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Abstract: Transient hydrogen diffusion and hydride for-
mation coupled with material deformation are studied in Zr-
2.5Nb alloys used in the pressure tubes of CANDU nuclear
generating stations. The energetics of the hydride formation is
revisited and the terminal solid solubility of hydrogen in so-
lution is defined on the basis of the total elastoplastic work
done on the system by the forming hydride and the external
loads. Probabilistic precipitation of hydride is modeled in the
neighborhood of a crack tip under mode I plane strain loading
and a uniform initial hydrogen concentration below the stress
free terminal solid solubility. Finite element analysis is used to
monitor the local distribution and time evolution of hydrogen
concentration, hydride volume fraction, stress, and strain as
the externally applied loads increase. The mechanistic effects
of the solute hydrogen and hydride formation on the stresses at
the crack tip are analyzed and their consequence on the frac-
ture toughness resistance of the material is determined.
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1 Introduction

Hydrogen embrittlement, a severe degradation of the mechan-
ical properties of materials in the presence of hydrogen, is
governed by complex multiple mechanisms. Even in specific
materials the embrittling mechanisms are not well established
[Birnbaum and Sofronis (1994); Birnbaum, Robertson, Sofro-
nis, and Teter (1997)]. One useful classification is to distin-
guish between systems which form hydrides and those which
do not form hydrides under the relevant hydrogen fugacity and
applied stress [Birnbaum (1984)].

A number of researchers [Birnbaum (1984); Birnbaum, Gross-
beck, and Amano (1976); Takano and Suzuki (1974); Shih,
Robertson, and Birnbaum (1988)] has shown that embrittle-
ment in hydride forming materials occurs by hydride forma-
tion at severe stress raisers such as crack tips followed by
cleavage of the brittle hydride [Westlake (1969)]. The phe-
nomenon is intermittent, with the crack propagating through
the hydride and stopping when it reaches the matrix. Sub-
sequently, new hydride forms either autocatalytically [Shih,
Robertson, and Birnbaum (1988)] or due to external loading,
and then cleavage reinitiates [Westlake (1969)]. Stress induced
hydride formation is a consequence of the volume dilata-
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tion, of the order of �15% which accompanies hydride pre-
cipitation [Birnbaum, Grossbeck, and Amano (1976); West-
lake (1969); Gahr, Grossbeck, and Birnbaum (1977); Gross-
beck and Birnbaum (1977); Flannagan, Mason, and Birnbaum
(1981); Puls (1984)]. It has been experimentally shown [Gahr,
Grossbeck, and Birnbaum (1977); Grossbeck and Birnbaum
(1977)] that hydrides form in regions of hydrostatic tensile
stress even at temperatures which are above the solvus tem-
perature in the absence of stress. The hydride formation is a
result of the enhanced hydrogen concentration in the area of
tensile stress and the decreased chemical potential of the hy-
dride relative to the solid solution in the same stress field [Birn-
baum (1984); Gahr, Grossbeck, and Birnbaum (1977); Gross-
beck and Birnbaum (1977); Flannagan, Mason, and Birnbaum
(1981); Puls (1984)]. Mathematical modeling of these phe-
nomena has been done by a number of authors [Dutton and
Puls (1976); Dutton, Nuttall, Puls, and Simpson (1977); El-
lyin and Wu (1994)]. Lufrano, Sofronis, and Birnbaum (1996)
modeled the stress induced hydrogen transport and hydride
formation in the vicinity of a stationary crack in an elastically
accommodating matrix. Calculations were carried out to de-
termine the effect of the hydrides on the stress field and the
local stress intensity factor at the crack tip. In a subsequent
work, Lufrano, Sofronis, and Birnbaum (1998) presented a de-
tailed treatment of the plastic accommodation of hydrides and
material elastoplasticity under load at a blunting crack tip in
niobium.

In the present work, the kinetics of hydrogen diffusion and hy-
dride formation in front of a blunting crack tip are studied in
a zirconium alloy (Zr-2.5Nb). Calculations are carried out at
room temperature of 25 C, and at temperatures of 250 and 310
C to simulate respectively the inlet and outlet temperature con-
ditions prevailing at the pressure tubes of the CANDU nuclear
reactor. Elastoplastic principles are used to calculate the total
mechanical energy of hydride formation [Lufrano, Sofronis,
and Birnbaum (1998)]. The calculations yield a point density
of the hydride termed the “local hydride volume fraction”, i.e.,
the probability of finding a hydride particle at a given loca-
tion. Issues associated with hydride shape or the kinetics of
the formation of an actual hydride particle are not addressed.
Lastly, a Griffith fracture criterion based on the brittle cleavage
of the formed hydride is proposed to assess the reduced frac-
ture toughness observed in zirconium alloys in the presence of
hydrogen.
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2 Energy Changes in Hydride Formation

In the case of purely elastic accommodation, one by follow-
ing Birnbaum, Grossbeck, and Amano (1976); Grossbeck and
Birnbaum (1977); Gahr and Birnbaum (1978); Flannagan, Ma-
son, and Birnbaum (1981); Puls (1981, 1984) can calculate the
terminal solid solubility (TSS), namely the local solvus con-
centration cσ

s measured in hydrogen atoms per solute atom in a
material under external stress as [Lufrano, Sofronis, and Birn-
baum (1996)]

cσ
s = Aexp

�
Hh

RT

�
exp

�
Wacc

RT

�
exp

�
Wint

RT

�
(1)

