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A Pure Contour Formulation for the Meshless Local Boundary Integral Equation
Method in Thermoelasticity

J. Sladek 1 , V. Sladek1 and S.N. Atluri 2

1 Abstract

A new meshless method for solving stationary thermoe-
lastic boundary value problems is proposed in the present
paper. The moving least square (MLS) method is used
for the approximation of physical quantities in the local
boundary integral equations (LBIE). In stationary ther-
moelasticity, the temperature and displacement fields are
uncoupled. In the first step, the temperature field, de-
scribed by the Laplace equation, is analysed by the LBIE.
Then, the mechanical quantities are obtained from the so-
lution of the LBIEs, which are reduced to elastostatic
ones with redefined body forces due to thermal load-
ing. The domain integrals with temperature gradients
are transformed to boundary integrals. Numerical exam-
ples illustrate the implementation and performance of the
present method.

2 Introduction

The meshless discretization approach for continuum
mechanics problems has attracted much attention dur-
ing the past decade [Belytschko et al.(1996); Lin and
Atluri(2000); Kim and Atluri(2000); Ching and Ba-
tra(2001); and Gu and Liu(2001)]. By focusing only on
the points, instead of the meshed elements as in the con-
ventional FEM or BEM, the meshless approach has cer-
tain advantages. Nodal points are randomly spread on the
domain of analysed body. Every node is surrounded by
a simple surface centered at the collocation point. Only
one nodal point is included into the subdomain. On the
surface of subdomains the local boundary integral equa-
tions are written. Then, the number of equations is equal
to number of nodes.

In the present paper, stationary thermoelastic problems
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are analysed. In such a case, the temperature and
displacement fields are uncoupled [Balas et al.(1989)].
Then, in the first step, the temperature field is analysed.
If thermal fields (temperature and heat flux) are known,
the mechanical quantities (displacement and traction vec-
tor) are obtained from the solution of the local boundary
integral equations, which are reduced to the elastostatic
LBIE with known redefined body forces. The redefined
body force is proportional to the temperature gradients.
The domain integral with temperature gradients in sta-
tionary thermoelasticity can be transformed to boundary
integrals [Balas et al.(1989)]. The pure local boundary
integral equation formulation is computionally efficient
due to avoiding domain integration.

Both displacement and traction vectors are unknown on
the local boundary. If a companion solution [Zhu et
al.(1998); Atluri et al.(2000)] to the Kelvin fundamen-
tal solution is introduced, in order to give a zero value of
the final fundamental displacement on the local bound-
ary, the tractions are eliminated in the LBIEs allocated
to interior points. Displacements are approximated by
the moving least-square (MLS) method [Belytschko et
al.(1994)]. The essential idea of MLS interpolants is that
it is only necessary to construct an array of nodes in the
domain under consideration. The discussion devoted to
the selection of two free parameters in the MLS approx-
imation is presented via the numerical example repre-
sented by a hollow cylinder under a thermal load.

3 Local boundary integral equations in stationary
thermoelasticity

Consider a homogeneous, isotropic and perfectly elastic
body occupying the region Ω and bounded by the surface
Γ . The governing equations in stationary thermoelastic-
ity are given by [Balas et al.(1989)]

θ � kk � Q
κ0

(1)
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µui � kk ��� λ � µ � uk � ki � Xi 	 γθ � i (2)

where θ 	 T 
 T0 denotes the increase of temperature
with respect to the natural state T0 for which the stresses
and deformations are equal to zero. Next, ui and Xi de-
note the components of the displacement vector and the
body force vector, respectively. The heat source is de-
noted by Q, while κ0 is the thermal diffusivity, and the
constant γ is expressed in terms of the Lame constants µ
and λ as

γ 	�� 2µ � 3λ � α
with α being the coefficient of linear thermal expansion.

It is seen that the governing equations are uncoupled and
they can be solved separately. In the first step we solve
the Poisson equation (1). The weak formulation of the
equation can be written as�
Ω 
 θ � kk � x ��
 Q � κ0 � x ��� θ � � x � dΩ 	 0 (3)

where θ � � x � is the test function and θ � x � is the trial func-
tion for temperature.

