I0viφ j P I2 U vi V xφ j V x P vi V yφ j V y W)X dΩY R
Γs Z ΓsV

I2vi U φ j V xnxP φ j V yny W dΓ

ki j Q kΩ
i j P kΓsi

i j P kΓsw
i j P kΓsθ

i j P kΓsM
i j P kΓsV

i j
kΩ

i j Q R
Ωs[ vi V xx U D11φ j V xxP D12φ j V yy W\P vi V yy U D12φ j V xxP D22φ j V yy WP 4D66vi V xyφ j V xy ] dΩ

kΓsi
i j Q R

Γsi

Bi jdΓ ^
kΓsw

i j Q R
Γsw

U Bi j Y αviφ j W dΓ ^
kΓsθ

i j Q R
Γsθ T Bi j Y βvi V n U φ j V xnx P φ j V yny W)X dΓ ^

kΓsM
i j Q R

ΓsM

Ci jdΓ

kΓsV
i j Q Y R

ΓsV T vi V n U�U D11φ j V xx P D12φ j V yy W n2
xP_U D12φ j V xx P D22φ j V yy W n2

y P 4D66φ j V xynxny W)X dΓ
fi QSR

Ωs

vi f dΩ Y R
Γsw

αviwdΓ Y R
Γsθ

βvi V nθndΓY R
ΓsM

vi V nMndΓ P R
ΓsV

viV ndΓ

(23a)

and

Bi j Q vi T U D11φ j V xxx PEU D12 P 2D66 W φ j V xyy W nxP_U D22φ j V yyy PEU D12 P 2D66 W φ j V xxy W ny XY vi V x T U D11φ j V xx P D12φ j V yy W nx P 2D66φ j V xyny XY vi V y T 2D66φ j V xynx PEU D12φ j V xx P D22φ j V yy W ny X
Ci j Q vi ` T U D11φ j V xxx PEU D12 P 2D66 W φ j V xyy W nxP_U D22φ j V yyy PEU D12 P 2D66 W φ j V xxy W ny XP nx T UD12φj V xxyP D22φj V yyy Y D11φ j V xxy Y D12φj V yyy W nxnyP 2D66φ j V xyy U n2

x
Y n2

y W'XaP ny T U D12φ j V xxx P D22φ j V xyyY D11φ j V xxx Y D12φ j V xyy W nxny P 2D66φ j V xxyU n2
x
Y n2

y W)Xcb
vi V n Q vi V xnx P vi V yny
we Qd` w1 ^ w2 ^ w3 ^�e&e�efe�e�ef^ wn b T

(23b)

It can be easily seen that the system stiffness matrix K in
the present method is banded but asymmetric. For static
analysis, the first term of equation (22) related time vari-
able, t, vanishes. For free vibration, the loading, f, van-
ishes and a linear eigenvalue equation needs be solved.

5.2 Weight function

As the MLPG is regarded as a weighted residual method,
the weight function plays an important role in the perfor-
mance of the method. In the integration on the bound-
aries of equation (18), 3r-order partial derivatives are
used. There is not any problem if a weight function, v,
with high continuity is used, such as equation (16). The-
oretically, as long as the condition of continuity is satis-
fied, any weight function is acceptable. However, the lo-
cal weak form is based on a local sub-domain of a node
with the node at the center. It can be shown that weight
functions which decrease in magnitude with increasing
distance from the point xQ to the node xi yields better re-
sults. Therefore, weight functions which only depend on
the distance between the two points are considered here.
The 4th-order spline weight functions, equation (16), is
used.