The parameter Wacc denotes the accommodation energy per
mole of hydride formed in the absence of the external stress
and Wint is the interaction energy of the formed hydride with
the external stress, both of which are determined using elas-
tic principles [Eshelby (1956, 1957)]. In Eq. 1, A is a con-
stant determined experimentally, R is the gas constant, T is the
absolute temperature, and Hh, which is negative, is the mo-
lal enthalpy change for transferring hydrogen from the solid
solution to the hydride in the absence of any accommodation
or any externally applied stress. However, since the volume
increase associated with hydride formation in zirconium al-
loys is 17.1% [Puls (1981, 1984)], the metal deforms plas-
tically to allow for the accommodation of the large volume
change [Birnbaum, Grossbeck, and Amano (1976); Makenas
and Birnbaum (1980); Birnbaum (1990)] and this plastic ac-
commodation must be accounted for. In the absence of ex-
ternally applied loads, Lee, Earmme, Aaronson, and Russell
(1980); Earmme, Johnson, and Lee (1981) calculated the ac-
commodation energy of a misfitting spherical precipitate as-
suming perfect plastic response. In a comprehensive study,
Leitch and Puls (1992) used finite element techniques to calcu-
late the accommodation energy of isotropically and anisotrop-
ically misfitting oblate spheroids in an elastic-perfectly plastic
matrix. However, the validity of calculating the total energy
of formation by using an elastoplastic accommodation energy
along with an elastic interaction energy (cf. Eq. 1) is question-
able.

Following Birnbaum, Grossbeck, and Amano (1976); Lufrano,
Sofronis, and Birnbaum (1998), one can calculate the solvus
concentration cσ

s through

cσ
s = Bexp

�
∆Gtot

α�β=RT
�

(2)

where B is an experimentally determined constant and ∆Gtot
α�β

is the Gibbs free energy change in forming a mole of hydride
phase β from the solid solution phase α. The Gibbs free energy
change can be generally written as

∆Gtot
α�β = ∆Gchem

α�β +∆Gsur
α�β +∆Gmech

α�β (3)

where ∆Gchem
α�β is the chemical Gibbs energy change, ∆Gsur

α�β is
the free energy needed for the creation of the interface, and

∆Gmech
α�β is the total mechanical free energy change in the hy-

dride formation. For hydride formation with elastoplastic ac-
commodation Birnbaum, Grossbeck, and Amano (1976) the
free energy change is written as

∆Gmech
α�β = ∆Ge

α�β +∆Gp
α�β +∆Gext

α�β (4)

where ∆Ge
α�β is the elastic work done on the system (ma-

trix+hydride) and is stored in the system as elastic energy,
∆Gp

α�β is the plastic work dissipation, and ∆Gext
α�β is the work

done by the external loads against the matrix displacement
upon hydride formation. The change in elastic energy stored
in the system, ∆Ge

α�β, can be evaluated with the use of

∆Ge
α�β =

Z
V

�Z
t
σi jD

e
i j dt

�
dV; (5)

where σi j is the local Cauchy stress, De
i j is the elastic com-

ponent of the deformation rate tensor (which equals the sym-
metric part of the velocity gradient in spatial coordinates), t is
the time of formation, and V is the volume of the system (ma-
trix+hydride). The plastic work done on the system ∆Gp

α�β
can be evaluated with the use of

∆Gp
α�β =

Z
V

�Z
t
σi jD

p
i j dt

�
dV; (6)

where Dp
i j is the plastic component of the deformation rate ten-

sor, and the work done by the external tractions ∆Gext
α�β can be

evaluated with the use of

∆Gext
α�β =

Z
S

�Z
t
T ext

i vi dt

�
dS; (7)

where S is the surface bounding the volume V , T ext
i is the com-

ponent of the applied traction on S, and vi is the component of
the surface velocity. It is worth mentioning here that the elas-
tic formulation expressed in Eq. 1 can be viewed as a special
case of the more general elastoplastic formulation expressed
in Eqs. 2 and 3 by setting ∆Gmech

α�β = ∆Gacc
α�β +∆Gint

α�β .

Since zirconium alloys undergo plastic deformation to allow
for the accommodation of hydride Puls (1978, 1981, 1984,
1990); Leitch and Puls (1992) the terminal solid solubility
is not an “equilibrium” value for the solute hydrogen con-
centration in contact with the hydride phase. The chemi-
cal and surface energy terms of Eq. 3 represent thermody-
namically reversible processes such that ∆Gchem

α�β = �∆Gchem
β�α

and ∆Gsur
α�β = �∆Gsur

β�α [Birnbaum, Grossbeck, and Amano
(1976)]. However, due to the plastic accommodation of the
matrix, a complete cycle of hydride formation and dissolution
results in lost energy in the form of thermally dissipated plas-
tic work. Thus, in general, ∆Gmech

α�β 6= �∆Gmech
β�α and, as such,

∆Gtot
α�β 6=�∆Gtot

β�α. However, dissolution of the hydride upon
unloading is not taken into account in the present study.
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Figure 1 : The system in plane strain deformation and a repre-
sentation for the contour plots of the total mechanical energy
of hydride formation ∆Gmech

α�β in stress space (elastoplastic ma-
trix response) [Lufrano, Sofronis, and Birnbaum (1998)].