Applying the Gauss divergence theorem to the first term
in the in the integral given by eq. (3), we have�
Ω

θ � kk � x � θ � � x � dΩ 	�
Γ

∂θ
∂n � x � θ � � x � dΓ 
 �

Γ

θ � x � ∂θ �
∂n � x � dΓ � �

Ω

θ �� kk � x � θ � x � dΩ

(4)

If the test function (weighting field) satisfies the follow-
ing equation

θ �� kk � x � y � � δ � x � y � 	 0 (5)

where δ � x � y � is the Dirac delta function, the following
integral representation for temperature can be obtained
from eqs. (3) – (5)

θ � y � 	 �
Γ

∂θ
∂n � x � θ � � x � y � dΓ 
 �

Γ

θ � x � ∂θ �
∂n � x � y � dΓ
 �

Ω

θ � � x � y � Q
κ0
� x � dΩ (6)

where n is the unit outward normal vector to the bound-
ary Γ .

The boundary integral equation (6) relates quantities (
θ - temperature and q 	 ∂θ � ∂n heat flux) on the global
boundary Γ . If, instead of the entire domain Ω of the
given problem, we consider a subdomain Ωs , which is
located entirely inside Ω , the following equation should
also hold over the subdomain Ωs

θ � y � 	 �
∂Ωs

∂θ
∂n � x � θ � � x � y � dΓ


 �
∂Ωs

θ � x � ∂θ �
∂n � x � y � dΓ 
 �

Ωs

θ � � x � y � Q
κ0
� x � dΩ (7)

where ∂Ωs is the boundary of the subdomain Ωs .
In the original boundary value problem, either the tem-
perature θ � x � or the heat flux q 	 ∂θ � ∂n may be spec-
ified at every point on the global boundary Γ , which
makes a well-posed problem. But none of them is known
a priori along the local boundary ∂Ωs . To eliminate the
flux variable from the integral representation (7), Atluri
and his co-workers (1998) introduced a ‘companion so-
lution’ to the fundamental solution in such a way that the
final modified fundamental solution is zero on the circu-
lar boundary ∂Ωs . The modified fundamental solution
can be easily derived for the Laplace equation and for
2-d problems is given by

θ̃ � � x � y � 	 1
2π

ln
r0

r
(8)

where r 	�� x 
 y � and r0 is the radius of the local subdo-
main Ωs .

Taking into account that

θ̃ � � r ���� r � r0
	 0 (9)
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one can rewrite eq. (7) into the form

θ � y �������
∂Ωs

θ � x � ∂θ̃ �
∂n

� x  y � dΓ ���
Ωs

θ̃ � � x  y � Q
κ0
� x � dΩ

(10)

for the source point located inside Ω .

When the source point y is located on the global bound-
ary Γ , the subdomain can still be taken as a part of a cir-
cular domain with the boundary composed of a circular
part Ls and the piece of boundary line Γs on which the
nodal point is lying � ∂Ωs � Ls ! Γs � . It should be noted
that along the line Γs the modified fundamental solution
θ̃ � is not zero. Then, the local boundary integral equation
for nodes ζ " Γs # Γ becomes

θ � ζ �%$ �
Ls

θ � x � ∂θ̃ �
∂n

� x  ζ � dΓ

$ lim
y & ζ

�
Γs

θ � x � ∂θ̃ �
∂n

� x  y � dΓ � �
Γs

θ̃ � � x  ζ � q � x � dΓ �
� �

Ωs

θ̃ � � x  ζ � Q
κ0
� x � dΩ (11)

Although the LBIE (11) can be rewritten into a non-
singular form, it is more appropriate to use this limit form
because of the numerical integration when the MLS-
approximation is employed [Sladek et al.(2000)].

In the second step the Lame-Navier governing equation
(2) is solved. The same procedure, as in the case of the
Poisson equation, is repeated. The weak formulation is
given as

�
Ω ' µui ( kk � x �)$*� λ$ µ � uk ( ki � x �)$ Xi � x �+� γθ ( i � x �-, u �i � x � dΩ � 0  

(12)

where u �i � x � is a weight function.

