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Abstract: A boundary-only method is presented for the so-
lution of the vibration problem of non-homogeneous mem-
branes. Both free and forced vibrations are considered. The
presented method is based on the Analog Equation Method
(AEM). According to this method the second order partial dif-
ferential equation with variable coefficients of hyperbolic type,
which governs the dynamic response of the membrane, is sub-
stituted by a Poisson’s equation describing a quasi-static prob-
lem for the homogeneous membrane subjected to a fictitious
time dependent load. The fictitious load is established using
BEM. Several numerical examples are presented which illus-
trate the efficiency and the accuracy of the method.
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1 Introduction

The vibrations of membranes have been considered by many
investigators for over a century. Starting with Rayleigh (1945)
and Morse (1948) there exists an extensive literature on the
subject. With few exceptions, e.g. De (1971); Sato (1980)
the existing analytical solutions are restricted to homogeneous
membranes having simple geometry such as circular, rectan-
gular, elliptical or annular, for which the method of separation
of variables can be applied. For arbitrary shaped membranes,
however, solution to the problem is feasible only by numerical
methods e.g. FDM and FEM. The BEM has also been em-
ployed to non-homogeneous membranes under uniform stress.
In the latter case the problem has been solved using D/BEM
[Katsikadelis and Sapountzakis (1988)].

The standard BEM formulation can not be employed since it is
not possible to establish the fundamental solution either in the
time domain or in the transformed one. The dual reciprocity
method (DRM) could be employed as a boundary-only BEM
[Patridge, Brebbia and Wrobel (1992)]. However, this method
is subject to the limitation that for a non-standard governing
differential operator a standard dominant operator can be ex-
tracted, whose fundamental solution is known or can be es-
tablished. Except for special cases, this is not feasible for the
second order partial differential equation with variable coef-
ficients. The solution procedure using DRM becomes even
more complicated, if the coefficients are not given by analyt-
ical expressions but pointwise, e.g. when the prestress of the
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membrane is established from the numerical solution of the
plane stress problem.

In this paper a boundary-only BEM is developed for solving
initial-boundary value problems for systems governed by the
second order partial differential equation with variable coeffi-
cients of hyperbolic type as it is the case of non-homogeneous
membranes. The shape of the membrane is arbitrary. The
inhomogenuity may be due to non-homogeneous material, to
variable thickness or to non-uniform stretching.

The standard BEM formulation can not be employed since it
is not possible to establish the fundamental solution either in
the time domain or in the transformed one.

The presented method is based on the concept of the analog
equation [Katsikadelis (1994)]. According to this method the
governing equation is replaced by a Poisson’s equation with a
fictitious time dependent source. The fictitious source is es-
tablished as function of time using BEM. Subsequently, the
solution at any instant is obtained from the integral represen-
tation of the Poisson’s equation. Several numerical examples
are presented for both free and force vibrations, which illus-
trate the efficiency and accuracy of the proposed method.

2 Problem statement

Consider a thin flexible membrane consisting of non-
homogeneous material having surface mass density ρ(x;y) oc-
cupying the two-dimensional multiply connected domain Ω in
the x;y plane bounded by the K +1 curves Γ0; Γ1; : : :ΓK (see
Fig. 1). The membrane is prestressed and fixed or elastically
supported on the boundary Γ = [i=K

i=0 Γi. Without restricting
the generality, the prestress is imposed by the force T (s) acting
along the boundary and in the direction normal to it. Hence,
the membrane is under plane stress, the components of which
Tx(x;y), Ty(x;y) and Txy(x;y) are established from the solution
of the respective plane elasticity problem, namely

Tx;x+Txy;y = 0 (1)

Txy;x+Ty;y = 0 in Ω (2)

Tn = T (s); Tt = 0 on Γ (3)

The plane elasticity problem (1)-(3) can be solved either by
means of Airy’s stress function or in terms of the inplane dis-
placements by integrating the Navier equations [Katsikadelis
(1999)]. It is assumed that the stretching forces T1 and T2 in
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Figure 1 : Domain Ω occupied by the membrane

the principal directions at any point inside Ω are tensile, so that
wrinkling of the membrane is avoided [Katsikadelis (2000)],
i.e. it is

T1;2 =
Tx +Ty
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+T 2
xy > 0 (4)

The initially flat membrane is deflected to a surface u(x;y; t)
when subjected to a transverse load with intensity g(x;y; t).
Due to the lateral defection of the membrane, additional strains
are produced in the middle surface. For linear deflection the-
ory of membranes the following assumptions are made:

a. The prestressing of the membrane is large enough so that
the forces Tx; Ty; Txy remain unchanged during the deflec-
tion.

b. The additional strains of the middle surface of the mem-
brane due to its elastic deformation are negligible as com-
pared with those due to the slopes of the middle surface.