Numerical calculations were carried out to estimate the total
mechanical energy of formation of a hydride precipitate with
an isotropic linearly elastic response in an infinite zirconium
matrix with an isotropic linearly elastic, perfectly plastic re-
sponse under plane strain conditions. The elastoplastic re-
sponse of the matrix material requires the hydride precipita-
tion to be modeled in an incremental fashion. It was assumed
that the entire volume of the precipitate uniformly acquires
the transformation strain that accompanies hydride formation.
External forces were applied so that the entire range of stress
space was spanned.

In accordance with the plane strain assumption in the model,
the precipitating hydride particle and the zirconium alloy ma-
trix were modeled as circular cylinders, as seen in Fig. 1
[Lufrano, Sofronis, and Birnbaum (1998)]. There was no dif-
fusion of hydrogen in this part of the calculation. While it is
known that the transformation strain is anisotropic [Somenkov
(1972); Suzuki (1985); Puls (1981)], the largest stress contri-
butions to the hydride free energies arise from the dilatational
component. Thus, in the context of the large strain formula-
tion, the deformation rate due to the hydride is phrased as

DT
i j =

d
dt

�
ln

�
1+

1
3

eT
��

δi j (8)

where d=dt denotes differentiation with respect to time, eT is
the dilatational transformation strain (equal to θhyd which is the
volume dilatation of a material element that is 100% hydride),

and δi j is the Kronecker delta.

For finite deformations, the associated flow rule for von
Mises yielding and perfect plasticity is given by the classical
Prandtl—Reuss equations appropriately modified to account
for transformation induced strain in the lattice:

∇
σi j= 2G

"
δikδ jl+

ν
1�ν

δi jδkl� 3
2

σ0

i jσ0

kl

σ2
0

#�
Dkl�DT

kl

�
(9)

for plastic loading and

∇
σi j= 2G

�
δikδ jl+

ν
1�ν

δi jδkl

��
Dkl�DT

kl

�
(10)

for elastic loading or any unloading, where Di j is the defor-
mation rate tensor, the superposed ∇ denotes the Jaumann or
co-rotational stress rate (which exhibits proper material in-
variance for rigid spin), σ0

i j = σi j�σkkδi j=3 is the deviatoric
stress, σ0 is the yield stress, and G and ν are the shear modulus
and Poisson’s ratio respectively. Thus the constitutive equa-
tion of the elastically deforming hydride cylinder (see Fig. 1)
is given by Eqs. 8 and 10, whereas the constitutive equation of
the surrounding elastoplastically deforming niobium cylinder
is given by Eqs. 9 and 10 with DT

i j set equal to zero.

The governing equations for the rate equilibrium accounting
for changes of the deformed volume of the material are cited
by McMeeking and Rice (1975) as

Z
V

�
∇
σi j +Dkkσi j

�
δDi j dV �

Z
V

1
2

σi jδ
�
2DikDk j� vk;ivk;i

�
dV =

Z
S

ṪiδVi dS (11)

where a superposed dot denotes time differentiation, Ti is the
traction (which is equal to T ext

i on the part of the surface where
tractions are prescribed), and δ indicates an arbitrary virtual
variation of the quantity it precedes. Any virtual variation of
the velocity is constrained to vanish on the part of the surface
where velocities are prescribed. The finite element equations
were derived from the variational statement (11), and were
modified to allow for nearly incompressible material response
[Nagtegaal, Parks, and Rice (1974)]. The constitutive equa-
tions (9) and (10) were integrated by using the backward Euler
integration technique [Lufrano (1996)]. The formulation of
Govindarajan and Aravas (1994) for large strain plasticity was
adopted to ensure zero lattice strain during large rigid body
rotation.

All material constants used in this investigation were for
the irradiated material [Puls (1990)]. Young’s modulus and
Poisson’s ratio for both the hydride and the matrix were
given as function of temperature respectively by E = 95:9�
0:0574(T � 273) GPa and ν = 0:436� 4:8�10�6(T � 300).
The flow stress dependence on temperature was given by σ0 =
(1388�1:02T) MPa. The volume dilatation upon hydride for-
mation was θhyd = 17:1% with a partial molar volume of the
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Table 1 : Material parameters for irradiated Zr-2.5%Nb at
room, inlet pressure tube, and outlet pressure tube tempera-
tures.

T (K) E (GPa) ν σ0 (MPa) D (m2=s)

298 94.5 0.436 1084 1.54 �10�13

523 81.6 0.329 854 6.79 �10�11

583 78.1 0.300 793 1.56 �10�10

Figure 2 : Contour plots in stress space of the total mechanical
energy of hydride formation ∆Gmech

α�β at temperature of 298 K.

hydride VHYD = 16:3�10�6 m3=mole. The molar volume VM

of the host lattice equaled 13:85�10�6 m3=mole. The values
of the elastic moduli, yield stress and diffusion coefficient at
the three temperatures of interest, namely 25 C, 50 C and 310
C, are displayed on Tab. 1.