Applying the Gauss divergence theorem to the domain
integral in eq. (12), one can write

�
Ω . µu �i ( kk � x �%$�� λ $ µ � u �k ( ki � x �0/ ui � x � dΩ$ �

Γ ' ti � x �1$ γni � x � θ � x �+, u �i � x � dΓ � �
Γ

t �i � x � ui � x � dΓ� �
Ω ' γθ ( i � x ��� Xi � x �+, u �i � x � dΩ (13)

where

ti � σi jn j � µui ( knk $ λuk ( kni $ µuk ( ink � γδi jn jθ

is the traction vector.
If the weight field is selected as the elastostatical funda-
mental solutions of the elastostatical governing equation

µUi j ( kk � x  y �1$2� λ $ µ � Uk j ( ki � x  y ����� δi jδ � x � y � (14)

i.e.

u �i � x �3� Ui j � x  y � e j � y � and t �i � x �3� Ti j � x  y � e j � y �
with e j � y � being the unit orthogonal base vectors, one
obtains the integral representation of the displacement
field

ui � y �3� �
Γ

Ui j � x � y � t j � x � dΓ � �
Γ

Ti j � x  y � u j � x � dΓ$ �
Γ

γn j � x � θ � x � Ui j � x � y � dΓ� �
Ω ' γθ ( j � x �4� X j � x ��, Ui j � x � y � dΩ (15)

The local boundary integral equation is considered on a
subdomain Ωs . On the artificial boundary ∂Ωs , both the
displacement and traction vectors are unknown. In or-
der to get rid of the traction vector in the integral over
∂Ωs , the concept of a ‘companion solution’ can be uti-
lized successfully [Atluri et al.(2000)]. The companion
solution is associated with the fundamental solution Ui j

and is defined as the solution to the following equations:
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σ̃i j 6 j 7 0 on Ω 8s
Ũi j 7 Ui j on ∂Ω 8s (16)

where Ω 8s is a circle of radius r0 , which coincides
with Ωs for interior points. The modified test function
U 9i j 7 Ui j : Ũi j has to satisfy the governing equation (14).
Then, the integral equation (15) is valid also for modified
fundamental solution U 9i j . On a circle ∂Ω 8s , this funda-
mental solution is zero due to the second condition (16).
Hence, we can write

ui ; y < 7*:>=
∂Ωs

T 9i j ; x ? y < u j ; x < dΓ:�=
Ωs @ γθ 6 j ; x < : X j ; x <-A U 9i j ; x: y < dΩ

(17)

for the source point y located inside Ω . The explicit
expression for modified test function and modified fun-
damental traction T 9i j one can find in [Atluri et al.(2000)].
For ζ B Γs C Γ (source point located on the global bound-
ary) the LBIE can be written as

ui ; ζ <%D =
Ls

T 9i j ; x ? ζ < u j ; x < dΓ D lim
y E ζ

=
Γs

T 9i j ; x ? y < u j ; x < dΓ

:�=
Γs @ t j ; x <1D γn j ; x < θ ; x <+A U 9i j ; x : ζ < dΓ 7: =
Ωs @ γθ 6 j ; x < : X j ; x <+A U 9i j ; x : ζ < dΩ (18)

Next we will assume the body forces Xi to be zero. The
domain integral on the right hand sides of eqs. (17) and
(18) can be transformed to boundary integrals in the same
way as presented in the book [Balas et al.(1989)]. Apply-
ing the Gauss divergence theorem to the domain integral
in eq. (17) one can write

γ =
Ωs

θ 6 j ; x < U 9i j ; x : y < dΩ 7
γ =
∂Ωs

θ ; x < n j ; x < U 9i j ; x : y < dΓ : γ =
Ωs

θ ; x < U 9i j 6 j ; x : y < dΩ (19)

In stationary thermoelasticity the following governing
equations have to be satisfied [Balas et al.(1989)]

µU 9i j 6 kk D ; λ D µ < U 9k j 6 ki 7F: δ ; r < δi j

µV 8i 6 kk D ; λ D µ < V 8k 6 ki 7 γT6 i
T6 ii 7G: δ ; r < (20)

where V 8i is the fundamental displacement correspond-
ing to a point heat source (see the third equation in (20)).
Differentiating the second equation in (20) by ∂i one ob-
tains

; λ D 2µ < ∇2V 8i 6 i 7 γT6 ii (21)

From eq. (21) it follows directly

V 8i 6 i 7 γ
λ D 2µ

T D A (22)

where A is a harmonic function, i.e. ∇2A 7 0.