5.3 Numerical integration

A numerical integration is needed to evaluate the inte-
gration in equation (23). The Gauss quadrature is used
in present work. For a node xi, a local integration cell
is needed to employ Gauss quadrature. For each Gauss
quadrature point xQ, the point interpolation is performed
to obtain the integrand. Therefore, as shown in Fig. 2,
for a node xi, there exist three local domains: local inte-
gration domain ΩQ (size rq), weight function domain Ωv

(same as Ωs) for vi gQ 0 (size rv), and interpolation do-
main Ωi for xQ (size ri). These three local domains are
independent as long as the condition rq h rv is satisfied.
It should be noted that when the weight function equa-
tion (16) is used, the weight function v will be zero along
the boundary of integration domain if the integration do-
main and weight domain are same(rq=rv). Equation (17)
can be simplified because the integration along the inter-
nal boundary Γivanishes. Hence, for simplification, we
take rq=rv in this paper. Because the problem domains
in following examples are rectangle domains, rectangle
sub-domains are used for establishing weight function.
The size of the sub-domain (rv) for node i and the size of
the interpolation domain (ri) are defined

rv Q α0 di (24a)

ri Q β0 di (24b)
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where, α0 and β0 are coefficients chosen. The di is the
shortest distance between the node i and neighbor nodes.
The effects of α0 and β0 will be investigated in following
numerical examples.

There exist difficulties to obtain the exact numerical in-
tegration in meshless methods. It has been discussed in
detail for 2-D solids by Atluri et al.(1999b). The numeri-
cal integration errors are results from the complexities of
the integrand. Because the integrand of the plate analy-
sis is more complex than 2-D plane problem, additional
attentions should be paid for the numerical integration.
In order to guarantee the accuracy of the numerical in-
tegration, the ΩQ should be divided into some regular
small sub-partitions. In each sub-partition, more Gauss
quadrature points should be used.

6 Numerical results

6.1 Static analysis of thin plates

The MLPG method is used for static bending analysis of
thin plates. Except special mentioned, in following ex-
amples for static analyses, the units are taken as standard
international (SI) units, and the parameters are taken as
thickness t=1.0 i 0 j 2, Young’s modulus E=2.1 i 09, Pois-
son ratio, ν k 0.3. For the boundary conditions in the
rectangular plates, ‘S-S-S-S’ denotes fully simple sup-
ported; ‘C-C-C-C’ denotes fully clamped; ‘S-C-S-C’ de-
notes two opposite edges simple supported and the other
edges (y=0,b) clamped

6.1.1 Effects of parameters
Parameters on the performance of the present method are
investigated first. The square plate under various loads
is well-known benchmark with a large number of nu-
merical and analytical solutions to compare with. The
analytical results given by Timoshenko and Woinowsky-
Krieger(1995) are used to compare with the present re-
sults. In following parameter investigations, the fully
simply supported and clamped square plates are used.
As shown in Fig.1, a square plate with a=b=4 is con-
sidered. Figure 3 shows two kinds of nodal arrange-
ments with regular distributed 81 nodes and irregular
distributed 81 nodes, respectively. Regular distributed
81 and 289 nodes are utilized in the following parame-
ter investigations. The plate subject to a uniformly dis-
tributed load of q=100. The analytical solution is avail-
able and can be found in a textbook by Timoshenko and
Woinowsky-Krieger(1995). The maximum deflection,
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Fig. 3 Nodal arrangement for a square thin plate

(a) regular distribution  (b) irregular distribution
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(b)
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Fig. 3 Nodal arrangement for a square thin plate

(a) regular distribution  (b) irregular distribution

(a)

(b)(b)
Figure 3 : Nodal arrangement for a square thin plate (a)
regular distribution (b) irregular distribution
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wmax, is located at the center of the plate:

wmax m C0
a4q
D11

(25)

The analytical results of C0 for this case are 0.004062
for fully simply supported plates and 0.00126 for fully
clamped plates.

a) Effects of local support domain
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Fig.4 Influence of parameter α0 of the support domain
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Figure 4 : Influence of parameter α0 of the support do-
main

As the MLPG is a local meshless method, the size of the
local support domain used will affect the accuracy of the
solution. Several support domains with different sizes
(rv), which are determined by the parameter α0 in equa-
tion (24a), are therefore investigated. The errors of the
deflections (C0) for two nodal arrangements are plotted
in Fig. 4. From this figure, it can be found that the ac-
curacy for deflections increases with the increase of teh
support domain size.