At ratios of the radius of the matrix to the radius of the pre-
cipitate of greater than 20 to 1, the size effects of the ma-
trix were negligible. Tractions T ext

i = Σi jn j on the exter-
nal surface S with outward unit normal ni were applied all
around to control the macroscopic state of stress Σi j in the
composite material (see Fig. 1). The macroscopic stress Σi j

can be described by the macroscopic hydrostatic component

Σm = Σkk=3 and the deviatoric component Σe =
q

3Σ0

i jΣ0

i j=3

where Σ0

i j = Σi j�Σkkδi j=3. To span the range of possible val-
ues of plane strain stress space for a perfectly plastic material,
it is sufficient to let the normalized macroscopic hydrostatic
stress Σm=σ0 vary between �4:0 and 4:0 and to let the normal-
ized macroscopic deviatoric stress Σe=σ0 vary between zero
and one.

Contour plots for the total mechanical energy of formation per
mole of precipitated hydride are displayed in Figs. 2-4 at tem-
peratures 25, 250 and 310 C respectively. The corresponding

Table 2 : Energy changes in hydride formation at room, inlet
pressure tube, and outlet pressure tube temperatures.

T ∆Gmech
α�β

���
Σm=0;Σe=0

∆Gchem
α�β +∆Gsur

α�β

(K) (kJ=mole) (kJ=mole)

298 6.308 -35.250
523 4.765 -35.707
583 4.313 -33.255

Figure 3 : Contour plots in stress space of the total mechanical
energy of hydride formation ∆Gmech

α�β at temperature of 523 K.

elastoplastic accommodation energies, i.e. ∆Gmech
α�β in the ab-

sence of external loads, are 6.308, 4.765 and 4.313 kJ=mole
(Tab. 2). The decrease in the elastoplastic accommodation en-
ergy of formation with increasing temperature is consistent
with the accompanying material softening. As seen in the
Figs. 2-4, at low levels of deviatoric stress, e.g. Σe=σ0 � 0:8,
the total mechanical energy exhibits a minimal dependence on
the macroscopic deviatoric stress Σe=σ0. However, at a given
hydrostatic stress and higher levels of deviatoric stress, e.g.
Σe=σ0 > 0:8, the total mechanical energy of formation begins
to decrease markedly as the macroscopic deviatoric stress in-
creases, with the largest rate of decrease occurring as the ma-
trix material approaches yield, i.e. Σe=σ0 = 1:0.

3 Elastoplastic Calculation of the Terminal Solid Solubil-
ity

Experimental measurements [Puls (1990); Shi, Shek, and Puls
(1995)] of the stress-free solvus yield

c0
s = 10:32 exp

��28:942k j=mole
RT

�
(12)
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Figure 4 : Contour plots in stress space of the total mechanical
energy of hydride formation ∆Gmech

α�β at temperature of 583 K.

which when combined with Eqs. 2 and 3 provides

∆Gchem
α�β +∆Gsur

α�β +∆Gmech
α�β

���
Σm=0;Σe=0

=�28:942 kJ=mole

(13)

Using the elastoplastic accommodation energy

∆Gmech
α�β

���
Σm=0;Σe=0

as calculated in Section 2, one can

then calculate from Eq. 3 the sum ∆Gchem
α�β + ∆Gsur

α�β. The
corresponding values for the three temperatures of in-
terest are shown at Tab. 2. Substitution of these values
for ∆Gchem

α�β + ∆Gsur
α�β in Eqs. 2 and 3 yields the solvus

concentration for any level of externally applied stress as

cσ
s = 10:32 exp

��35:250 kJ=mole
RT

�
exp

 
∆Gmech

α�β

RT

!

at T = 298 K; (14)

cσ
s = 10:32 exp

��33:707 kJ=mole
RT

�
exp

 
∆Gmech

α�β

RT

!

at T = 523 K; (15)

cσ
s = 10:32 exp

��33:255 kJ=mole
RT

�
exp

 
∆Gmech

α�β

RT

!

at T = 583 K: (16)

The total mechanical energy of formation to be used in
Eqs. 14-16 is extrapolated from Figs. 2-4 correspondingly. At
a given hydrostatic stress and at high levels of deviatoric stress,
e.g. Σe=σ0 > 0:8, the value of ∆Gmech

α�β required to match the

experimental solvus is markedly less than the ∆Gacc
α�β+∆Gint

α�β
required by the elastic formulation as given by Eq. 1.

4 Governing Equations for Hydrogen Diffusion Account-
ing for Hydride Formation Coupled with Material
Elastoplastic Deformation

4.1 Formulation of the hydrogen diffusion initial boundary
value problem allowing for hydride formation

Modeling of stress driven transient diffusion of hydrogen
and the corresponding formulation of the initial boundary
value problem follow the methodology developed by Lufrano,
Sofronis, and Birnbaum (1996, 1998) The hydrogen diffu-
sion constant [Puls (1990)] in zirconium alloys is given by
D = 2:17�10�7 exp (�35:1 kJ=mole=RT) m2=s, (see Tab. 1),
and the activation energy for hydrogen diffusion through hy-
dride was taken to be equal to three times the activation energy
for diffusion through the solid solution phase [Völkl and Ale-
feld (1978)]. Hence, in the present study, the dominant mode
for diffusion is through the solid solution. To model the condi-
tions representing internal embrittlement, a zero hydrogen flux
boundary condition was used.