Substituting eq. (22) into the second equation of (20) one
can write

∇2V 8i 7 γ
λ D 2µ

T6 i : λ D µ
µ

A 6 i (23)

Replacing the right hand side (Dirac delta function) in
the first equation of (20) by the Laplacian of temperature
(see the third equation) and differentiating according ∂i ,
we obtain the following relation

; λ D 2µ < U 9i j 6 kki 7 ∇2T6 i (24)

Now, replacing the gradient of temperature in (24) by the
corresponding terms given by eq. (23) we get

; λ D 2µ < ∇2U 9i j 6 i 7 ∇2 H ∇2V 8j λ D 2µ
γ

D λ D µ
µ

λ D 2µ
γ

A 6 j I
(25)

Taking into account ∇2A 6 j 7 0 we can write
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U Ji j K i L B j M 1
γ

∇2V Nj (26)

where B j are harmonic functions, i.e. ∇2B j M 0.

Equation (26) can be rewritten into a more convenient
form

U Ji j K i M 1
γ

∇2V Jj (27)

where V Jj M V Nj O Ṽ j and ∇2Ṽ j M γB j .

The analytic expression of V Jj can be found in Appendix.

Substituting eq. (27) into the domain integral in eq. (19)
and applying the Gauss divergence theorem we get

γ P
Ωs

θ Q x R U Ji j K j Q x O y R dΩ MP
∂Ωs

θ Q x R V Ji K j Q x O y R n j Q x R dΓ O P
∂Ωs

θ K j Q x R n j Q x R V Ji Q x O y R dΓ (28)

Then, the pure boundary LBIE for an interior point can
be written as

ui Q y R M O P
∂Ωs

T Ji j Q x S y R u j Q x R dΓ

L P
∂Ωs

θ Q x R Z Ji Q x S y R dΓ O P
∂Ωs

q Q x R V Ji Q x O y R dΓ (29)

where Z Ji M V Ji K jn j (see Appendix).

The alternative pure boundary integral equation for ζ T
Γs U Γ is given as

ui Q ζ R L P
Ls

T Ji j Q x S ζ R u j Q x R dΓ L lim
y V ζ

P
Γs

T Ji j Q x S y R u j Q x R dΓ

O P
Γs

t j Q x R U Ji j Q x O ζ R dΓ MP
Ωs W θ Q x R Z Ji Q x O ζ R O q Q x R V Ji Q x O ζ RYX dΩ (30)

The LBIE (29) and (30) based on a pure boundary formu-
lation are more convenient for numerical implementation
than those with the domain integral given in eqs. (17) and
(18).

4 Moving least squares approximation and dis-
cretization

The moving least squares (MLS) approximation is gen-
erally considered as one of schemes to interpolate data
with a reasonable accuracy. Consider the approximation
of a function u Q x R in a domain Ω with a number scattered
nodes Z xi [ , i M 1 S 2 S]\^\^\ n , the MLS approximant uh Q x R of
u , _ x T Ω , can be defined by

uh Q x R M pT Q x R a Q x R _ x T Ω (31)

where pT Q x R M W p1 Q x R`S p2 Q x R`S]\^\^\aS pm Q x R-X is a complete
monomial basis of order m; and a Q x R is a vector contain-
ing coefficients a j Q x R , j M 1 S 2 S]\^\^\^S m which are functions
of the space co-ordinates x M W x S y S zX T . For example, for
a 2-d problem:

pT Q x R M W 1 S x S yX�S linear basis m M 3
pT Q x R Mcb 1 S x S y S>Q x R 2 S xy S>Q y R 2 d quadratic basis m M 6 \

The coefficient vector a Q x R is obtained by performing a
weighted least-squares fit for the local approximation

J Q x R M n

∑
i e 1

wi Q x R b pT Q xi R a Q x R O ûi
d 2 M

W Pa Q x R O ûX T W W Pa Q x R O ûX (32)

where wi Q x R M w Q x O xi R is the weight function asso-
ciated with the node i. The weight function w Q x O xi R
is defined as a monotonically decreasing function as the
distance between the evaluation point and the node in-
creases. Thus, the weight function can be parametrized
by the distance di Mgf x O xi f . In this paper, the weight
function is the Gaussian weight function given by

wi Q x R MGhi j exp b O Q di k ci R 2 d O exp b O Q ri k ci R 2 d
1 O exp W O Q ri k ci R 2 X 0 l di l ri

0 di m ri
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(33)

where ri is the radius of the domain of influence of the
i node and ci is a constant controlling the shape of the
weight function wi .