The second assumption implies that the strain components are
given as

εx =
1
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�2

(5)
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γxy =
∂u
∂x

∂u
∂y

(7)

On the basis of the above assumptions the strain energy of the
deflected membrane is written as
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The equation of motion of the membrane can be derived using
the Hamilton’s principle, which requires that the functional

I(u) =
Z t2
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k(s)u2� γ(s; t)u
�

dsdt (9)

with δu = 0 at instants t1 and t2, takes a stationary value, i.e.
δI = 0. In Eq. 9 k(s) is the stiffness modulus of the elastic
support and γ (s; t) is the density of the external line force along
the boundary.

Using operations of the calculus of variations and integration
by parts we readily obtain from Eq. 9 the following initial
boundary value problem.

Txu;xx+2Txy u;xy+Ty u;yy �ρü =�g in Ω (10)

β1u+β2q = β3 on Γ (11)

u(x;y;0)= f1(x;y) (12)

u̇(x;y;0) = f2(x;y) in Ω (13)

where β1 = k(s), β2 = T (s), β3 = γ(s); qn = ∂u=∂n is the
derivative of u normal to the boundary, and f1; f2 are functions
specified in Ω

3 The Analog equation method for non-homogeneous
membranes

The initial boundary value problem (10)-(13) is solved us-
ing the concept of the analog equation [Katsikadelis (1994)],
which is applied to the problem at hand as follows.

Let u = u(x;y; t) be the sought solution to the problem (10)-
(13). This function is two times continuously differentiable in
Ω. Thus, if the Laplacian operator is applied to it, we have

∇2u = b(x;y; t) (14)

Eq. 14 is a quasi-static equation and indicates that the solution
of Eq. 10 at instant t could be established by solving this equa-
tion under the boundary conditions (11), if the fictitious time
dependent source b(x;y; t) were known.

The fictitious source can be established by working as follows.

Following the idea of Nardini and Brebbia (1982) to approx-
imate time dependent field quantities by radial base functions
series and a procedure similar to that presented by Katsikadelis
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and Nerantzaki (1998 and 1999) for the static problem, we as-
sume

b =
M

∑
j=1

α j f j (15)

where f j = f j(x;y) is a set of approximation functions and
α j = α j(t) time dependent coefficients to be determined.

The solution of Eq. 14 at instant t can be written as a sum of the
homogeneous solution u = u(x;y; t) and a particular solution
up = up(x;y; t) of the non-homogeneous equation. Thus, we
have

u = u+up (16)

The particular solution is obtained from

∇2up =
M

∑
j=1

α j f j (17)

which yields

up =
M

∑
j=1

α jû j (18)

where û j ( j = 1;2; :::M) is a particular solution of the equation

∇2û j = f j j = 1;2; :::M (19)

The particular solution of Eq. 19 can always be established, if
f j is specified.

The homogeneous solution u is obtained from the boundary
value problem

∇2u = 0 in Ω (20)

β1u+β2q = β3�

 
β1

M

∑
j=1

α jû j +β2

M

∑
j=1

α jq̂

!
on Γ (21)

where q̂ j = ∂û j=∂n.

The boundary value problem (20), (21) is solved using the
BEM. Thus, the integral representation of the solution u is
given as

cu(P; t) =�

Z
Γ
(u�q�uq�)ds Pfx;yg 2Ω[Γ (22)

in which

u� =
1

2π
`nr (23)

is the fundamental solution to Eq. 20 and

q� = u;�n (24)

its derivative normal to the boundary with

r = jQ�Pj=
h
(ξ� x)2 +(y�η)2

i1=2
(25)

being the distance between any two points P(x;y) in Ω[ Γ,
Q(ξ;η) on Γ; c is a constant which takes the values c = 1 if
P 2Ω and c = α=2π if P 2 Γ; α is the interior angle between
the tangents of boundary at point P. Note that c = 1=2 for
points where the boundary is smooth.