Let CL denote the hydrogen concentration in the lattice ex-
pressed as hydrogen atoms per unit volume of solid solution
phase when the hydride volume fraction f is less than 1. At
a given time with the composition of the composite defined
pointwise by its hydride volume fraction f such that 0� f � 1,
the hydrogen diffusion equation [Lufrano, Sofronis, and Birn-
baum (1996)] is written as follows:

Q
∂CL

∂t
=

�
DcCL;i+

DcCL

RT
µσ;i

�
;i

(17)

where ();i = ∂()=∂xi, Q is given as

Q =

�
1� f if 0� f < 1
1 if f = 1

; (18)

Dc is an effective diffusion constant for the hydrogen diffusing
through the composite material given by

Dc =

�
(1� f )D if 0� f < 1
Dh if f = 1

; (19)

where D and Dh represent the diffusion constants of hydro-
gen in solution with metal and in the hydride respectively.
The parameter µσ is the stress dependent part of the chemi-
cal potential of hydrogen in solution and is given by µσ�µ0 =
�σkkVH=3, where µ0 is the chemical potential in the unstressed
volume and only dilatational distortion of the lattice is consid-
ered. The partial molar volume of hydrogen VH in solution
is equal to 1:67� 10�6 m3=mole [Puls (1990)]. It should be
mentioned that µσ as used in Eq. 17 was also used to represent
the effect of stress on the chemical potential of the hydrogen
in the hydride which is in equilibrium with the solid solution.
A forward Euler solution procedure was used to solve Eq. 17
incrementally in time at given hydride volume fraction. At the
end of each increment, the lever rule was used to determine
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the additional amount of hydride formed if the local hydro-
gen concentration was calculated to be greater than the local
solvus concentration as determined by Eqs. 14-16. The rele-
vant methodology can be found in the work by Lufrano, Sofro-
nis, and Birnbaum (1996)

4.2 Formulation of the elastoplasticity boundary value
problem

Formulation of the large strain elastoplastic boundary value
problem follows the methodology outlined in Section 2. The
composite material (matrix+hydride) is taken to have an
elastoplastic response characterized by Eqs. 9 and 10 in which
the deformation rate tensor DT

i j for the volume dilatation due to
interstitial hydrogen in solution and hydride formation is given
by Eq. 8, where eT is now given by

eT =

�
(c� c0)θh if f = 0
(1� f )(c� c0)θh+ f (θhyd� c0θh) if f 6= 0

(20)

In Eq. 20, c and c0 are the local and initial hydrogen concen-
tration in hydrogen atoms per metal atom respectively (H=M),
and θh is the lattice local dilatation when a hydrogen atom
dissolves in solution with the metal [Peisl (1978)] and is cal-
culated from the partial molar volume of hydrogen in solution.
The yield stress σ0 was assumed to be independent of the local
hydrogen concentration and hydride volume fraction.

4.3 Hydrogen transport and small scale hydride formation
at a blunting crack tip

Modeling was carried out under the assumption of small scale
yielding and hydride formation conditions, with the initial con-
ditions of a uniform initial concentration c0 below the stress
free terminal solid solubility (see Tab. 3), and f and ḟ set equal
to zero at t = 0. For the temperatures of interest, Tab. 3 shows
the initial concentrations used in the calculations along with
the corresponding stress free solvus concentrations, calculated
by Eqs. 14-16 with the value of ∆Gmech

α�β taken from Tab. 2. As
will be shown later, the stress induced formation of hydride
results in local stress relaxation, raising the possibility of hy-
dride dissolution. In view of the plastic accommodation and
resulting hysteresis, dissolution of hydride was not modeled.
In all of the numerical experiments, the crack was loaded un-
der plane strain mode I conditions at a constant displacement
rate during a loading time t1 = 3600 s, at the end of which the
final load phrased in terms of the applied stress intensity factor
was KA = 20 MPa

p
m. At times te greater than t1 the load-

ing displacements were held fixed. The solution methodology
to the transient hydrogen diffusion initial value problem cou-
pled to the large strain elastoplasticity boundary value problem
is described in the work by Lufrano, Sofronis, and Birnbaum
(1996, 1998).

Table 3 : Values of the initial concentration c0 and stress free
solvus c0

s used in the calculations at room, inlet pressure tube,
and outlet pressure tube temperatures.

T (K) c0 (H=M) c0
s (H=M)

298 1:0�10�5, 4:0�10�5 8:77�10�5

523 0.003, 0.010 0.0133
583 0.01 0.0264

Figure 5 : Surface plot of the hydride volume fraction f in
the region in front of a blunted crack after an elapsed time of 2
years. The load time was tl = 3600 seconds, KA = 20 MPa

p
m,

the initial concentration 0.00001 H=M, and the temperature
298 K.

5 Numerical Results

A total of 939 four-noded quadrilateral isoparametric finite el-
ements with 1007 nodes [Sofronis and McMeeking (1989)]
was used in the calculations. The distance from the crack tip
to the outer boundary was set to equal to 10 cm. Through fine
discretization of the near tip area, it was ensured that hydride
formation took place in a region which contained 25 radial
zones of finite elements centered at the crack tip. Numerical
experiments carried out with a larger number of zones in the
same region yielded identical results.