In eq. (32) ûi denotes the fictitious nodal values and not
the nodal values of the unknown trial function in general.
To find the coefficient a , we perform the extremum of J
by

∂J o ∂a p A q x r a q x r4s B q x r û p 0 (34)

where matrices A q x r and B q x r are defined:

A q x r�p PTWP p n

∑
i t 1

wi q x r p q xi r pT q xi r
B q x r�p PTW pvu w1 q x r p q x1 rxw w2 q x r p q x2 r`wzy^y^y^y^w wn q x r p q xn r+{

Solving this for a q x r and substituting it into eq. (31), we
get

uh q x r�p ΦT q x r�| û p n

∑
i t 1

φi q x r ûi (35)

where

ΦT q x r3p pT q x r A } 1 q x r B q x r (36)

The partial derivatives of the MLS shape functions are
obtained as

φi ~ k p m

∑
j t 1 � p j ~ k q A } 1B r ji � p j q A } 1B ~ k � A } 1~ k B r ji � (37)

It should be noted that the MLS approximation is well de-
fined only when the matrix A in eq. (34) is non-singular.
A necessary condition for a well-defined MLS approx-
imation is that at least m weight functions are non-zeroq i y e y^w n � m r for each sample point.

Substituting the MLS approximation (35) into the defini-
tion formula of traction vector, we get

t q x r�p N q x r D n

∑
j t 1

B j q x r û j s γn
n

∑
j t 1

φ j q x r θ̂ j (38)

where matrix N correspond to normal vector n

N q x r�p�� n1 0 n2
0 n2 n1 �

the stress-strain matrix D is given by

D p 2µ
1 s 2ν �� 1 s ν ν 0

ν 1 s ν 0
0 0 q 1 s 2ν r]o 2

��
with for plane strain problem; ν p ν o4q 1 � ν r for plane
stress problem, and

Bj q x r�p �� φ j ~ 1 0
0 φ j ~ 2
φ j ~ 2 φ j ~ 1

��
Let Γs p Γsu � Γst , where Γsu and Γst are finite parts of
Γs over which these (temperature and displacements) or
(heat flux and tractions) are prescribed, respectively.

In view of the uncoupled theory and the use of the MLS-
approximation, the discretized LBIE (10) and (11) collo-
cated at yi � Ω and ζi � Γst become

n

∑
j t 1

�� �
φ j q yi r �G�

∂Ωs

∂θ̃ �
∂n

q x w yi r φ j q x r dΓ � �� θ̂ j p 0 (39a)

n

∑
j t 1

�� �
φ j q ζi r ���

Ls

∂θ̃ �
∂n

q x w ζi r φ j q x r dΓ � �� θ̂ j

� n

∑
j t 1

lim
y � ζi

�
Γst

∂θ̃ �
∂n

q x w y r φ j q x r dΓθ̂ j s
s n

∑
j t 1

�
Γsu

θ̃ � q x w ζi r�u n1φ j ~ 1 q x r � n2φ j ~ 2 q x r+{ dΓθ̂ j

p �
Γst

θ̃ � q x w ζi r q q x r dΓ s �
Γsu

∂θ̃ �
∂n

q x w ζi r θ q x r dΓ (39b)

The set of algebraic equations (39a) and (39b) should be
supplemented by the equations
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n

∑
j � 1

φ j � ζi � θ̂ j � θ � ζi � � ζi � Γsu (39c)

in order to get a complete set for computation of the fic-
titious unknowns θ̂ j at all the nodal points.