On the basis of Eq. 16, 18 and 22 the solution of Eq. 14 is
written as

cu = �

Z
Γ
(u�q�uq�) d s+

M

∑
j=1

α jû j (26)

Differentiating the above equation for P 2 Γ (c = 1) yields

u;xx=�

Z
Γ
(u;�xx q�uq;�xx ) d s+

M

∑
j=1

(û j);xx α j (27)

u;yy=�

Z
Γ
(u;�yy q�uq;�yy ) d s+

M

∑
j=1

(û j);yy α j (28)

u;xy=�

Z
Γ
(u;�xy q�uq;�xy ) d s+

M

∑
j=1

(û j);xy α j (29)

The final step of AEM is to apply Eq. 10 to M discrete points
inside Ω. We, thus, obtain a set of M equations

T i
x u;ixx+2T i

xyu;ixy+T i
y u;iyy�ρiüi =�gi i = 1;2; :::M (30)

Using Eq. 26-29 to evaluate u and its derivatives at points i =
1;2; :::M and substituting them into Eq. 26 yields a set of linear
equations of motion

Fi(α j; α̈ j) = �gi i = 1;2; :::M (31)

from which the coefficients α j can be established. The final
step of AEM can be implemented only numerically as it is
shown in the following section.

4 Numerical Implementation

The BEM with constant elements is used to approximate the
boundary integrals in Eq. 26-29. If N is the number of the
boundary nodal points (Fig. 2), then Eq. 26 is written as

ciui =
N

∑
k=1

H̃ikuk�
N

∑
k=1

Gikqk (32)

where

H̃ik =
Z

k
q�(rik) d s (33)

Gik =
Z

k
u�(rik) d s (34)
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Figure 2 : Boundary discretization and domain nodal points

Applying Eq. 32 to all boundary nodal points and using matrix
notation yields

[H]fug� [G]fqg= 0 (35)

where

[H] = [H̃]� [I]fcg (36)

with fcg being a vector including the values of the coefficient
ci and [I] the unit matrix. The boundary condition (21), when
applied to the boundary nodal points, yields

(β1)
i ui +(β2)

i qi = (β3)i�

"
(β1)

i
M

∑
j=1

α jû
i
j +(β2)

i
M

∑
j=1

α jq̂
i
j

#

(37)

or using matrix notation

[β1]fug+[β2]fqg= fβ3g�
�
[β1]

�
Û
	
+[β2]

�
Q̂
	�
fαg (38)

in which [Û] = [ûi
j], [Q] = [q̂i

j] are N�M matrices; [β1]; [β2]
are N�N diagonal matrices and fαg the vector of the coeffi-
cients to be determined.

Eq. 35 and 38 may be combined to express fug and fqg in
terms of fαg. Thus, we may write�

[H] �[G]
[β1] [β2]

��
fug
fqg

�
=

�
[0]
[T ]

�
fαg+

�
f0g
fβ3g

�
(39)

where

[T ] =�([β1][Û]+ [β2][Q̂]) (40)

Solving Eq. 39 we obtain

fug= [Su]fαg+fdug (41)

fqg= [Sq]fαg+fdqg (42)

in which [Su]; [Sq] are known N�M rectangular matrices and
[du]; [dq] known vectors.

Eq. 26-29 when discretized and applied to the M nodal points
inside Ω give

fug= [H]fug� [G]fqg+[Û]fαg (43)

fuxxg= [Hxx]fug� [Gxx]fqg+[Ûxx]fαg (44)

fuyyg= [Hyy]fug� [Gyy]fqg+[Ûyy]fαg (45)

fuxyg= [Hxy]fug� [Gxy]fqg+[Ûxy]fαg (46)

in which [G], [H], [Gxx], [Hyy], : : :, [Hxy] are known square
matrices having dimensions M �M and originating from the
integration of the kernel functions u� and q� and their respec-
tive derivatives;

�
Û
� �

Ûxx
�
, : : :,

�
Ûxy
�

are known matrices hav-
ing dimensions M�M, the elements of which result from the
functions û j and their derivatives.