5.1 Room temperature (T = 298 K)

Finite element calculations were carried out with an initial hy-
drogen concentration c0 = 0:00001 H=M which was much less
than the stress free solvus of 0.0000877 H=M. Fig. 5 shows
a surface plot of the hydride volume fraction f plotted in the
region in front of a blunted crack after the application of the
external load of KA = 20 MPa

p
m in time t1 = 3600 s and af-

ter a total elapsed time te of 2 years. Fig. 6 shows the hydride
volume fraction f in front of the blunting crack tip subjected
to an applied load of KA in load time tl plotted against the dis-
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Figure 6 : Plot of the hydride volume fraction f versus dis-
tance R ahead of the crack tip at θ= 0 after total elapsed times
te = 1 hour, 1 day, 1 month, 2 years and 25 years. The load
time was tl = 3600 seconds, KA = 20 MPa

p
m, the initial con-

centration 0.0001 H=M and the temperature 298 K.

tance from the crack tip R, at θ = 0 for total elapsed times of
1 hour, 1 day, 1 month, 2 years and 25 years. The peak in
the local hydride volume fraction occurs approximately 10 –
15 microns in front of the crack tip instead of directly at the
crack tip due to the character of the crack tip stress field in the
case of elastoplastic blunting. Fig. 6 shows continued hydride
growth after the loading has been completed at time tl = 3600
s. Also of note is that the hydride zone has a definite shape
that is not identified with the contours of equal hydrostatic
stress ahead of the crack tip. This is a result of the effect of
the deviatoric stresses near yield on the elastoplastic energy of
formation, which specifically results in a significant lowering
of the energy of formation and hence a lowering of the solvus
concentration. It should be noted that this result is a direct
consequence of the consideration of elastoplastic energy of hy-
dride formation, and accordingly it is not predicted under the
assumption of entirely elastic accommodation of the hydride
formation [Lufrano, Sofronis, and Birnbaum (1996)]. Similar
behavior, but with larger hydride volume fractions (less than
0.9% though), was observed in the calculations carried out at a
higher initial concentration, c0 = 0:00004 H=M [Lufrano and
Sofronis (1998)].

Figs. 5 and 6 demonstrate clearly that at room temperature the
amounts of hydride formed ahead of a crack are not substan-
tial ( f � 0:1%) for initial concentrations of hydrogen much
less than the stress free solvus. As a result, no significant
effect due to the local volume dilatation is observed on the
stress state in the immediate crack tip neighborhood. Further-
more, equilibrium of the local hydride with the local stress is
not reached even after 2 years from the application of the load

Figure 7 : Surface plot of the hydride volume fraction f in the
region in front of a blunted crack after the completion of load-
ing (KA = 20 MPa

p
m). The load time was tl = 3600 seconds,

the initial concentration 0.003 H=M, and the temperature 523
K .

(Fig. 6). This is attributed to the synergistic effect of the rel-
atively small initial concentration in the system and the slow
diffusivity of hydrogen in the zircalloy when compared with
other systems, such as niobium [Lufrano, Sofronis, and Birn-
baum (1996, 1998)].

5.2 Pressure tube inlet temperature (T = 523K)

At an initial hydrogen concentration c0 = 0:003 H=M (stress
free solvus c0

s = 0:0133 H=M), Figs. 7 and 8 show surface
plots of the hydride volume fraction f plotted in the region
in front of the blunted crack after the application of the ex-
ternal load of KA = 20 MPa

p
m and after a total elapsed time

te of 1 hour and 1 month respectively. Fig. 9 shows the hy-
dride volume fraction f in front of the blunting crack tip sub-
jected to KA = 20 MPa

p
m plotted against the distance from

the crack tip R, at θ = 0, for total elapsed times of 1 hour,
1 day, 1 month, 2 years and 25 years. Autocatalytic hydride
growth is observed under constant load as at room temper-
ature, but now hydride reaches equilibrium with local stress
approximately in a month. In contrast with the room temper-
ature case, the higher initial concentration used in the present
calculation in combination with the higher hydrogen diffusiv-
ity at T = 523 K yields larger amounts, of order �10%, of
hydride volume fractions at the tip (Fig. 9). As a result, a con-
tinued stress relaxation occurs in conjunction with the post-
loading autocatalytic hydride growth. The effect is shown in
Fig. 10 in which the normalized normal stress σ22=σ0 is plot-
ted in front of the blunted crack tip against the distance from
the crack tip R at θ = 0, for total elapsed times of 1 hour, 1
day, 1 month, 2 years and 25 years. For reference purposes the
normalized normal stress, σ22=σ0, from a hydrogen-free sam-
ple is also plotted in the Figure. A �20% percent reduction
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Figure 8 : Surface plot of the hydride volume fraction f in
the region in front of a blunted crack after an elapsed time
of 1 month. The load time was tl = 3600 seconds, KA = 20
MPa

p
m, the initial concentration 0.003 H=M, and the tem-

perature 523 K.

in the peak normal stress in front of the crack tip occurs after
a total elapsed time of 1 month when equilibrium conditions
have almost been reached.

Faster and more drastic hydride precipitation was observed
when an initial hydrogen concentration of c0 = 0:01 H=M was
used in the simulations [Lufrano and Sofronis (1998)]. The
plot of the hydride volume fraction against the distance from
the crack tip R at θ = 0 for total elapsed times of 1 hour, 1
day, 1 month, 2 years and 25 years (Fig. 11) demonstrates
that at such high initial concentration of hydrogen hydride can
form ahead of a crack tip at volume fractions almost close to
100%. Moreover, equilibrium of the hydride with local stress
is reached in about 1 day. Fig. 12 shows the result of the large
volume dilatation due to hydride formation on the normalized
stress σ22=σ0. In the region ahead of the crack tip (0<R< 100
µm, θ = 0) stress is relaxed at equilibrium to values less than
or equal to 50% of the stress for the hydrogen free material.
However, the stress continues to be tensile due to the overrid-
ing effect of the applied loads.