Having known the thermal fields, we can calculate the
fictitious unknowns û j . The discretized LBIE (29) and
(30) collocated at yi � Ω and ζi � Γst become

n

∑
j � 1

�� �
φ j � yi �1 �¡

∂Ωs

T ¢ � x � yi � φj � x � dΓ £ ¤¥ û j �
n

∑
j � 1

θ̂ j ¡
∂Ωs ¦ Z ¢ � x � yi � φj � x �+§ V ¢ � x � yi �©¨ n1φj ª 1 � x �+§ n2φj ª 2 � x �z«­¬ dΓ

(40a)

n

∑
j � 1

φ j � ζi � û j   n

∑
j � 1
¡
Ls

T ¢ � x � ζi � φ j � x � dΓ û j

  n

∑
j � 1

lim
y ® ζi

¡
Γst

T ¢ � x � y � φ j � x � dΓ û j

§ n

∑
j � 1

¡
Γsu

U ¢ � x � ζi � N � x � DB j � x � dΓ û j �¡
Γst

U ¢ � x � ζi � t � x � dΓ §¯¡
Γsu

T ¢ � x � ζi � u � x � dΓ

¡
Γsu

Z ¢ � x � ζi � θ � x � dΓ §�¡
Γst

V ¢ � x � ζi � q � x � dΓ

  n

∑
j � 1

θ̂ j¡
Ls ° Γst

±
Z ¢ � x � ζi � φ j � x �+§ V ¢ � x � ζi �²� n1φ j ª 1 � x �+§ n2φ j ª 2 � x �z�+³ dΓ

(40b)

where the matrix notations U ¢ � T ¢ � V ¢ and are used in-
stead of the tensor notations U ¢i j � T ¢i j � U ¢i and Z ¢i , respec-
tively.

Finally, the set of equations (40a) and (40b) is supple-
mented by the equations

n

∑
j � 1

φ j � ζi � û j � u � ζi � ζi � Γsu (40c)

Now, the fictitious unknowns û j can be calculated by
solving the set of algebraic equations (40). The limit of
the singular integral over Γst can be evaluated numeri-
cally, by using a regular quadrature accurately, provided
that an optimal transformation of the integration variable
is employed before the integration [Sladek et al.(2000)].

5 Numerical examples

In this section numerical results will be presented to test
the accuracy of the present computational method.

5.1 Patch test

Consider the material in a quadrilateral cross-section� 2a ´ 2a � subjected to a uniform thermal load θ and
fixed displacements in x2 § and x3 § directions (see Fig.
1). The following material constants are assumed: Young
modulus E � 1 µ 0 ¶ 105 MPa, Poisson ratioν � 0 µ 25 and
coefficient of thermal expansion α � 1 µ 0 ¶ 10 · 5 deg · 1 .
If the bar subjected to a uniform thermal load is fixed in
x3 § direction (plane strain conditions are assumed) the
strain tensor εt

22 is given as

εt
22 �¸� 1   ν � αθ

The thermal strain tensor εt
22 has to be eliminated by

the mechanical strain εm
22 due to the fixed displacement

in x2 § direction. For a uniform load σ22 � x1 �>� p of a
square patch the displacement vector under plane strain
conditions are:

um
1 �G§ ν � 1   ν � p

E
x1

um
2 ��� 1 § ν2 � p

E
x2

Then, the analytical expression for the stress σ22 in the
patch under a uniform thermal load with fixed displace-
ments in x2 § and x3 § directions can be written as

σ22 � p ��§¹� 1   ν � αEθ
1 § ν2 µ (41)

Owing to the symmetry, it is sufficient to analyse only
a quarter of the cross section. In meshless LBIE anal-
ysis we have selected 16 nodes with an equidistant dis-
tribution on the boundary of the analysed domain. To
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Figure 1 : Square patch under a uniform temperature
load

boundary nodes, 16 additional interior nodes are consid-
ered (Fig. 1). The radii of circular subdomains were
constant rloc » 0 ¼ 6 for boundary nodes and rloc » 0 ¼ 4
for interior nodes. We have also considered ci » 1 and
ri ½ ci » 4 in the Gaussian weight function.