When the support domain is too small (α0 m 1 n 0), the
results will become unacceptable. This is because a lo-
cal residual formulation with very small support domain
for the weight function behaves more like a strong form
formulation. Strong form formulation is usually less ac-
curate than a weak integral form formulation [Lu et al.
(1994)], which integration smears the error over the inte-
gral domain.

When the support domain is big enough (α0 o .5), re-
sults obtained are very good. However, there exit dif-
ficulties to get accurate numerical integrations for a big

sub-support domain. When the support size becomes too
large (α0 o 0 n 3), it can be found that the errors will in-
crease a little due to increase of integration errors. For
a big sub-support domain, more regular small partitions
and Gauss quadrature points are needed to obtain ac-
curate integrations. The numerical integration will be-
come computationally expensive and not really neces-
sary. Hence, α0=2.0 is an economic choice.

It may also be mentioned here that too large local support
domain does not necessary give a significant improve-
ment on accuracy. This fact is clearly evidenced in Fig.
4. This fact implies that as long as the integral domain
is large enough to “smear” the error, the size of integral
domain does not play an important role.

b) Effects of interpolation domain
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Figure 5 : Influence of parameter β0 of the interpolation
domain

The size of influence domain of a quadrature point is
determined by the parameter β0 in equation (24b). Be-
cause the problem domain is rectangular, rectangular in-
fluence domains are used. The errors of the deflections
(C0) of β0=2.0 p 4.5 are obtained and plotted in Fig. 5. It
can be found that the accuracy for deflections increases
with the increase of the influence domain size. Results
of β0=3.0 p 4.5 (about 40 p 70 nodes used in a influence
domain) are very good. A too small influence domain
(β0 q 2.5) leads large errors. The bad accuracy of a
too small influence domain is because that there are not
enough nodes (about less than 16 nodes) to perform in-
terpolation for the field variable.

Using a too big influence domain will increase the com-
putational cost in interpolation. Therefore, β0=3.0 p 4.5
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can obtain an acceptable result. For convenience and
consistency, β0=4.0 will be used in the following stud-
ies.

c) Convergence study
The convergence of MLPG method is also investigated
using regular distributed nodes. The following norm us-
ing C0 is defined as an error indicator

eC rtssC0 u C0 ss v C0
(26)

where C0 is the dimensionless deflection coefficient ob-
tained by numerical method, and C0 is the analytical re-
sult.

The eC with mesh refinement is shown in Fig. 6. Here,
h is equivalent to the maximum element size in the FEM
analysis. From Fig. 6, it can be observed that the conver-
gence of MLPG method is very good.

35

-10

0

10

20

30

40

0.0 0.2 0.4 0.6 0.8 1.0

S-S-S-S (uniform load)

C-C-C-C (uniform load)

S-S-S-S (concentarted load)

C-C-C-C (concentrated load)

Fig.6 Convergence in eC norm of error

e C

h

Figure 6 : Convergence in eC norm of error

6.1.2 Comparison with other methods
Some researchers [Krysl and Belytschko (1995); Liu and
Chen (2001)] have investigated the use of EFG method
in analyses of thin plate problems. For comparison, a
square thin plate subjected to concentrated force at the
center is used. The dimensionless deflection coefficients
C0 are obtained using MLPG method and listed in table
1. EFG results [Liu and Chen (2001)] and FEM results
are also listed in the same table. The regular nodal ar-
rangement (169 nodes) is used in the MLPG and EFG
analyses. A FEM software, ABAQUS, and 144 thin shell
elements are used in the FEM analysis.

From this table, we can find that all these three methods
can obtain very good results for this benchmark prob-
lem. The accuracy of MLPG is nearly same as EFG,
and slightly lower than that of FEM. The reason seems
because the effect of integration error. Although the ac-
curacy of interpolation in MLPG and EFG is higher than
that in FEM, bigger integration errors in MLPG and EFG
will make a negatively influence of the results. However,
FEM is more sensitive for the mesh distribution. For an
irregular mesh, FEM tends to perform much worse, even
fail. MLPG and EFG show much less pronounced loss
of accuracy. Krysl and Belytschko (1995) and Liu and
Chen (2001) obtained same conclusions in their papers.
The robustness for an irregular nodal arrangement is a
very important advantage of meshless methods.