5.3 Pressure tube outlet temperature (T = 583 K)

Fig. 13 shows the hydride volume fraction as a function of dis-
tance from the crack tip R at θ = 0 for total elapsed times of 1
hour, 1 day, 1 month, 2 years and 25 years and an initial hydro-
gen concentration c0 = 0:01 H=M (the stress free solvus was
0:0264 H=M). Equilibrium of the formed hydride with the ap-
plied stress is reached in less than a day, with 90% of the equi-
librium volume fraction forming in about two hours. In this
case hydride formation is essentially driven by the hydrostatic
stress [Lufrano and Sofronis (1998)], and the effect of the de-
viatoric stress on the hydride zone shape is almost absent in
contrast with the room temperature case (Fig. 5). This behav-

Figure 9 : Plot of the hydride volume fraction f versus dis-
tance R ahead of the crack tip at after total elapsed times te = 1
hour, 1 day, 1 month, 2 years and 25 years. The load time was
tl = 3600 seconds, KA = 20 MPa

p
m, the initial concentration

0.003 H=M and the temperature 523 K.

ior can be attributed to the decreasing effect of the deviatoric
stress on the mechanical energy of formation with tempera-
ture (Figs. 2-4) and the accompanying reduction of the yield
stress. At room temperature and applied nondimensionalized
hydrostatic stress of 2, the mechanical energy of formation is
close to zero in the absence of any deviatoric effect (Fig. 2).
In the presence of a nondimensionalized deviatoric stress of 1,
the mechanical energy of formation reduces to �2:5 kJ=mole
(Fig. 2). At temperature 583 K, the mechanical energy of for-
mation is just less than zero under pure nondimensionalized
hydrostatic stress of 2 (Fig. 4). Addition of a nondimension-
alized deviatoric stress of 1 reduces the mechanical energy of
formation only by 1 kJ=mole (Fig. 4). Fig. 14 shows the hy-
dride volume dilatation effect on the relaxation of the stress
σ22=σ0 ahead of the crack tip at θ = 0. Clearly the effect is
not as dramatic as in the case of 523 K and the same initial hy-
drogen concentration of 0.01 H=M (Fig. 12). At equilibrium,
the stress peak is relaxed by �30% (Fig. 14) whereas the cor-
responding amount at 523 K is close to 60% (Fig. 12). This
can be explained by comparing the hydride profiles of Fig. 11
and 13. At 523K, both the values of the hydride volume frac-
tion and the size of the hydride zone ahead of the crack tip are
greater than the corresponding values at 583 K. This derives
from the fact that the solvus concentration at 583 K (Fig. 4)
is greater than the solvus concentration at 523 K (Fig. 3) at a
given combination of deviatoric and hydrostatic stress.

Lastly, the results of Figs. 12 and 14 on the hydride induced
stress relaxation demonstrate that the mechanics problem is
strongly coupled to the hydride precipitation especially at high
temperatures and large initial concentrations. Moreover, the
stress in the hydride ahead of the crack tip is tensile owing to
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Figure 10 : Plot of the normalized normal stress σ22=σ0 ver-
sus distance R ahead of the crack tip at θ= 0 after total elapsed
times te = 1 hour, 1 day, 1 month, 2 years and 25 years. The
load time was tl = 3600, KA = 20 MPa

p
m, the initial concen-

tration 0.003 H=M, and the temperature 523 K.

the overriding effect of the external tensile loads. The implica-
tions of this tensile stress on the hydride fracture are discussed
in the next Section.

6 Hydride Cracking

As discussed by Lufrano, Sofronis, and Birnbaum (1998),
cleavage of a hydride particle in front of the crack tip may
be modeled by using a Griffith approach to the fracture event.
A necessary relationship can be obtained between the length
a of the hydride particle, the energy needed to create new sur-
face in the hydride, and the normal stress σ22, in order for the
cleavage event to be energetically favorable. For the formation
of a penny shaped crack, the expression for the stress is given
by

σ22 =

�
2γsE

π(1�ν2)a

�1=2

; (21)

where γs is the surface energy of the hydride phase. The pa-
rameter γs was calculated from the relationship 2γs = GIC =
K2

IC(1�ν2)=E in which KIC = 5 MPa
p

m [Simpson and Puls
(1979); Gahr, Makenas, and Birnbaum (1980)].

Since the transient stress field in front of a crack can be moni-
tored at any time during or after the loading of the test sample,
the value for the critical size, i.e. length, of a hydride particle
for cleavage to occur can be calculated with

acrit =
2γsE

π(1�ν2)σ2
22

(22)

Using the values of stress from the samples loaded at T = 523
K (Figs. 10 and 12 for initial concentrations respectively equal

Figure 11 : Plot of the hydride volume fraction f versus dis-
tance R ahead of the crack tip at θ= 0 after total elapsed times
te = 1 hour, 1 day, 1 month, 2 years and 25 years. The load
time was tl = 3600 seconds, KA = 20 MPa

p
m, the initial con-

centration 0.01 H=M, and the temperature 523 K.