To compare the accuracy of the numerical results for
stresses σ22 obtained by the LBIE method with the other
numerical method, we have analysed the same bound-
ary value problem by the conventional boundary element
method based on the pure boundary integral equation
formulation [Balas et al.(1989)]. For discretization of
boundary we have used 8 quadratic elements. It is known
that accuracy of the numerical results in the conventional
BIE method is decreasing at points, which are close to the
boundary provided that no special treatment of nearly-
singular integrals is adopted in the numerical integration.
For comparison of numerical results we have made anal-
yses at points, which are on the line.

The dependence of the traction norm error, defined as
x2 » 0 ¼ 5. The shortest distance such points from the
boundary, s, is equal or lower than 0.5 . Then, the ra-
tio of s to the element length d is s ½ d ¾ 0 ¼ 25. In Fig.
2 one can see that the lowest accuracy for the BIE re-
sults is at points which have the shortest distance to the
mid-node of boundary element. The accuracy is chang-
ing from 0.2% to 2.1% . On the other hand, the LBIE
method yields the accuracy 0.05% at all the points of ob-
servation.

The relative error (accuracy) is defined as

8.0 8.5 9.0 9.5 10.0

-1.0

-0.5

0.0

0.5

1.0

 σ
* ϕϕ

radius  r

 analytical solution
 LBIE for ci=1.5
 LBIE for ci=1.

 

Figure 2 : Comparison of numerical errors for stresses
σ22 at internal points lying on x2 » 0 ¼ 5 line

r »À¿ σ22 Á σexact
22 ¿¿ σexact

22 ¿ Â% Ã
where σexact

22 is taken from eq. (41).

5.2 Hollow cylinder

To compare the accuracy of the proposed numerical
scheme with analytical results, we present an example
of the computation of the radial distribution of the tem-
perature and stresses in a hollow cylinder subjected to
a thermal gradient. On internal and external surfaces of
the hollow cylinder different, but constant temperatures
are prescribed (Fig. 3). Because of the symmetry of the
problem, it is sufficient to analyse only a quarter of the
cylinder.

Analytical distributions of temperature and hoop stresses
are given by

θ Ä r Å » θ1 Æ ∆θ
lnR2 ½ R1

lnr Ç
σϕϕ » ∆θ

Eα
2 Ä 1 Á ν ÅÉÈ 1 Æ Ä 1 ½ r Ç Å 2

1 Á Ä R1 ½ R2 Å 2 Æ 1 Æ lnr Ç
lnR1 ½ R2 Ê (42)
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Figure 3 : Nodes for the hollow cylinder subject to ther-
mal load

where r ËÍÌ r Î R1 and ∆θ Ì θ2 Ï θ1 .

In the numerical analysis we have considered the follow-
ing geometrical and material constants: cylinder radii
R1 Ì 8, R2 Ì 10; Young modulus E Ì 2 Ð 0 Ñ 105 MPa;
Poisson ratio ν Ì 0 Ð 25 and coefficient of thermal expan-
sion α Ì 1 Ð 67 Ñ 10 Ò 5 deg Ò 1 . We have used 40 nodes on
the boundary and 56 additional interior nodes. On both
artificial cuts (due to symmetry) the radii of subdomains
are constant rloc Ì 0 Ð 39. On the rest part of the boundary
(curvilinear surfaces) the size of subdomains is constant
too, rloc Ì 0 Ð 49. Next, ci Ì 1 Ð 5 and ri Î ci Ì 4 are con-
sidered.

Numerical results for temperature and temperature gra-
dient obtained by the LBIE method are compared with
analytical ones in Fig. 4. One can see an excellent agree-
ment. The relative error for temperature in the whole
radius interval is less than 0.001% and for temperature
gradient is less than 0.05% .