The performance of MLPG method is also compared
with EFG method and FEM. To solve a thin plate prob-
lem, the computational efficiency of MLPG is slightly
lower than that of EFG. It is because an asymmetric sys-
tem matrix has to be used in MLPG to solve the global
system equation. FEM needs much shorter computa-
tional time than that of MLPG and EFG method. How-
ever, the computational time of FEM does not include
the time for meshing. The meshing in FEM is usually
very time-consuming and expensive. In the meantime,
the requirement of background integration mesh in EFG
method is also expensive and inconvenient. Therefore,
as a truly meshless method, no mesh is needed in the
present MLPG. It makes MLPG method is very efficient,
especially for complicated application problems.

6.1.3 Square plate under different load with different
support
Using above-mentioned parameters, deflections of a S-
S-S-S square thin plate using regular nodal arrangement
(81 nodes) obtained by MLPG is plotted in Fig. 7. The
result obtained by analytical is also plotted in the Fig.
7(b). From this figure, one can observe that the result
by the present MLPG method is in very good agreement
with those obtained using the analytical method.

The irregular distribution nodal arrangement, shown in
Fig 3(b), is also used for the static analysis. Deflection re-
sults are plotted in Fig. 7(b). From Fig. 7(b), one can ob-
serve that very good results are obtained using the irreg-
ular distribution nodal arrangement. The computational
stability and high accuracy for a non-structured nodal
distribution are very significant advantages of MLPG.
These properties are very beneficial for practical appli-
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Table 1 : Dimensionless deflection C0 of a square plate using MLPG, EFG and FEM
MLPG EFG (Liu and Chen, 2001) FEM (ABAQUS) Analytical

S-S-S-S 0.01107 0.01145 0.01151 0.01160
C-C-C-C 0.00584 0.00546 0.00552 0.00560

C0 x wmaxD y Pa2

Table 2 : Dimensionless deflection C0 of a square plate
Uniform load* Concentrated load**

S-S-S-S CCCC S-C-S-C S-S-S-S C-C-C-C S-C-S-C
121 nodes 0.00399 0.00122 0.00188 0.01091 0.00598 0.00737
289 node 0.00400 0.00126 0.00196 0.01214 0.00575 0.00717
Analytical 0.00406 0.00126 0.00192 0.01160 0.00560 0.00704z

C0 x wmaxD y qa4 for uniform load { z C0 x wmaxD y Pa2 for concentrated load
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Fig. 7 Deflection of the square plate

(a) deflection field (b) deflection at the middle line (x=2)

-1.6

-1.2

-0.8

-0.4

0.0

0 1 2 3 4

Analytical

Regular nodes

Irregular nodes

(b)

w

y

1.2

1.0

0.8

0.6

0.4

0.2

0.0

-0.2

(a)

1.21.21.20
1

2

3

4 0 1
2

3
4

w

x
y

(a)

36
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Figure 7 : Deflection of the square plate (a) deflection
field (b) deflection at the middle line (x=2)

cations.

Thin square plates under different distributed loads with
different boundary conditions are also analyzed. Two
loading cases (uniform load and a concentrated load on
the plate center with P=100) and three support cases, S-
S-S-S, C-C-C-C and S-C-S-C, are considered. The com-
parisons between the deflection results calculated analyt-
ically and using the MLPG are listed in table 2. Excellent
agreements results between the analytical and numerical
results are obtained.

6.1.4 Rectangular plate
The MLPG method is used to analyze thin plates of dif-
ferent ratios of length, a, and width, b. As shown in
Fig. 1, a keeps unchanged (a=4). b is changed accord-
ingly. The same nodal density is used for different ratios.
Hence, h, equivalent to the maximum element size, keeps
unchanged and number of nodes changed accordingly.
Two nodal densities are used with h=0.4 and 0.25, re-
spectively. Dimensionless deflection coefficients of rect-
angular plates under different distributed loads with dif-
ferent boundary conditions are listed in table 3. For com-
parison, analytical results are also listed in the same ta-
ble. From this table, one can observe that very good re-
sults can be obtained using MLPG for rectangular plates.