Substituting Eq. 41-42 into Eq. 43-46 yields

fug= [W ]fαg+fwg (47)

fuxxg= [Wxx]fαg+fwxxg (48)

fuyyg= [Wyy]fαg+fwyyg (49)

fuxyg= [Wxy]fαg+fwxyg (50)

where

[W ] = [H][Su]� [G][Sq]+ [Û] (51)

[Wxx] = [Hxx][Su]� [Gxx][Sq]+ [Ûxx] (52)

[Wyy] = [Hyy][Su]� [Gyy][Sq]+ [Ûyy] (53)

[Wxy] = [Hxy][Su]� [Gxy][Sq]+ [Ûxy] (54)

and

fwg= [H][du]� [G][dq] (55)

fwxxg= [Hxx][du]� [Gxx][dq] (56)

fwyyg= [Hyy][du]� [Gyy][dq] (57)

fwxyg= [Hxy][du]� [Gxy][dq] (58)

Differentiation of (47)-(50) with respect to time yields

füg= [W ]fα̈g (59)

Finally, writing Eq. 30 in matrix form and substituting Eq. 47-
50 and 55-58 in it, we obtain the typical semidiscretized equa-
tion of motion

[M]fα̈g+[K]fαg= fFg (60)

where

[M] = �[ρ][W] (61)

[K] = [Tx] [Wxx]+2 [Txy] [Wxy]+ [Ty] [Wyy] (62)

[F ] = �fgg� ([Tx] [wxx]+2 [Txy] [wxy]+ [Ty] [wyy]) (63)
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Table 1 : Eigenfrequencies Ωm;n = αω
p

ρc=T of a circular
homogeneous membrane. For m� 1 the computed values are
double (N=100, M=64).

β = 0 β = 1
Ωm;n Exact Comp. Exact Comp.
Ω0;1 2.405 2.406 1.256 1.256
Ω1;1 3.832 3.827 2.405 2.405
Ω2;1 5.136 5.151 3.518 3.519
Ω0;2 5.520 5.525 4.080 4.080
Ω3;1 6.380 6.532 4.613 4.628
Ω1;2 7.016 7.015 5.520 5.511

Table 2 : Eigenfrequencies Ωm;n = ωα
p

ρc=T of the rectan-
gular membrane of Example (N=82, M=100).

Case (i) Case (ii) Case (iii)
Ωm;n Exact Comp. Comp. Rayl. Comp. Rayl.
Ω1;1 3.850 3.850 4.454 4.459 4.259 4.272
Ω2;1 5.448 5.448 6.687 6.710 6.328 6.362
Ω1;2 6.667 6.667 8.011 8.063 7.870 7.905
Ω3;1 7.378 7.381 9.029 8.984 8.315 8.336
Ω2;2 7.700 7.701 9.832 9.905 9.979 9.951
Ω3;2 9.168 9.171 11.728 11.659 11.463 11.515
Ω4;1 9.439 9.446 11.553 11.587 11.851 11.624

Table 3 : Values of the mode shape u1;1 along the line y = 0 of
the rectangular membrane of Example 2.

Case (i) Case (iii)
x Exact Comp. Comp.

-5.1429 0.223 0.223 0.225
-3.4286 0.623 0.623 0.601
-1.7143 0.901 0.901 0.882
0.000 1.000 1.000 1.000

1.7143 0.901 0.901 0.882
3.4286 0.623 0.623 0.601
5.1429 0.223 0.223 0.225

are the generalized mass matrix, stiffness matrix and force vec-
tor, respectively. Note that [ρ], [Tx], [Ty] and [Txy] in Eq. 61-63
are diagonal matrices. The initial conditions for fαg are ob-
tained from Eq. 47 taking into account that the vector fwg is
constant. Thus, we have

fa(0)g= [W ]�1(f f1g�fwg) (64)

fα̇(0)g= [W ]�1f f2g (65)

4.1 Forced vibrations

For forced vibrations, Eq. 60 is solved using any time step
integration method taking into account the initial conditions
(64) and (65). Once α j are computed, the deflection of the
membrane at any point is given by the discretized counterpart
of Eq. 26.