The hoop stresses are normalized to obtain a non-
dimensional value according the formula

σ Ëϕϕ Ì 2 Ó 1 Ï ν Ô
∆θEα

σϕϕ

The distribution of the non-dimensional σ Ëϕϕ along the
radius of the hollow cylinder is shown in Fig. 5. One can
observe a quite good agreement of analytical results with
LBIE ones. Various values of the weight function param-
eter ci at the constant size of the support domain ri Ì 6
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Figure 4 : Temperature and temperature gradient along
x1 Ï coordinate

were considered in the numerical analysis. The relative
errors for the hoop stresses on internal and external sur-
faces of the hollow cylinder are defined as

rI Ì�Õ σϕϕ Ö RI × Ò σexact
ϕϕ Ö RI × ÕÕ σexact

ϕϕ Ö RI × Õ Ø% Ù for I Ì 1 Ú 2 .
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Figure 5 : Hoop stress distribution along the radius of
the hollow cylinder
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Figure 6 : Dependence of relative errors for hoop
stresses on the weight function parameter ci

Figure 6 shows the influence of the weight function pa-
rameter ci on the accuracy of hoop stresses for both
cylinder surfaces. Accuracy on the whole ci interval is
higher than 5% . Even for optimal of ci the accuracy is
higher than 1% .

6 Conclusion

The local boundary integral equation (LBIE) method
with a meshless approximation has been applied success-
fully, to solve 2-d boundary value problems in station-
ary thermoelasticity. The moving least square method
is used for approximation of physical quantities. Pure
contour boundary integral equations, with circular sub-
domains, have been utilized as LBIE. Introducing the
modified fundamental solution for displacement, which
gives zero displacement values on the contour of the sub-
domain, we eliminate the traction quantity from the local
boundary integral equations. The modified fundamental
solution requires one to derive new corresponding funda-
mental solutions related to a point heat source. They are
used to develop a pure contour local boundary integral
formulation in stationary thermoelasticity. The suggested
method is computionally efficient, due to the missing do-
main integration.

A variety of numerical experiments have been carried
out, to optimalize the size of support domain ri and the
weight function parameter ci . It follows from the anal-
yses that ratio ri Ü ci Ý 4 is the most optimal. The well-
known boundary layer effect (lost accuracy of results at
points close to the boundary) for conventional BIE does
not arise in the LBIE with the MLS approximation. In
such a case, the accuracy does not dependent on the po-
sition of an evaluation point. It is a great advantage of
suggested method.

Appendix

In this Appendix we derive the explicit expression for
modified fundamental displacement corresponding to a
point heat source, U Þj . The fundamental displacement
has to satisfy eq. (27). The modified test function U Þi j is
given by [Atluri et al.(2000)]

U Þi j Ý Ui j ß Ũi j (43)

where

Ui j Ý 1
8πµ à 1 ß ν á�â à 4ν ß 3 á lnrδi j ã r ä ir ä j å (44)

Ũi j Ý 1
8πµ æ 1 ç ν è�éëê à 4ν ß 3 á lnr0 ã 5 ç 4ν

2 æ 3 ç 4ν è©ì 1 ß r2

r2
0 í3î δi j ã rir j

r2
0 ï

(45)

and r0 is the radius of the circular subdomain Ωs .

Considering eq. (43) we can rewrite eq. (27) into the
form

Ui j ä i ß Ũi j ä i Ý 1
γ

∇2 à V ðj ß Ṽ j á (46)

From (45) it follows directly

Ũi j ä i Ý 1 ß 2ν
3 ß 4ν

1
2πµ à 1 ß ν á rr ä j

r2
0

(47)

Thus, the additional fundamental displacement Ṽ j has to
satisfy the following equation
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∇2Ṽ j ñ 1 ò 2ν
3 ò 4ν

γ
2πµ ó 1 ò ν ô r j

r2
0

(48)

It can be easy shown that function

Ṽ j ñ 1 ò 2ν
3 ò 4ν

γ
16πµ ó 1 ò ν ôëõ r

r0 ö 2

r j (49)

satisfies eq. (48).

The analytic expression of V ÷j is given in (Balas et al.,
1989). Finally, we can write

V øj ñ ò m
8π

r j ó 1 ù 2lnr ô4ò m
8π

r2r jó 3 ò 4ν ô r2
0

(50)

where

m ñ γ
λ ù 2µ ñ γ

2µ
1 ò 2ν
1 ò ν

From (50) one can obtain

Z øj ñ V øj ú ini ñò m
8π û ó 1 ù 2lnr ô n j ù 2r ú jnir ú i ü ò m

8π
ó 2rinir j ù r2n j ô

r2
0 ó 3 ò 4ν ô (51)
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