6.1.5 Circular plate
MLPG is also used to analyze a fully simply supported
and clamped thin circular plate (Fig. 8) subjected to uni-
form transverse pressure q. The deflection along the ra-
dial section is given for the thin circle plate:

w x q | a2 } r2 ~
64D11 � 5 � ν

1 � νa2 � r2 � with simply supported edges
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Table 3 : Dimensionless deflection coefficients of a rectangular plate
Uniform load �

S-S-S-S C-C-C-C S-C-S-C
b/a h=0.4 h=0.25 Analytical h=0.4 h=0.25 Analytical h=0.4 h=0.25 Analytical
1.0 0.00399 0.00400 0.00406 0.00122 0.00126 0.00126 0.00188 0.00196 0.00192
1.2 0.00577 0.00558 0.00564 0.00170 0.00172 0.00172 0.00315 0.00317 0.00319
1.4 0.00701 0.00701 0.00705 0.00203 0.00206 0.00207 0.00458 0.00458 0.00460
1.6 0.00825 0.00823 0.00830 0.00226 0.00229 0.00230 0.00598 0.00599 0.00603
1.8 0.00925 0.00928 0.00931 0.00240 0.00243 0.00245 0.00729 0.00728 0.00732
2.0 0.01008 0.01013 0.01013 0.00248 0.00252 0.0254 0.00845 0.00841 0.00840

Concentrated load �f�
S-S-S-S C-C-C-C S-C-S-C

b/a h=0.4 h=0.25 Analytical h=0.4 h=0.25 Analytical h=0.4 h=0.25 Analytical
1.0 0.01091 0.01214 0.01160 0.00598 0.00575 0.00560 0.00737 0.00717 0.00704
1.2 0.01405 0.01410 0.01353 0.00664 0.00649 0.00647 0.00986 0.00979 0.00945
1.4 0.01571 0.01536 0.01484 0.00711 0.00694 0.00681 0.01207 0.01203 0.01157
1.6 0.01659 0.01637 0.01570 0.00730 0.00712 0.00712 0.01401 0.01379 0.01326
1.8 0.01710 0.01687 0.01620 0.00721 0.00739 0.00720 0.01518 0.01502 0.01450
2.0 0.01721 0.01701 0.01651 0.00723 0.00742 0.00722 0.01616 0.01580 0.01537� C0 � wmaxD � qa4 for uniform load �f� C0 � wmaxD � Pa2 for concentrated load
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Fig. 8 Nodal arrangement for a circular plate

Figure 8 : Nodal arrangement for a circular plate

Table 4 : Dimensionless deflection coefficients C0 of a
circular plate

Simply supported Clamped
18 nodes 0.06712 0.01478
193 nodes 0.06513 0.01527
321 nodes 0.06391 0.01556
Analytical 0.06370 0.01562

w � q
64D11 � a2 � r2 � 2 with clamped edges, (27)

where a is the radius of the plate. The maximum deflec-
tion, wmax, located at the center of the plate is wmax �
C0qa4 � D. For ν=0.3, the analytical results of C0 are
0.06370 and 0.01562 for simply supported and clamped
circle plates, respectively. The data used for the present
analysis is: a=2.0, q=100. The comparisons between the
deflection results calculated analytically and using the
MLPG are listed in table 4. It can be found that a good
result can be obtained by MLPG method for circular thin
plates.