4.2 Free vibrations

For free vibrations it is fFg = f0g, and by setting fα(t)g =
fAgeiωt Eq. 60 becomes�
�ω2 [M]+ [K]

�
fAg= 0 (66)

which is a generalized eigenvalue problem of linear algebra
from which the eigenfrequencies ω and the respective mode
shapes fAg are established.

2/b

2/a

2/b

2/a

y

x

Figure 3 : Rectangular Membrane

4.3 The static problem

In this case its fα̈g= f0g and Eq. 60 becomes

[K]fαg= fFg (67)

from which the coefficients fαg are established by solving a
system of linear algebraic equations.

5 Numerical Examples

On the basis of the procedure presented in previous sections a
FORTRAN code has been written and several membranes have
been analyzed. The obtained numerical results are compared
with those from existing analytical solutions or approximate
ones validating, thus, the accuracy and efficiency of the pro-
posed method. The employed approximation functions f j are
the multiquadrics [Goldberg, Chen, and Kapur (1996)] which
are defined as

f j =
p

r2 + c2 (68)

where c is an arbitrary constant and

r =
q

(x� x j)2 +(y� y j)2 ( j = 1;2; :::M) (69)
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(a) Membrane of arbitrary shape with distribution of the M =
101 domain nodal points
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(c) Contours of Ty
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(b) Contours of Tx
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(d) Contours of Txy

Figure 4 : The membrane of arbitrary shape and distribution of the stretching forces of Example 3.

with x j;y j being the collocation point. The particular solution
of Eq. 19 are obtained is

û j =�
c3

3

�
`n(2c2)�

4
3

�
for r = 0 (70)

û j =�
c3

3
`
�

c
p

r2 + c2 + c2
�
+

1
9

�
r2 +4c2�pr2 + c2

for r 6= 0 (71)

The radial base functions of polynomial type did not work.

5.1 Example 1. Free vibrations of a circular homogeneous
membrane

The free vibrations of a uniformly stretched homogeneous cir-
cular membrane with radius a and surface mass density ρ = ρc

have been studied. The numerical results have been obtained
for (i) β= β2=β1α = 0 (fixed edge) and for (ii) β= β2=β1α = 1
(elastically supported edge) and they are given in Tab. 1. The
exact results have been obtained from the analytic solution
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(a) Model 1, ω1 = 2:803
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(c) Model 3, ω3 = 4:591
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(b) Model 2, ω2 = 4:119
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(d) Model 4, ω4 = 5:227

Figure 5 : Mode shapes and eigenfrequencies of the membrane of Example 3.

[Morse and Feshbach (1953)].

Am;n(r;θ) = Jm (Ωm;nr=α) (Cm cosmθ+Cm sinmθ)
m = 0;1;2;3 : : : (72)

where Jm is the m-th order Bessel function of the first kind.

The eigenfrequencies Ωm;n are calculated by numerical evalua-
tion of the frequency equation, which using Eq. 72 is obtained
as

(1+βm)Jm(Ω)�βΩJm(Ω) = 0 m = 0;1;2;3 : : : (73)

It is apparent that for a fixed edge (β = 0) Ωm;n are the zeros
of the Bessel function Jm(Ω).

It is shown from Tab. 1 that the computed results are in excel-
lent agreement with the exact ones. The domain nodal points
have been taken uniformly distributed on concentric circles.

5.2 Example 2. Free vibrations of a rectangular membrane

The free vibrations of a rectangular membrane with side ra-
tio a=b = 8:5=12 (Fig. 3) have been studied for the follow-
ing three cases : (i) homogeneous membrane with ρ = ρc,
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Figure 6 : Time history of the displacement response ratio
at the center of the rectangular membrane in Example 4 sub-
jected g = g0 sin(0:4t)H(20� t). Cases (i) and (ii)
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Figure 7 : Time history of the displacement response ratio
at the center of the rectangular membrane in Example 4 sub-
jected g = g0 sin(0:4t)H(20� t). Cases (i), (iii) and (iv)

Case (i) Exact Case (i) Case (ii)
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Figure 8 : Time history of the displacement response ratio
at the center of the rectangular membrane in Example 4 sub-
jected g = g0(1� t=20)H(20� t). Cases (i) and (ii)