to 0:003 and 0:01 H=M), one can plot the critical hydride par-
ticle size in front of a crack tip at an applied load KA = 20
MPa

p
m upon the completion of loading as a function of the

distance from the crack tip at θ = 0 (Fig. 15). Fig. 15 shows
that for c0 = 0:003 H=M, if a hydride particle forms in the re-
gion from 10 to 30 microns in front of the crack tip and is over
2 microns in length, then the brittle fracture of that particle
is energetically favorable. In the case of c0 = 0:01 H=M, the
corresponding region is from 0 to 100 microns and the corre-
sponding length is 7 microns. The sizes of the critical hydride
length and especially of the region characterized by the critical
hydride length ahead of the crack tip depend strongly on the
initial hydrogen concentration which affects the amounts of
the forming hydride volume fraction and in turn, the amounts
of stress relaxation. The calculations indicate that a higher
initial concentration yields a broader hydride zone with a crit-
ical hydride size. Once the hydride particle cleaves, either the
main crack advances through the cleaved hydride or new hy-
dride is formed at the new stress concentration regions around
the cleaved hydride particle. The newly formed hydride may
subsequently cleave, setting off a continuing process which
may end in the failure of the specimen.

One shortcoming of the probabilistic modeling is that it does
not deliver any information on the size of the hydride parti-
cles [Lufrano, Sofronis, and Birnbaum (1998)]. Thus, in lieu
of experimental data on hydride particle size or a model to
monitor the kinetics of individual hydride particle growth in
front of the crack tip an averaging approach is used to estimate
the hydride size directly ahead of the crack tip. Suppose that
the region directly ahead of the crack tip along θ = 0 has a
hydride volume fraction distribution f (R), where R is the dis-
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Figure 12 : Plot of the normalized normal stress σ22=σ0 ver-
sus distance R ahead of the crack tip at θ= 0 after total elapsed
times te = 1 hour, 1 day, 1 month, 2 years and 25 years. The
load time was tl = 3600, KA = 20 MPa

p
m, the initial concen-

tration 0.01 H=M, and the temperature 523 K.

tance from the tip and f = 0 for R > a0 (see inset of Fig. 16).
It is reasonable to assume that an individual hydride particle
in this region could be as large as f a0 in length, where f is
the average hydride volume fraction in the region 0 < R < a0.
With this method of estimation of the hydride particle size, it
is possible to monitor the hydride growth in front of the crack
along θ = 0 and to predict at what time and load a hydride
particle size will reach the critical hydride size as expressed
by Eq. (22). In the numerical experiments, the level of the
applied load is applied incrementally in a linear fashion until
the fracture criterion is reached. Therefore, one may define
the fracture toughness in the presence of hydrogen KIC as the
level of the applied load measured in terms of applied stress
intensity factor KA at the moment when the fracture criterion
a= acrit is satisfied [Lufrano, Sofronis, and Birnbaum (1998)].
This is a conservative fracture toughness prediction since the
presence of a void ahead of a blunting crack tip due to cracking
of a hydride particle does not necessarily lead to fracture.

Fig. 16 shows the level of the applied stress intensity factor
KIC when the fracture criterion listed above was satisfied, for
a test sample loaded at T = 523 K and rates of 0.02, 0.2, 2,
20, 200, 2000 MPa

p
m=hr. The fracture toughness KIC is sen-

sitive to the loading rate and the initial hydrogen concentra-
tion. Since the ability of diffusion to deliver hydrogen to the
crack tip (thereby allowing the formation of hydride) is inde-
pendent of stress as the loading rate increases, the amount of
plasticity that precedes the formation of hydride with the crit-
ical size increases and hence the fracture toughness increases
KIC with the loading rate. The fracture toughness decreases
with increasing initial hydrogen concentration because the av-
erage hydride volume fraction and hence the hydride particle

Figure 13 : Plot of the hydride volume fraction f versus dis-
tance R ahead of the crack tip at θ= 0 after total elapsed times
te = 1 hour, 1 day, 1 month, 2 years and 25 years. The load
time was tl = 3600 seconds, KA = 20 MPa

p
m, the initial con-

centration 0.01 H=M, and the temperature 583 K.

size is larger (Fig. 9 and 11) at higher initial concentrations.
Naturally, the fracture toughness KIC of the material in the
presence of hydrogen, as defined above, will also depend on
the temperature.

7 Conclusions

Hydride formation at a blunting crack tip under plane strain
tensile loading has been simulated in zircalloy. The model
assumes elastoplastic accommodation of the forming hydride
and is based on a purely dilatant transformation strain upon
precipitation. The elastoplastic material response implies that
the mechanical energy of formation and in turn, the solvus
concentration also depend on the deviatoric stress in the ma-
trix. The time required for equilibrium of the local hydride
volume fraction to be reached with local stress varies from a
few days, at the inlet tube temperature, to a few hours, at the
outlet tube temperature. At room temperature, the time for
equilibrium is calculated to be �2 years. In general, the time
for equilibrium was found to be decreasing with increasing
initial concentration at high temperatures, but no significant
dependence was detected at room temperature. At all temper-
atures, substantial autocatalytic precipitation was observed af-
ter the loading was terminated and held fixed at its final value.
On the basis of the Griffith fracture criterion, hydride forma-
tion was found to decrease the fracture toughness of zircalloy
to levels close to those of the pure hydride phase. The final
fracture toughness of the material was found to decrease with
increasing initial hydrogen concentration and decreasing load-
ing strain rate.
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Figure 14 : Plot of the normalized normal stress σ22=σ0 ver-
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p
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