6.2 Free vibration analysis of thin plates

Consider now a square plate with following parameters:
a=b=10m, h=0.05m, E=2 � 011N/m2, v=0.3 and ρ8000
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Table 5 : Natural frequencies (Hz) of lateral free vibration of a free square plate
Mode Analytical MLPG FEM �

solutions � 81 node 289 nodes 441 nodes HOE �f� LOE �f�'�
4 1.622 1.6552 1.6313 1.6234 1.532 1.632
5 2.360 2.4669 2.3396 2.3507 2.356 2.402
6 2.922 3.0399 2.9603 2.9444 2.861 3.006
7 4.233 4.3290 4.2813 4.2733 4.122 4.251
8 4.233 4.3290 4.2813 4.2733 4.122 4.251
9 7.416 7.8145 7.5917 7.4644 7.363 7.859
10 7.416 7.8145 7.5917 7.4644 7.363 7.859� results from Abbassian et al. (1987)�f� HOE: eight-node semi-loof thin sheel element (4 x 4 mesh)�f�f� LOE: four-node iso-parametric shell element (8 x 8 mesh)

Table 6 : Natural frequencies (Hz) of lateral free vibration of S-S-S-S and C-C-C-C square plates
Mode Analytical MLPG MLPG

solutions (regular nodes) (irregular nodes)
81 nodes 289 nodes 441 nodes 81 nodes

S-S-S-S plate �
1 2.377 2.3938 2.3886 2.3815 2.3645
2 5.942 6.2042 5.9851 5.9629 6.1336
3 5.942 6.2042 5.9851 5.9629 6.4473
4 9.507 9.7235 9.5884 9.5564 10.0679
5 11.884 12.7908 12.1218 12.0049 12.5034
6 11.884 12.8753 12.1240 12.0064 12.8266
7 15.449 15.8641 15.6733 15.5824 15.6306
8 15.449 15.8641 15.6733 15.5824 16.1682
9 19.2520 20.8034 20.5548 19.5129

10 19.2510 20.8034 20.5548 19.9391
CCCC plate �f�

1 4.333 4.4235 4.3455 4.3426 4.3797
2 8.839 8.7535 8.8843 8.8669 8.4847
3 8.839 8.7535 8.8843 8.8669 8.8120
4 13.040 13.0986 13.0940 13.0668 12.9692
5 15.845 15.1527 15.8834 15.9034 14.6923
6 15.918 15.1883 15.9585 15.9789 15.3032
7 19.9624 19.9344 19.9285 19.7194
8 19.9624 19.9344 19.9285 20.0986
9 24.7665 25.2571 25.3951 24.3576

10 24.7665 25.2571 25.3951 24.3576� the analytical results from Abbassian et al. (1987)�f� the analytical results from Robert (1979)
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Kg/m3.

A fully free square plate is analyzed first. Three regu-
lar nodal arrangements are used. Frequencies obtained
by MLPG method are listed in table 5. The analytical
results and FEM results are also listed in the same ta-
ble. The first three frequencies corresponding to the rigid
movement are zero. From the table, one can observe that
the present results show good agreements with analytical
results and FEM results. The convergence is also demon-
strated in this table. As the number of nodes increases,
the result obtained approaches the analytical solution.

Natural frequencies of fully simply supported and fully
clamped plates are obtained and listed in table 6. Three
regular distributed arrangements and one irregular dis-
tributed nodal arrangement are used. It can be found
that a good result can be obtained by MLPG method for
free vibration analyses of these square plates. One can
also observe that very good results are also obtained by
MLPG method using the irregular distribution nodal ar-
rangement.

7 Discussion and conclusions

The MLPG formulation for static and free vibration anal-
yses of thin plates is presented in this paper. Local weak
forms are developed from the 4th-order partial differen-
tial equation of Kirchhoff plates. The MLS approxima-
tion is used to obtain the shape functions. The satisfac-
tion of the high continuity requirements is easily met by
MLS interpolant.

Some important parameters on the performance of the
present method are investigated in great detail. From
the studies in this paper, the following conclusion can
be drawn. When the local support domain is big enough
(α0 � 1.5), results obtained are very good. α0=2.0 is rec-
ommended. The size of influence domain of βυ=3.0 � 4.5
should be used for most problems studied. The present
method is compared with EFG method and FEM. It is
found that the present method is robust and efficient.

Numerical examples are presented to demonstrate the
convergence, validity and efficiency of the present
method. The results presented are indeed very encour-
aging. It is demonstrated that the MLPG is easy to im-
plement, and very flexible for static and free vibration
analyses of Kirchhoff plates.
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