Case (i) Case (iii) Case (iv)
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Figure 9 : Time history of the displacement response ratio
at the center of the rectangular membrane in Example 4 sub-
jected g = g0(1� t=20)H(20� t). Cases (i), (iii) and (iv)

Tx = Ty = T = constant, Txy = 0; (ii) non-homogeneous mem-
brane with ρ=ρc = exp(�0:1fjxj+ jyjg) and Tx = Ty = T =
constant, Txy = 0; (iii) non-homogeneous membrane with
ρ=ρc = exp(�0:1fjxj+ jyjg) and Tx = (y2� x2 +T )=T , Ty =
(x2� y2 +T )=T , Txy = 2xy=T .

The obtained results are presented in Tab. 2 as compared
with those available from other solutions. The exact values
are computed from the relation Ωm;n = π

�
n2 +m2(a=b)2

�1=2
.

The approximate results have been obtained by the Rayleigh
method with shape functions the mode shapes of the homoge-
neous membrane, i.e um;n = sinmπx=a sinnπy=b.

5.3 Example 3. Membrane of arbitrary shape

The membrane of arbitrary shape, shown in Fig. 4a, has
been studied. Its boundary is defined by the curve r = (5+
sinθ)(1:2 sin4 θ + cos2 θ), 0 � θ � 2π. The prestressing of
the membrane is due to imposed displacements un = 0:005 m
along the boundary and in the direction normal to it, while
in the tangential direction it is ut = 0. The material of the
membrane is homogeneous isotropic and linearly elastic with
E = 20000 kN=m2 and ν = 0:20.

The stretching forces Tx; Ty and Txy have been evaluated from
the solution of the plane stress problem by integrating the
Navier equations using the BEM [Katsikadelis (1999)] with
N = 300 constant boundary elements. Their distributions are
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shown in Fig. 4. The resulting forces in the principal directions
are tensile (T1;2 > 0). Therefore, no wrinkling occurs.

The first four mode shapes and the respective eigenfrequencies
are shown in Fig. 5. They have been computed using N = 100
constant boundary elements and M = 101 domain nodal points
placed as shown in Fig. 4a.

5.4 Example 4. Forced vibrations of a rectangular mem-
brane

The forced vibrations of the rectangular membrane of Ex-
ample 2 have been examined when subjected to the load
cases: (a) g = g0 sinωtH(t1� t); (b) g = g0(1� t=t1)H(t1�
t); g0 = 10, ω = 0:4, t1 = 20. H( ) denotes the
Heaviside step function. The following four cases have
been studied for each load case: (i) homogeneous mem-
brane with ρ = ρc, Tx = Ty = T = 1, Txy = 0; (ii) non-
homogeneous membrane with ρ=ρc = exp(�0:1fjxj+ jyjg)
and Tx = Ty = T = 1, Txy = 0; (iii) homogeneous membrane
with ρ = ρc and Tx =

�
y2� x2

�
=50+1, Ty =

�
x2� y2

�
=50+

1, Txy = 2xy=50; (iv) non-homogeneous membrane with
ρ=ρc = exp(�0:1fjxj+ jyjg) and Tx =

�
y2� x2

�
=50+1, Ty =�

x2� y2
�
=50+ 1, Txy = 2xy=50. The exact solution for the

homogeneous membrane has been obtained using the modal
superposition method. The computed time histories of the dis-
placement response ratio R(t) = u(0;0; t)=ust at the center of
the membrane are shown in Fig. 6 through Fig. 9. is the static
deflection at the center of the membrane under the uniform
load g0 = 10. The direct integration of the equation of motion
has been performed using the mean acceleration method.

6 Conclusions

In this paper the BEM has been developed for the dynamic
analysis of non-homogeneous membranes. The presented
method, which is based on the concept of the analog equation,
is boundary-only in the sense that only boundary discretiza-
tion is required. The collocation domain nodal points do not
spoil the pure boundary character of the method. From the
worked out examples one concludes that the method is accu-
rate. A major advantage of the developed method is the use of
the simple Laplace fundamental solution. This overcomes the
problem of establishing the fundamental solution of Eq. 10,
which is impossible to derive except for some special cases.
Thus, the proposed method renders BEM a versatile computa-
tional method for solving difficult engineering problems.
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